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plan of this talk
|. Chiral lattice gauge theories? — A proposal for SO(10) with 16

2. Set up — Overlap Weyl fermion / the Ginsparg-Wilson relation

3. Approaches — “All things merge into one, and a river runs through it”
W< local cohomology problem — “it’s tough™
| ) mirror Ginsparg-Wilson fermions — “Mission: Impossible?”
2) vector-like domain-wall fermions with boundary interactions
3)4D TI/TSC with gapped boundary phase
4)Saturation of the measure of right-handed modes —"“A New Hope”

¢ use of the gradient flow — “it is orthogonal to all the above ones”

4. Discussion:
|)more on the saturation of the measure
2)check of locality  cf. 2dim. U(l) chiral gauge theories
3)sign problem ? cf. Langevin Eq./ generalized Lefschetz thimble



|. Chiral Lattice Gauge Theory?
— A proposal for SO(10) with 16



Lattice Gauge Theories
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Action and Path Integral measure
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Continuum limit:
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Mpys < A=~ (/) R

(@(0)d(y)) = e "ol (Jz—y| > a)
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§ = /" 00  second order phase transition
Mphys A

scaling law (universal)

go = 9o (A/mphys) Renormalization
RG approach : Fixed point relevant ops. renormalized traj.

Renormalization theory defined non-perturbatively

“Definition” of Quantum Field Theories

Lattice Framework to “perform” Path Integral
(cf. Monte Carlo method)

(Naive regularization, but generic and powerful)



Chiral Lattice Gauge Theories? Why not?



Chiral Lattice Gauge Theories? Why not?

SU(3)xSU2)xU(1) xU(1)s-L

(3,2) 16 (1L,2) -i12
B5D 23 B5D iz (L)1 (LDo
SU(5) xU(1) o SU(4)xSU(2)xSU(2) SO(10)
(10) | (4,2,1) (16)
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e complex rep. of the gauge group

e gauge anomaly cancellation : Tr[ T? {T?,T<} ]=0

e gauge inv. fermion bilinear terms Y&\ forbidden

e hOo gauge inv. regularization, but “local” counter terms

in all orders of perturbation theory
o fermion # symmetry broken due to chiral anomaly

e various realizations of gauge/flavor symmetries, etc.



Fermion # symmetry broken due to chiral anomaly [SO(10)]

chiral anomaly for 16 of SO(10)

Q SO(10)
U(1)

b

T s0(10)

Index theorem for 16 of SO(10)

when embedding SU(2) instanton solutions

Index D = Z mq g: topological charge of the instanton
SU(2) m: integer multiple of 4

SU4)xSU(2)xSU(2)  {(4,2,1), (4*,1,2)}

SU(S) XSU(Q) XU(l) {(§7 2)1/67 (§*71>—2/37 (§*71>1/37 (la 2)—1/27 (la l)la (lv l)()a }

zero modes => VEV of 't Hooft vertex => Fermion # symmetry breaking



Gauge field of SO(10)
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Dirac field in 16-dim. spinor rep. of SO(10)
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T + 1T =267, 1971 =1* (a=1,---,10),
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Fermion # symmetry broken due to chiral anomaly [SO(10)]

zero modes => VEV of 't Hooft vertex => Fermion # symmetry breaking

6 x 16 x16x16 => 1

16 x16 =10+ 120 + 126
10x10=1+45 +54
(16 x 16 => 10) T* =Cre Tl =1°

T (z) = %Vf(w)Vf(w) T (x) = %Vf(x)Vf(az)

['t Hooft vertices in the SO(10) theory]



Fermion # symmetry broken due to chiral anomaly [SU(5)]

SO(10) SU(5) x U(l)q

16 = 10,+5*-3+15 1 5 : spectator fermion

J6x16x16x16)=(10x10x10x5*) o+ (JOx5%x5%) 5x15

't Hooft vertex in SU(5) U(1)g-breaking operator
U(1)o-anomaly matched

U(1)o “global” symmetry “Would-be gauge anomlay"
T Q
Q SU(5) Q U(1)
_C)A
U o (-3)"3
T suE) o U@
(1)x Trig[ TeTP] + (-3)x Trsx[TOT?] = 0 B.s =(10 x 5* x 5%) 5

1 5 : spectator fermion



Chiral Lattice Gauge Theories? Why not?
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Weyl fermions ?!

Action and Path Integral measure

Sa =

S,= a* Z Y(x) Dy

iz Z ReTr (1 — Un(x))

9

TUv

DU, (x H AU, (

DYDY = [ [ dw(x)du(x)

(x + fra + va)

exact gauge-invariance ?!

species doubling ?!



Overlap Dirac operator : gauge-covariant solution to GW rel.

1
D:(1+X

> , X =aDy —my, X1 = V5 X5
2a

XTX

1 a
Dy, = Z {%5 (Vu - VL) + §VMVL}

p=1

V5D + Dvs = 2aD~sD Neuberger (1998)

Ginsparg-Wilson relation: ‘chiral limit of lattice fermion action”

S — g4 Z () D () Overalp Weyl fermions

chiral symmetry is preserved exactly! Luscher (1999)

0S =0 dath(z) =iavs(1 —2aD)(z), dath(z) =iat(z)ys

N A 1+4 1+
Y5 =51 —2aD)  A5% =1 Pi:( 275)7 Pi:( 275)




Overlap Weyl field in 16-dim. spinor rep. of SO(10)

V@) =Pyd(a), O =d@Py  p =T i g

D:%(Haw¢xuj, ;széW@—vp+évm@—nm 0 < mp <2
Vuh(z) = Uz, p)p(e+ i) — ()

) ) . 144 1+~
¥5 = v5(1 — 2D), (55)% =1 Pi:( 25)» Pi:( 25)




A gauge invariant path-integral measure for

the overlap Weyl fermions in 16 of SO(10) YK (2017)
DIU] = H H dU (z, p) products of 't Hooft vertex (right-handed)
xeA u=0 /l
W 1P| = DIDY] || F(T4 () || F(T

Gauge-invariance!

F(w) = 4! (2/2) " 14(2)

A
(z/2)2—w Z E!( k + 4)!

V5D + Dvys = 2aDvy5 D

ol wlUl = /D:w_]pw_]e—Sww,lﬁ] Py = (H;%) e = (H;%>
_ / o) [[ FT, () [[ F(T J) oSl
reEA rxeEA

the GWV rel. => Chiral zero modes of D => Fermion # symm. breaking !
VEV of 't Hooft vertex (left-handed)



The saturation of lattice fermion measures due to 't Hooft vertices

lattice units a = 1
A={z = (z1,29,23,24) €Z*| 0< 1, < L(1=0,1,2,3)}
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[Eichten-Preskill(1986)]
32-components at a site !

B : (16 x 16 x16 x 16)
v Y(x) (z, = nya,ny € Z) in 16 = (16x16x 16) x 16
U,(x
- Vel = (10x 10 x 10 x 5%) o
/L I . + (10 x 5* x 5*) 5x 1 5

B.s =(10 x 5* x 5%*) s

4 Un(z) 1 5 (spectator fermion)




The saturation of lattice fermion measures due to 't Hooft vertices

lattice units a = 1
A={z = (z1,29,23,24) €Z*| 0< 1, < L(1=0,1,2,3)}

2 16

[ T dvesto) T1

reN a=1 s=1

[ T @i 11

zEAN =3 s=1

zeEA

xeA

32-components at a site !

(@) (2 = nya,ny, € Z) in 16

8!12!
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. U, ()
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4] 1 T . T ) 8
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[Eichten-Preskill(1986)]

for the naive lattice fermion
with species doublers

OK also for
the Overlap Weyl fermion /
the Ginsparg-Wilson relation




Symmetry structure

e gauge symmetry
manifest because

4 16 4 16
DWIDW) = [ [T T dvas(x) T I I d¥as()

zeEA a=1s=1 rzeEN a=1 s=1

e fermion number symmetry of Left-handed fields
anomalous due to

5 DIY_|D[6] = =i 3 ale)tr{P_ — Py} (e, x) x D[y_|D[¢_]

zel’
T (z) = %Vf(w)v_“(a:) V() = _(x)VinsCpT%_ ()
VEVof L . i .
T (z) = 5 Vi(2)Vi(x) Ve(x) = ¢ (2)ivsCpTp_(x)"

2

e fermion number symmetry of Right-handed fields
Z4 X Z4 due to the 't Hooft vertices and the absence of the kinetic term

[[ F(Ts(2) [] F(T4 ()

TeEA TeEA

e CPinvarinace \
maintained thanks to the choice Fw) = 41(2/2)""14(2)

wkz

= 4! —
(2/2)2=w kzzo kl(k + 4)!

10
F(w)‘ = (7T5/12)_1 /H dea(g(@ _ 1) eecuc
a=1

w=(1/2)u%u®



SO(10) Chiral Lattice Gauge Theories

with Overalp Weyl fermions/the Ginsparg-Wilson relation

v
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gauge transformation
h(x) — g(@)(z) g(z) € G

Un(@) = 9(x)Uu(z)g ™" (z + f2)
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V0, Vo0 () = (1 _ UD(:L')> U, (2)U,(z + fia)(z + jia + va)
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Y(x) (2, =nua,n, € Z) Overlap Weyl fermions !

Action and Path Integral measure

Se = gizZReTr (1 —Un(x))

TUv

S =a* 3" i) Do)
Vs D + Dvs = 2a D5 D
Y (x) = P_yp(x) Y (x) = P(z) Py
DlUu(x)] = I:dUu(x)

T,

D[Pl = | [ dv(x)di(x)

[ F@e(@) [] F(Te(2))

TEA zeA

Gauge-invariance!

Up(@)Uy (2 + 1)Uy (z + Da) " Up(x)™ Fermion # symm. breaking !



cf. Eichten-Preskill model [Eichten-Preskill(1986)]

SEp = Z {(2)y,P-([Vu — V1]/2)0(2)

zeA

A

S [ @O T (2)) + o [ ()insCo T (2)7]?)

- Z{—AWT(@’W5CDT“P~¢( )]+ 48A[¢( ) PivsCp T (2)T]%)

\ Explicit Breaking of
chiral symmetry by

’t Hooft vertices

generalized Wilson-term
A{A(z)B(x)C(z)D(z)}
= % > {(VMVLA(:U))B(:I:)C(QC)D(:U) + A(z)(V,V]B(z))C(z)D(x)

0

+A(2)B(2)(V,V1C(2)) D(x) + A(x) B(x)C(z) (V. V!, D(x)) }

{(16)- + (16)+}x8 —> (16)- + heavy {(16)-x 7 + (16)+ x 8} ?



Attempts/Approaches to “exactly gauge-invariant formulation”

|. To solve the local cohomology problem [Luscher (2000)]

* to determine the measure term 2i(vi, Onvi), based on the topological
properties of the measure term (gauge anomaly) in 4+2 dim.
cf. Wess-Zumino’s Descent relation through 4+2,4+1, 4 dim.

2. To decouple the mirror degrees of freedom out of Overlap Dirac fields
|) Mirror Ginsparg-Wilson fermions [Poppitz et al (2006)]
* by Multi-fermion interactions or Yukawa-interactions
2) Mirror modes of Domain-wall fermion [Creutz et al (1997)]
* by boundary interactions
3) 4D TI /TSC with Gapped Boundary Phases
[Wen(2013),You-BenTov-Xu(2014),You-Xu (2015)]
* by boundary/bulk interactions
we cf. Eichten-Preskill model [Eichten-Preskill(1986)]

3. To Saturate the r.h.p. of Dirac-measure by 't Hooft vertices [YK(2017):SO(10)]



2. Set Up

— Overlap Dirac operator/the Ginsparg-Wilson relation



Overlap Dirac operator : gauge-covariant solution to GW rel.

1
D = <1+X

> , X =aDy —my, X1 = V5 X5
2a

1 a
Dy =>_ {%5 (V.= Vi) + gvuv;ﬁ}

p=1

XTX

V5D + Dvys = 2aDvys D Neuberger (1998)

Ginsparg-Wilson relation: ‘chiral limit of lattice fermion action”

=a* > {(x)PDP_y(x) + (x) P-DPip(x) }

chiral symmetry is preserved exactly! Luscher (1999)

0S =0 datp(w) =iays(l—2aD)p(x), dath(x) = iath(z)s

N ~ ) 1+
Y5 =51 —2aD)  A5% =1 Pi:( 5 )» Pi:( 275)




Block-spin transformation Ginsparg-Wilson(1982)

afuls
T LT e v = 2 5 wamw

CU/ _ na/ CCEb(IE/)

SpupE
ww]_/ch —Sw[w,@ﬁ]x

exp {—a Z —W(azs9)) (' (2") — W(a; ¢))}
IR fixed point:
S*=a' > Y(x)D*Y(x) (local, low-energy effective action)

_ _ 2
’}/517>I< ! + D* 1"}/5 = 575 aéxy (GW I’EL)



chiral fermion bound to Domain-wall Kaplan(1992)

t—0 $5:t(15

5 dim. fermion coupled to Domain-wall
{ivu Dy + 17505 — moe(ws) pp(z, 5) = 0

V(z,25) = ysmod(z5) ==  )o(x,25) ~ VY_(x) oMo zs|
chiral mode bound to Domain-wall

partition function of the chiral mode

Narayanan-

— - [ {4 ’»
Z = (v+ |v—) vacuum overlap Neuberger(1993)

Hilot) = colv) i1y = [ dnti(@ns(—inuDu £ mo)(a)



Vector-like setup

t=—-N+1 t =N - T5 = tas

local, low-energy effecttive action -> overlap D.

det(Dsq — mo/a) ™) = det Do - det(Dsq — mo/a)l®P

. 1 w
lim Deg = % <1 + 75 > , Hy =75(Dsq —mo/a)

(¢(x)q(z)) = D —a g(z) = Ug(z) + ¥ (2)

Shamir(1993)

Neuberger(1998)
Neuberger-Y.K.(1998)

Noguchi-Y.K.(1999)



Weyl fermions in the framework of overlap D/GW rel.

chiral operator (a=1)

Y5 = 5 (1 — 2D) vsD + D45 = 0, {%}2 =1

chiral projection

Yshx(x) = T 1 (2), Vi (z)ys = F by ()

po(z) =) i) {vi(w) | Ysvi(w) = —vi(x) (i=1,--- ,N_)}
b (z) = Zam-(:z) {v:(x) | vi(x)ys = +0i(x) (i =1,--- ,N_)}

The space of
U,(z) the chiral fermion
depends on the gauge fields

®



Path Integral quantization

Y_(z) = Zvi(fﬂ)ci Y (z) =) &ti(x)

7= [Dlp ot e Zed-pe-
— / H dcz- H déj e Zij cijMjici Mji = CL4 Z@jDUZ‘(CE‘)

Path Integral measure depends on the gauge field !

» change of the chiral basis by a unitary transformation
vi(x) = vj(x) (5?_1)ﬁ & = Qi
D[y 1D[d-] = D[y_|D[5-] det & [U,(x)
*in sharpe contrast to the case of Dirac fermions in QCD-like theories

cf. inLattice QCD  D[]D[] = | [ dy(x)di(x)



gauge anomaly:

variation of effective action & gauge anomaly

e = Indet (v Dvy) onU(z, 1) = in,(2)U(x, p)
5, Cot = Tt {(5,,7D)}5_D_1P+} +3 (03, 605)

= iTrwys (1 — D) — ZZ (vi, 0 V;) nu(z) = =iV, w(z)

)

gauge anomaly!

o —1
tr{ T#5(1-aD)(x, )} = <5250 e Fiu (X) F, (x)+0(a)

> d®e =" 2ir{TA[TPTC + T°TP]}
R R



Zero modes, ’t Hooft vertex, Fermion number non-conservation
H,

chiral fermion basis: 7 =— T T
A . U,(x)
{vi(z) | Ysvi(w) = —vix) (e=1,---,N_)}
{v;(x) | v (x)ys = +0i(x) (i =1,--- ,N_)} i
N, +N_ =N =4N_.L* N, =N_=N/2
N — N_=2Q (for fund. rep. of SU(NC) )

. N_.=N/2—-Q, N_=N/2

Mj; = a’ Z vjDvi(r)  (N_ x N_ rectangular matrix)

) Non-zero VEV of
7 = /H dc; H dc;e” 2.5 ¢ Mjics — fermion number
0 j non-conserving operators

p_(x) = Zvi(:c)ci <H Yalz)) #0

1

't Hooft vertex well-defined !



Chiral Lattice Gauge Theories? Why not?



3. Approaches

— “All things merge into one, and a river runs through it”



Given the setup of overalp Weyl fermions/the GW relation,
what kind of attempts/approaches are possible to
“exactly and/or manifestly gauge invariant formulation” ?



Attempts/Approaches to “exactly gauge-invariant formulation”

|. To solve the local cohomology problem [Luscher (2000)]

* to determine the measure term 2i(vi, Onvi), based on the topological
properties of the measure term (gauge anomaly) in 4+2 dim.
cf. Wess-Zumino’s Descent relation through 4+2,4+1, 4 dim.

2. To decouple the mirror degrees of freedom out of Overlap Dirac fields
|) Mirror Ginsparg-Wilson fermions [Poppitz et al (2006)]
* by Multi-fermion interactions or Yukawa-interactions
2) Mirror modes of Domain-wall fermion [Creutz et al (1997)]
* by boundary interactions cf. [Kaplan-Grabowska(2016)]
3) 4D TI /TSC with Gapped Boundary Phases
[Wen(2013),You-BenTov-Xu(2014),You-Xu (2015)]
* by boundary/bulk interactions
we cf. Eichten-Preskill model [Eichten-Preskill(1986)]

3. To Saturate the r.h.p. of Dirac-measure by 't Hooft vertices [YK(2017):SO(10)]



Local cohomology problem for the Path Integral measure
of Overlap Weyl fermions

Y_(z) = sz‘(ﬁﬁ)% Y_(z) = ) citi(x)
2= [ Dy 1Dl Te -

B / [ dei [ [ dej e 2 @i Mji =a* ) v;Dvi(x)
i j v
Path Integral measure depends on the gauge field !

the gauge-field dependence must be fixed ... Luscher(98)

[ admissibility condition,

I. locality topology of lattice gauge fields ]

2. gauge invariance [ gauge anomaly cancellations]

3. integrability [ topology of the space of gauge fields]

*in sharpe contrast to the case of Dirac fermions in QCD-like theories



Construction of SU(2)xU(Il) Electroweak theory (1)

infinite volume case
local counter term!

nu(x) =P (z) ®nfH (2) Up(z, p)) = e 4@ ¢ e [0, 1]
e =1 (vi, 0n;) M (
! ; Z g cf. U(l) case
—i [ an{P_ap,5,P ]} +5, / @t Y {Au(eiku()}  Luscher(98)
7’/0 :{P-lo %Z: Neuberger(01)
gauge anomaly cancellation y ; u(L) § SU(2)
analysis of U(l) with SU(2) fixed - 7 o i
i
q< ) = tr {’75(1 — CLD)(CU CIT)}|U(1) U®) Y U@ T su@)
Y3 — 0 Y=0, > Y=0
ZYQQ(‘CC)|U(1)—>{U(1)}YO‘ Z Z doublet( ) singlet(R)

cf. Luscher(98
= Z YQQ( U(2) =F Z a 32 2092 eluykp ( )FAP(x -+ /jL + ﬁ) + a:;k,u(x) (fl.n 4d’mo)( )

= 0k, (2) cf. Nakayama-YK(00)
o (in 6dim. )



Chiral lattice gauge theories
with exact gauge invariance

» Anomaly-free U(1) chiral gauge theories

» A complete construction on the finite-volume lattice
M. Lascher, Nucl. Phys. B538, 515 , B549, 295 (1999)

» SU(2)xU(1) gauge theory of EW interaction

» Local cohomology problem in 4+2 dim. is solved for L =
= Exact cancellations of the gauge anomalies
U(1)3, SU(2)? xU(1)-mixed type
Y. Nakayama and Y.K., Nucl. Phys. B597, 519 (2001), .....
» Measure term is constructed for L < oo, m,,, =0
» Global integrability ?

» Non-abelian chiral gauge theories (SU(N), SO(10) etc. )

» Non-perturbative construction is not obtained yet
» |In all orders in the weak coupling expansion

H. Suzuki, Nucl. Phys. B 585, 471 (2000)

M. Lascher, JHEP 0006, 028 (2000)



1) Mirror GW fermion model [Poppitz et al (2006)]
cf. using Wilson-fermions [Montvay et al (1987)]

Sovilth $, X4 X = Y {0 (2) DY (2) + 2491 (2) Db (2) }
xEeA
= {y X (@)¢] (2)ivsCpT*Pyapy ()
TrEA

+§ X(2)¢4 (2) PoiysCp Ty (x) 1}

+ Sx[X“].
SxlX) =Y {—HZX%)X% i) X @)X ) 6 (X)X @) — 1)
TEA 2
—E;ZX“(:B)X@(:C + i) + %Xa(x))‘(a(x) + %,(Xa(x))_(“(x) — 02)2}
_ _ Paramagnetic Strong-coupling (PMS) Phase
D[y]D[y] = H d(x)d(x) (Disordered Gapped phase)

Decoupling limit of Mirror fermions!?

e Gauge symmetry preserved Zy
« Only Massive (Gapped) Excitations in the Mirror sector
* Only Local terms left in the effective action




Necessary condition to decouple Mirror GW fermions,
which follows from 't Hooft anomaly-maching condition

If there exists a global continuous fermion symmetries in the
Mirror-fermion sector, it must be free from the “would-be gauge
anomaly”, I.e. that global symmetry must be gauged successfully
without encountering gauge anomalies.

This is because the “would-be gauge anomaly” implies an IR
singularity in the correlation function of the symmetry currents,
and it in turn implies certain massless states in the spectrum, so

that it can saturate the IR singularity.

To break the global continuous fermion symmetries in the Mirror-
fermion sector, add 't Hooft vertex operators in terms of the Mirror
fermion fields.

cf. Eichten-Preskill model [Eichten-Preskill(1986)]




2) Domain-wall fermion model for SO(10) cf. [Creutz et al (1997)]

Vector-like setup

(+mo) | Prlz) —mg Wg(x) | (+mo)
t= _N+1 t= N " T5 =1
Ls
Sowt = O > (@ ) {1+ a5(Day —m0)6w — P-dry10 — Pdpyia fo(a, 1)
t=1 xeA
- > Ay X*(@)q; (2)ivsCpT*Pygy(z) + § X ()31 () P-ivsCp T gy ()}
xeA
+ Sx [Xa]

() = ¢¥—(2,1) + ¢y (, Ls)

g(x) = _(x,1) + ¥y (z, Ls)



3) 4D TI/TSC with Gapped boundary phase for SO(10)
[Wen(2013), You-BenTov-Xu(2014),You-Xu (2015)]

1% 4
ﬁ4DT1=ZZdz {Z%Slﬂpkz +5< ZCOS

=1 p k=1

Trivial phase Topological phase

+m0 \IJL<ZE) )

T Iy = tCL5

] + m)} i(p)

Gapped boundary phase
for the case with v=16 !?

(9%(x)) = 0
¢“(w)¢“(w) = M? #0
mq(SY) = (o <d<?9)

* No symmetry breaking

* No vortices with massless
fermion excitations

* No WZW term



Relations to other approaches/proposals

e Mirror GW Fermion model
Well-defined limit of large Majorana-Yukawa couplings
cf. Failure in 2D for 345 model (Poppitz et al) : Cp, not iYs Cp
14(-1)* model, 21(-1)*model proposed/studied - locality OK!
e Domain wall fermion model with boundary Eichten-Preskill term
Boundary EP terms constructed explicitly (cf. Creutz et al)
e 4D TI/TSCs with Gapped Boundary Phases

Evidence for the gapped boundary phase from 4+ 1dim. / 3+1dim. Euclidean
lattice formulation(quantization)

cf. Proposed gapped boundary phases in 4D TI/TSC (Z = Zi¢?)
(Wen,You-BenTov-Xu, You-Xu)

cf.in 2D, Explicit rel. to Gapped 8-flavor 1D Majorana Chain
(Fidkowski-Kitaev) |/ Refinement of free fermion classification

of TI/TCI due to interactions (Z — Zs, Zje)

cf. Effect of gauge interaction == locality Issue



Large mass limit of GW Dirac fermions

Sp =Y {(x)Dy(x) +mp (1 — D)y(z)}

TEA

0p(z) = v5(1 — 2D)ep(x) D(1—D)ep(z)

Si(x) = ()75 Piys(1— D) (x)

€A
z=1-mp z/m=(1—mp)/mp —0
m =1mp

the limit z/M — 0 is well-defined



Large mass limit of GW Majorana fermions

S =Y At (z) Dy ()

+may (O PLCpPyap(x) + pP_CpP 9" (z))}

b(p')

UJTCDUk = —Optp/ 0 mea,a’ (J=1Ap, o}, k={p,0'})
ﬂjCDﬂg = —555,3;/60’0/ (] = {JZ,O‘}, k= {x’,a’}
S = Y {20+ (x) Dy (2)
TrEA
+M (Y4 (2)"insCptoy (2) + Uy (2)insCpoy (x)")}
= {z¥(z)P_Dy(x)
TrEA

+M (W7 PLinsCp P (x) + dP-insCpPToT (x))}

the limit z/M — 0 is well-defined

U?Z’Y5CDUI<: — iép—l—p’,Oea,a’ (] - {pa 0}7 k= {pla 0/})
ﬂji’y5CD’L_Lg = Z'5x’x/60,a/ (] = {ZIZ, J}, k = {le, 0/})




SOV[wﬂvAEaaEa] — Zlb ( )DID ( )

Mirror GW fermion model

Sovpilth, ¥, X%, X = 2% {U-(a ) + 2 (2) Dy () }
) i{yxa 2)insCpT o (2) + § X (@) (2)insCpT s (1)}
+ Sx[X°]
Sx[X?] = 262 {ﬁ ZM: X2) Xz + i) + = X%2) X%(x) + %,(X“(:E)Xa(a:) — v?)?
_m Z/;Xa(g;)Xa(x +A) + =X (2)X%2) + %(X“(x)X“(x) - v2)2}
y= % -0 Decoupling limit of Mirror fermions ?!

Leave only local terms ?!



Partition function

7 = /D[U] e~ SclU+Tw (U]

= / Dly_]|D[p_] e 5w -]
- / DY IDIY] H F(Ty (2)) H F(Ty(z)) e 5w -]

_ /D[w]pw]D[E]D[E] e—SW[w—,KZ—HZQ;GA{EG(x)Vﬁ(x)+Ea(x) V() bt 1]

plE] = [[(=°/12) 1HdEa )5(1/ Eb(2) E¥(z) — 1)

TEA

DE] = [[(=°/12) 1HdE“ 5(1/ EV(2) Eb() — 1)

zeA

10
F(w)| ) = (7°/12)71 / de5(Vebeb —1)ef

a=1




Domain wall fermion model with boundary Eichten-Preskill term
Spw/ov = ZZw 2, ) {[1 + a5(Daw — m0)|0ter — P-8p 11,00 — Pydppir foo(x, 1)
— Y (x, Ls) P_[1 + a§(Daw — mo))ih(x, Ls)
— > {E*(x)y"(z, Ls)ivsCpTY(, Ls)

+E*(z)9(x, Ls) P-insCp TN (x, Ls)T}

=il

Y(x,Ls) = (—75)(1+e“5L5ﬁ) () — Yi(x)= P+¢(x) Ls — oo (plus as — 0)

cf. Q(aj) = w—(x7 1) T ¢+($,L5) Q(.T) — QZ_(SB, 1) + 2E-|-($7L5)

SDW/M] Z Z ¢ X, t 1+ CL5 D4w mo)]5tt/ — P—5t+1,t/ - P+5t,t/+1}¢($, t’)

t=1 xeA
+ Z(Z+ _ 1) QE($7 L5)P—[1 + a/5(D4W - mO)]¢($, L5)
xEA
— Z{yXa (x, Ls)ivsCpT%p(x, Ls)
zeA _ Z4
_ _ _ y=19, = — 0,
+§ X*(2)P(x, Ls) P_insCpT (@, Ls)" } Vi
v=v=1, N =\ —
+ Sx [Xa]a _
k=kK—0



Domain wall fermion model with boundary Eichten-Preskill term (con’t)

/ DD D[F] e~ Sovltb5,5°)
J T, d(x, t)d(z, t) DIE|D[E] e~ Sow/ovlbw:E%E)
J L, dib(z, t)dep(z, ) e=Sowlbdl|
of —ivsCpTE% . 0pr,  —as(Dsw — T_no)/T/2
a,5(D5w — 777/0)//2 _i75CDP—TaTEa5tL55t’L5
det ag(D5W — My

Dir [Ls — oo (af — 0)]
/

P_f_@b(CU,O) =0, @E(iB,O)P_ =0 ; P—¢($>L5+1) =0, QE($,L5—|—1)P+ =0

)| ap



4D TI/TSC with the gapped boundary phases

4D TI/TSC in the proposals by Wen,You-BenTov-Xu,You-Xu = DW fermion by Kaplan

lﬁI4DT1:iZdZ {Zaksmpk +B( icos +m>} i(p)

i=1 p k=1

5dim. Euclidean formulation of the proposals by Wen, You-BenTov-Xu, You-Xu

oyt g = / H D(t)| D[ (1)) DIEIDIE] e Sowpmléd BB
t=—Ls+1

= det a5(D5W — mO)‘AP ZOV/Mi

_ _ [Ls — oo (a5 — 0)]

Zsprijv=16 = det a5(Dsw — mo)| \p Zov

= det a5 (Dsyw —m det(vDv) <pf(UTi’Y5ODTaEaU)>/E

0) ‘AP
Partition func. of the boundary phase

positive definite without singularity at mo = 0



Attempts/Approaches to “exactly gauge-invariant formulation”

|. To solve the local cohomology problem [Luscher (2000)]

* to determine the measure term 2i(vi, Onvi), based on the topological
properties of the measure term (gauge anomaly) in 4+2 dim.
cf. Wess-Zumino’s Descent relation through 4+2,4+1, 4 dim.

2. To decouple the mirror degrees of freedom out of Overlap Dirac fields
|) Mirror Ginsparg-Wilson fermions [Poppitz et al (2006)]
* by Multi-fermion interactions or Yukawa-interactions
2) Mirror modes of Domain-wall fermion [Creutz et al (1997)]
* by boundary interactions
3) 4D TI /TSC with Gapped Boundary Phases
[Wen(2013),You-BenTov-Xu(2014),You-Xu (2015)]
* by boundary/bulk interactions

3. To Saturate the r.h.p. of Dirac-measure by 't Hooft vertices [YK(2017):50O(10)]

“All things merge into one, and a river runs through it”



|. A gauge invariant path-integral measure for
the overiap Weyl fermions in 16 of SO(10)



A gauge invariant path-integral measure for
the overlap Weyl fermions in 16 of SO(10)

3
DIU| = H HdU(:E,,u)

xeA u=0
Dly_|Dld-] = DD [] P (@) [ F(T
x€EA xeN
4 16 4 16 -
DDW] = [T TT ] dvas(® [T TT I das(z)
rEN =1 s5=1 r€EN a=1s=1

Ty(r) = o VE@VE(), Vi) = oy () iOnT 0, (1)
1
>

) Vi(x), VHz) =y (2)ivsCpT %y (z)"

F(w) =4!(2/2)*14(2)

4!
(z/2)2:w Z E!( k + 4)!

F(w)‘

1 = (7°/12)7! / H de®d(Vebed — 1) e“ ™"
w= uru? o1

= CI'®

TCLT — Ta



Partition function

7 = /D[U] e~ SclU+Tw (U]

= / Dly_]|D[p_] e 5w -]
- / DY IDIY] H F(Ty (2)) H F(Ty(z)) e 5w -]

_ /D[w]pw]D[E]D[E] e—SW[w—,KZ—HZQ;GA{EG(x)Vﬁ(x)+Ea(x) V() bt 1]

plE] = [[(=°/12) 1HdEa )5(1/ Eb(2) E¥(z) — 1)

TEA

DE] = [[(=°/12) 1HdE“ 5(1/ EV(2) Eb() — 1)

zeA

10
F(w)| ) = (7°/12)71 / de5(Vebeb —1)ef

a=1




The measure in the chiral bases n=4x 16 x L*

P, ®P vi(z)=vi(z) (i=1,---,n/24+8Q); (vi,v;) =70
Up(z)Pr @ P =v(z) (k=1,---,n/2); (Uk, 01) = O

P, ® Prug(z) =ui(z) (i=1,-,n/2-8Q); (usuy) =25
ug(z)P- @ Py =ug(z) (k=1,---,n/2); (U, ) = O

Yo(x) = wvj(z)ej, P-(x) =)  ev(x)

J k

Yi(@) = uj(@)bj, di(z) =) brig(w)
j K

n/2+8Q n/2 n/2—8Q n/2

D[y DD Dilos) = [ dej [[dew T db; ] dbw
j=1 k=1 j=1 k=1

D[t |Di[th-Di [t 1] Ds[31] = D] D[e)] > (g, 65u5) + > (v, 6yv5) =0

J J



The measure in the chiral bases (con’t)

Swlp—, -] = Y e(@Dv)ric;

ki

S{E@VE@)s] = 3 b insCoT B )b,

Y AE @)V} ] = Y be(wisCpT* E“a") by

rEA k,l

(VD) = Uk () Dv; () (k=1,---,n/2;i=1,--- ,n/2+ 8Q)
xEA
(uivsCpT* Eu) Z ui(x)VisCpTYE* () u; ()
xEA

(ﬂi%CDT“TE“ﬂT)M = Zﬂk(:v)z'%CDTaTEa(:v)ﬂl(a:)T
xEA

(k,l=1,---,n/2)



The measure in the chiral bases (con’t)

D[y-]D[-] = Dultp-|Du[p-] x
D, [t | Di[tp] /D[E]D[E] 0 Loea B (@) Vi (@) + B (2)VE () b+ ]

= D*W—]D*W—] X
/D[E] pf(u' ivsCpT*E%u) /D[E] pf (@iysCpT* T E*a”)

(u ivsCpT*E%u) Zuz LinsCp T B () u;(x)
rEA

(7’7.]:17 7n/2_8Q)7

(wiysCp T E "), = Y g ()ivsCpT* E(2)u(z)
rEA

(k,1=1,--- ,n/2),

the pfaffians of these matrices do not vanish identically
in general !



The measure in the chiral bases (con’t)

Tl = / Dip_|Dp_] e Swlv-o-]

- / Dy[¢-]Du[g-] e Swl¥=-
/ DIE] pf(u' ivsCpT*E*u) / D[E] pf(aiysCpTTEa’l),

= det(vDv) x / D[E] pf(u! iysCpT*E) / D[E)] pf(ﬂ’i%CDTaTEa’ﬂT)

> (i, buy) + > (v,8505) =0

j j
cf. dependence on the basis Luscher(98)

» change of the chiral basis by a unitary transformation

Vi(x) = vj(x) (@_1)ﬁ &i = Qyc;

Dl D[] = D[y ]D[d-] det Q [U,(x)]



The saturation of the Right-handed measures due
to 't Hooft vertices (the anti-fields)

the part of the anti-field: D, [ ]

/D[E] pf (@ ify5CDT“TEaﬂT) =1 for all topological sectors

(ﬂi75CDTaTEaaT)kl — ieaa’éaza}’ (TGTP—F)tt/Ea(’r/)
pf (4iy;CpT*Ea") = | [ det(P_ + PLi T*TE*(x))
x
= | | det(s T“TE“(:E))

= [[det(iCT[E(z) + il E“ (x)))

8
/ I H H s (@ H 84— {% ) P-ivsCpT(x) w(w)P—z‘%CDT%E(x)T}



The saturation of the Right-handed measures due
to 't Hooft vertices (the fields)

the part of the field: D, [y, ]

/D[E] pf (uT isCpT*Eu) = c[U(z, p)] # 0 for all topological sectors

(u z’y5C’DTaEa Zuz 175CDTGEG( Ju;(z)
xeA

the pfaffian of the matrix does not vanish identically
in general !



More on the saturation of the Right-handed
measures due to 't Hooft vertices

the trivial link field (in the weak gauge-coupling limit)
U(x,pu) =1
the SU(2) link fields representing the topological sectors LU[Q)]

U(ZB, M) — ei912(fﬁaﬂ)212 in L[[Q] with Q = 2m01m23 (m01,m23 - Z):

where




More on the saturation of the Right-handed
measures due to 't Hooft vertices (con’t)

as long as the link field U(x, i) is in SO(9) subgroup

uj(a:) 1v5Cp crto ik uk (2 )T

(ut ivsCpTE%) = C x (U TIT*E%)
= (u'TT?E%)T x C

n/4—4Q
pf(u' ivsCpTE%) = pf(ulinsCp CT%) x H Y



More on the saturation of the Right-handed
measures due to 't Hooft vertices (con’t)

0.5 0.5

-0.5

-0.5

Figure 2. The eigenvalue spectra of the matrices (uT i’y5CDT“E“u) and (uTFloF“E“u) with a
randomly generated spin-field configuration for the case of the trivial link field. The lattice size is
L = 4 and the boundary condition for the fermion field is periodic. For reference, the eigenvalue
spectrum of the matrix (5 Dv;) is also shown with green x symbol for the same boundary condition.



More on the saturation of the Right-handed
measures due to 't Hooft vertices (con’t)

0.5

-0.5

Figure 5. The eigenvalue spectra of the matrices (uT 1v5CpT aE“u) and (uTI’lOI’aE“u) with a
randomly generated spin-field configuration for the case of the representative SU(2) link field of
the topological sector with () = —2. The lattice size is L = 4 and the boundary condition for the
fermion field is periodic.



More on the saturation of the Right-handed
measures due to 't Hooft vertices (con’t)

1 w 1
i W++ - mr— W”
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+
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Figure 6. The eigenvalue spectra of (uTI‘lOF“Eau) in the limit mg — F0 with a randomly
generated spin configuration for the trivial link field. The interpolation parameter 6, is chosen as
0, = 0,37/12,47 /12,57 /12,7 /2 for the top-left, bottom-left, bottom-middle, bottom-right, top-
right figures, respectively. The lattice size is L = 4 and the boundary condition for the fermion
field is periodic.



Partition function of the SO(10) chiral lattice gauge theory

— /D[U] e~ Sc|U+Tw (U]

/D H F(T,(z H F(T —SWW—HL—]

zeA rEA
= / W) D[] DIE|D[E] e W=t 1+ ealB @)V @)+ B (2) Vi (@)} [$r04]

— det(@Dv) /D[E] pf(uTi75CDTa’Eau) for all topological sectors

cf.  Sovl, v, B E*] = ) ¢ (z)Dy(x)



SO(10) lattice gauge theory with Weyl fermions in 16
in the framework of overlap fermion/the Ginsparg-Wilson rel.

e manifestly gauge-invariant by using full Dirac-field measure, but saturating
the right-handed part with 't Hooft vertices completely !

e without solving the local cohomology problem

cf. U(Il) chiral gauge theory with exact gauge invariance
[Luscher (1999)]

of. SU2)Lx U(1)y GWS model
[Kadoh-Kikukawa (2008), Nakayama-Kikukawa(2001)]

cf. All orders in the weak gauge-coupling expansion
[Suzuki (2000), Luscher (2000)]

e all possible topological sectors

e CPinvariance TI'w[U“"]=Tw(U]

e Issues of locality/smoothness remaining
Testable: To see if it works, examine (¥ (y) [¥TivsCpT*E*P_(z)] ),
MC studies in weak gauge-coupling limit feasible without sign problem

Analytic studies desirable



4. Discussions



Gauge-field dependence of the Weyl fermion measures

variation of effective action onU(x, ) = in,(x)U(z, p)

cf. Sov[v, ¥, E*El =Y ¢ (z)Dy_(x)

= D AB @) (2)ivsCp T (x) + E* ()14 (2)insCpT oy ()}

5, Tw|U] = <—Z¢ ) P16, Dy(x) +2 3 ¢ (2) PLinsCpTE*6, Pyip(x > /(1)

reEA TEA

= (P8, D) ) /(1) — 2T {8, P (o [ Tins CoT B 1} /(1)

Tr{ P 6, D(¢p—v_) .} /(1) = T{P.6,DD "} [Left-handed Weyl field]
— i, = =2 T {6, P (¢4 [¥1ivsCpTE]) .} /(1) [Right-handed 't Hooft ops.]
cf. the measure term Luscher(98)

I'ig = In det(@vaj)

5oTew = Te{ (5,D)P-D7 P b+ 3 (v1, 60:)

7

—iL, = 2_;(vj, 6yv;) (=> a smooth/local functional of the link field!)



Locality / Smoothness of the Weyl fermion measures

The term from the right-handed 't Hooft ops.
— %y = 2 Tr{énf’+<w+ [wnTLi%CDTaEa} >F} /<1>F
= <Tr{(uT7jfy5CDTaEa5nP+u)(uT@"y5CDTaEau)_1}>E/<1>E

should be a smooth/local functional of the link field!

00 .

; Z (lg)l-i—m Z ~ab( k’) Q:abalbl amb (k? ) %

n - V1+m m) 77/,L nZE y P1,s y Pm
m=0 k,pl;"';pm

Aubr(p) .- A%mbm(p,)  (regular vertex functions!)
A necessary and sufficient condition

| (s (2) [0 TinsCoT B4 (1)) p /(1) || < 'l — y|7 eIl

and the similar bounds for the variations w.r.t. the link field

<¢+(y) [wii%CDTaE“E(x)} > = —%P+ (y,2)(1), Indeed satisfied by the SD egs.

F

o Unknown yet!
CpTeEYP_
(1 () [¥117:Cp ()] )p Need further studies = OK in 2D!



The Schwinger-Dyson equations

<|:—5USG[U} _Z@E P_|_5 D@D +2Z¢TPTZ’Y5ODTGECL5 P—I—w( ):|> —0

TEA TEA

(0() [BPD(@) — 20T PLinsCoT B Py (w)] ) = 8y (1),

([PrDw@) = 2P insCoT EP TG ()| dy)) = 8y (1),

<¢TPIW5CDC[Ebc, T E%(x) P >F —

Fermion two-point correlation functions

(- (2) G- (4))p = P-D Py () (1),
<¢+<y) [w—r{i/%CDTaEap-l-(x)} >F — _%p-i- ya <1>F’

1

([PrivsCoT™ E*GY ()| 0 (y)) | = =5 P-0uy (L)



Locality / Smoothness of the Weyl fermion measures
— Case of 2dim. U(1) chiral gauge theories

The term from the right-handed 't Hooft ops.
— 1%y = =2 Tr{&nf’+<w+ [@DIZ‘%CDTGEG} >F} /<1>F

= (Tr{(u"ivsCpT*E*6, Pyu)(uTiysCpT Eu) 1 }) . /(1)
should be a smooth/local functional of the link field!

00 .

T — Z (ig)ttm Z b ( k) @abarbrambn (o

L/ V1+m ! 77,u UV Um, y P1, y Pm
m=0 . k7p17"'7pm

AG (p1) -+ AP (pm)
A necessary and sufficient condition

{0+ (2) [0 TinsCoTE* ()] ) o /(1) ]| < Cla —y|7 e ovlf8

and the similar bounds for the variations w.r.t. the link field

<¢+(y) [@DIZ%CDT”E“E(.%)} > = —%P+(y,ﬂf)<1> +» Indeed satisfied by the SD egs.

F

T O Tagep. Unknown yet!
($+(y) [¢175Cp @) )5 Need further studies — Study in 2D



1%(-1)* axial gauge model with Spin(6)(SU(4)) symmetry

Q = diag(Q17Q27Q37Q4) = dlag(+17 +17+17+1)
Q/ = dlag(QZlb qga Qéa qzl) = diag(_la _17 _17 _1)

Sw =D _$(@)PrDy(x) + ) o/ (x)P-D'¢/(x)

zell zel

Sv = Z {1 () D19y () + L (2) D1yl (z) }
Z {4 @) isen T B @) (2) + Py (@)inacn T E* (@) (@) |

+Z {E“(@)E“(x + f1) + E*(x)E*(x + )}

1 . a . a
Oy (z) = 5 ¥4 (2) irsen T (2) Py (2) T ivsen T (),
_ 1 - . . o -
Ov(z) = 50+ (@)inaepT T (2)" P (2)inacp T (2)",
+ | — | gauge anomaly chiral anomaly
U(1), 1 | -1 | matched (gauged) —
Spin(6)/SU(4) || 4 | 4 | matched (can be gauged) | anomaly free
U(l)y 1 | 1 | not matched anomalous

Table 3. Fermionic continuous symmetries in the mirror sector of the 14(-1)* model and their

would-be gauge anomalies



21(-1)? chiral gauge model

1
Q= +=+2012 453 55

2 Q = diag(Ql)Q27Q37Q4) - dlag(+27 07 07 0)7
Q = —% 4+ 212y 33ty 796 Q' = diag(q1, 92, 45, q4) = diag(+1, -1, -1, —1).

Sw =Y (x)PyDy(x) + > ¢ (z)P_D'y(x)

zell zel’

Su = 3 {e (@) aen T B @) (&) + 1 ()i T B @) (2)" )

zel’

+ | + | — | — | (mixed) gauge anomaly chiral anomaly
U(1) 2 10| 1 |-1]| matched (gauged) —
SU(3) 1| 3| 1] 3 | matched (can be gauged) | anomaly free
U(1), O 1| 0] 1 |notmatched anomalous
U(1), 01| 0]-1]|notmatched anomalous
U1)p—3 || -3 | 1 | -3 | 1 | matched (can be gauged) | anomaly free

Table 4. Fermionic continuous symmetries in the mirror sector of the 21(-1)2 model and their
would-be gauge anomalies



Sg[E% = —Indet(u! iy3epT*E%)
= —Indet(u'TT*E%,).

250

200

150 Lo il I BRIV 40

100

50 (2

-50
0 5000 10000 15000 20000 25000 30000

Figure 5. Monte Carlo histories of the effective action Sg[E®] fot the lattice sizes L = 4,8,12.
The periodic boundary condition is used for the fermion fields.
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Figure 7. Z§:1{Gw'pr+}00,ss(x) vs. © = (xo,21) [top] and |z|1 = |zo| + |21| [middle, bottom].
The lattice size is L = 8. The blue-symbol and black-symbol plots are along the spacial axis (xg = 0)
and temporal axis (1 = 0), respectively, while the lightblue-symbol plot is along the diagonal axis
(ro = x1). 1,100 configurations are sampled with the interval of 20 trajectories. The errors are
simple statistical ones.
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Figure 8. The real [left] and imaginary [right] parts of Zizl{GwlePJr}oLss(x) vs. x = (29, 21)
[top] and |z|;1 = |zo| + |z1] [middle, bottom]. The lattice size is L = 12. The blue-symbol and
black-symbol plots are along the spacial axis (g = 0) and temporal axis (z; = 0), respectively,
while the light-blue-symbol plot is along the diagonal axis (zp = x1). 1,100 configurations are
sampled with the interval of 20 trajectories. The errors are simple statistical ones.
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Figure 9. The real [left] and imaginary [right] parts of Zle{waEﬁ}m,ss(x) vs. ¢ = (zg, 1)
[top] and |z|; = |xg| + |21| [middle, bottom]. The lattice size is L = 12. The blue-symbol and
black-symbol plots are along the spacial axis (xg = 0) and temporal axis (x; = 0), respectively,
while the light-blue-symbol plot is along the diagonal axis (zo = 7). 1,100 configurations are
sampled with the interval of 20 trajectories. The errors are simple statistical ones.
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Figure 10. L?II),(k) [left] and L?TI,, (k) [right] vs. |k|o = \/k2 + k2. The lattice size is L = 8.
The periodic boundary condition is assumed for the fermion fields. The black-, blue-, red-symbol
plots are along the spacial momentum axis (ky = 0), the temporal momentum (energy) axis (k; = 0)
and the diagonal momentum axis (ko = ki), respectively. 5,000 configurations are sampled with
the interval of 20 trajectories. The errors are simple statistical ones.
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Figure 15. L2 ﬁ%é(k) [left] and L? l:IdQlQ(k) [right] vs. |k|o = \/k2 + kI. The lattice size is L = 8.
The periodic boundary condition is assumed for the fermion fields. The black-, blue-, red-symbol

plots are along the spacial momentum axis (kg = 0), the temporal momentum (energy) axis (k1 = 0)

and the diagonal momentum axis (kg = k1), respectively. 5,000 configurations are sampled with

the interval of 20 trajectories. The errors are simple statistical ones.
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Figure 12. (1/4)L?To(k) [left] and (1/4)L2 1oy (k) [right] vs. |k|o = \/k2 + k2. The lattice
size is L = 8. The anti-periodic boundary condition is assumed for the fermion fields. The black-,
blue-, red-symbol plots are along the spacial momentum axis (kg = 0), the temporal momentum
axis (k1 = 0) and the diagonal momentum axis (kg = k1), respectively.
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CP invariance of the effective action

Uz, 1) — Uz, 1)°F = (U(:c 0), U(ef — & k) 1)
Y(x) — P@)" = +(Py) 'O ()
b(z) — ()T = (@) CpPro,
Ez) — EYz)°Y = (=D*E*(=P)  (a=0,1,---,9)
DIU“Y] = (Pr)~'Cp' DIUN Cp Pyg PLU ] = (Po) " (15Cp) ™ P [UT v5CpPo
= (P) ' (7Cp) "' DIUI*Cp Po Py = (Py) ' (3:Cp) " P+ v:CpPro.

Ty(x)=-Vix)Vi(z), Viz)= wT(x)PIi'y5C’DT“p+¢(x)
— T(x) = s V@)V (2),  Vi%(x) = (=1)" () {15 P-5}insCoT s Pys} ()"
(x)Vi(x), Vi(z) = W(x) P_insCp T E* P4 (2)T

(@)Via(z), V(@) = (=1)" " (@) Py ivsCpT P (x)



(1), [U] = det(sDv) / D|E] pf(uTinsCpT* E*u)
— <1>F [UCP} = det(u'ysDysa’) /D[E] pf (V145875 Cp T E%ys0™)

= {det(ﬂDu) /D[E] pf(sz'%CDTaEav)}*.

<1>F [UCP] — <1>F [U]

det(vDv) /D[E] pf(uliysCpTE) = {det(ﬂDu) /D[E] pf(vT’i%CDT"’E%)}*



det(vDv) /D[E] pf(uliysCpT*E) = {det(ﬂDu) /D[E] pf(sz'%CDTaEav)}*

(@) (uv)

(vu) (vv) )

(uTz'%CDTaE“u) (uT'i’y5CDTaE%)
(vT@"yg)CDTaEau) (vTifyg)C’DTaE%)

S S

det(vDv) = {det(ﬂDU)}*,
pf(uTi%C'DTaEau) = i{pf(vTi’YsCDTaE%)}*

(N 0) det U = det N x det (M — PN~10)
PM = det N/ det M.
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