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[ 1 Motivation

Hierarchy problem

Higgs boson M=125GeV Top quark m=173GeV

radiative correction of masses

M? = |\/|§+#A2+#m§|og£+... m:mO+#mo|og£+... Weisskopf *34
My My

extremely-fine tuning needed to account for M,=125GeV



1 Motivation

Hierarchy problem

Solution 1: SUSY (H , Z:UH) degenerate m,
mZ:m§+ 0 +#m§|ogi+... m=m, + #mo|ogi+...
. m, o

O(A?) cancelled

Solution 2. Higgs is fundamental @ composite in (new) gauge theory w/o scalar
H ~Tt (top condensation) or QQ (technicolor)
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“Walking TC”
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1 Motivation

Hierarchy problem

Solution 2:  Higgs is fundamental © composite in (new) gauge theory w/o scalar

o |
4 Blare)

. “Walking TC"
aysB ,":l E> “\'\

3 3 N
small but >0 <

/a’(a):—(%lN—%nF—gN nAd)az—(%Nz—(EN l)nF—§N2nAd) :

N=3 KMI group; Kuti; Hasenfratz
[' N=2, ny,=2 “Minimal WTC” Catterall-Sannino}
e N=2,n

vSB or (near-)Conformality

NCTU group, Helsinki group... tested for 2C QCD on Lattices




Chiral Random Matrices [Shuryak-Verbaarschot 93]
N+v
1 _trH? . 0 ‘ M }N
=—= (dH e"™TT det(H+im)-- , H=
< >CHIRAL GAUSSIAN H Z(m) n £ ( f ) M 0

| R (chGOE) g=1

HS transt. captures all
N—c , m —0 Global & Discrete M, € { C(chGOE) p=2
U, =Nm, fixed SymmEtrieS of QCD H (ChGSE) /)):4

N

det [/Jij_1I vHj-i (/Ji )]

A7)
for p=2 [Brower-Rossi-Tan ’81]

i j=1

OD reduction , _ B
of chPT U({F)du (det U)" exp{ Retr diag(u, U} = cst.

similar forms with Pf ~ qdet for g=1,4 [Smilga-Verbaarschot *95, Nagao-SMN *00]

analytically solvable, symmetry-based model of QCD in ySB phase



1 Motivation
Chiral Random Matrices [Shuryak-Verbaarschot *93]
N +v
< > :_1 dH e_terl_[ det(H +imf)... . H= 0 ‘ M }N
CHIRAL GAUSSIAN H Z(m) f M + O
HIS transf. captures all R (chGOE) =1
N—ow , m —0 Global & Discrete M, € { C(chGOE) p=2
U, =Nm, fixed SymmEtrieS of QCD H (ChGSE) /)):4
det[ 1™,y ()]
f dU (det U)" exp{Retr diag(y,)U} = cst. [ 12 ]"Fl
U(Ng) i A(us)

chPT: V, X Re tr diag(m) U

if QCD is in xSB phase,
- Dirac EVDs on various V, collapse onto chRM result

- can determine X by fitting



2 Janossy density in |

Determinantal point process

1 N
Prob, (n,,...,n,)=—det|K(n,n)| . cZ
00y (P2 ) N! K n‘)]"Fl 4 + Plancherel measure on {YT}
- directed percolation
K=[K(nm)] _ :projectiveK-K=K , trK=N - continuous = invariant RMEs
i o —o i o ¢ i i ¢ i *— 0 i i
then,
[ N-1 N-1
K(n|1n) _— K(m n) . —_ —_ -
RN_l(nl’m’nN_l):Nzidet [ j ]I,J—l [ j ]1_1 _ N-(N 1)det[K(ni,nj)]_N_:1
N! N-1 (N -1)! i,j=1
mez [K(n,m)]._, K (m m)
| repeat
k
R (N,....n,) = det[K(n, nj)]”_:1 = repeat = R (n)=K(n,n)



= 2 Janossy density in DPP.

Janossy density

for Det point process R .(Xy.... %) =det[K(>§,X-)]:j=1

Jy, (ny,...,n) = Prob of

’_
—
—

no ptsin | except for k designated pts

[Textbook *88]

Probability and Its Applications W
K, =[K(n,m)] Lt el
n,m&l

all ptsin designated pts @
|

—— l -
I (M) = et (1=K, ) - det| (n[K, (1=K, ) )|




2 Janossy density in |

Proof —o— — | ———+—o—
! J
J1.1(0)
= R1(0)—ZR2(O,n)+% Z R3(0,n,n') —---
nel “n,n’el
. K(0,0) K(0,n) K(0,n)
= K(0,0)—) ﬁg;gg; ﬁ((((gn)) +% > | K(n,0) K(n,n) K(nn)
nel ’ ’ ‘el K(n',0) K(n',n) K n)

+ 4+

(0/K1]0) — {(0|K;|0) trK; — (0]K7|0)}

1
+§ (0|K7|0) (trK)* — (0]K1|0) trK7 — 2 (0|K7|0) trK; + 2 (0|K}|0)} — - -

0|K7|0) {1 — trKj + - -
QK§‘0>{1_...}..._|_...
0/K; + K7 +Kj+---|0)det(1 — K;) = (0K (1 — K;)"'0) det(1 — K)

1 1
0|K;|0) {1 — trKy + a(trK[)2 —} {1 — itrK% +}




2 Janossy density in

Example: 2 Fermions on

2 3

PI‘Ob(I: )=1/8 11K(n,n)
} = Prob(n,m) =5‘
Prob([1) = 1/4 !
. 2 1—i 0
S Ya4i 20 1
K‘4< 0 1+i 2
1—i 0 1+

]1,1(1)=Pr0b(E) - D ; D -

= det(1 - K)) - (1|K;(1 — K,)7*|1)

:‘1_%(13—1' 12_i)"(252i 2—321‘)1,1

1+1i

1—1i

K(n,m)

0

2

(ool [T

K(m,n) K(m,m)



= 2 Janossy density in D

Janossy density

Det. point process: R(Xys-- %) =O|et[K(>§,Xj)].k

i,j=1

’_
——
—

exactly p pts e in | except for k designated pts o

K | [K(n’ m)] nmel

Jo (N nk):%(—ag)pdet(l—gK,)-detKni|K|(1—§K|)'1|nj>]k

i j=1

&=



2 Janossy density in |

In case (1 — K;) may be singular : use ‘21 g‘ = |D||A—CD™1B|

Jiea (s i) = det(1 =Ky - det](ny K, (1 = KD m)]7

designated pts ® all ptsin |

A A
[ \ [ \

S ) AP () b
}

— [ | K [m)) ="

mel

= (—)* det

1

Continuous distributions : Fredholm Det from Quadrature approx. of |

K(m,m) = /Ay K Vo, Yp)y/ Ay

X1, ..., X)) = lim
Jie1 (X1, oos X) psmy

_[K(xi,xj)]l.{. [ VBYaK Ve 1) ];:;Ik

I,j=1
=1,...,.k
—[K(Xi, yb)\/ Ayb];be I 1- [\/ AYaK(Ya; yb)\/ Ayb]ya’ybe I

new? not explicit in [Borodin-Soshnikov *03][Forrester-Witte *07][Forrester-Witte-Bornemann ’12]

(—)* det




exercise 0 : 1st ~8t EV distributions of chGUE , chGSE

flattening oscillation = larger error for fitting

/ /

guasi-Gaussian = precise fitting possible




] 3 Ordered EV

Chiral condensate from Individual EV distributions

exercise 1 : quenched U(1) Dirac spectrum vs chGUE

B=06, V=6", N, =30000 |

i

]l 10p

0.00 0.01 0.02 0.03 0.04 fow oot o, o o004
. Jl .
0.5110? ] [SMN "15]
e ? ]
o 05105~ ® :
% <] 3 %+ % Ya’ = 0.51025(10)
BT . 05100 ]
= C I ]
L O [ ]
©° 0.5095 - l ’




[ 3 Ordered EV
Chiral condensate from Individual EV distributions

exercise 2 : guenched SU(2) Dirac spectrum vs chGSE

w p=10, V=6, N, =30000:

300

wwwwwwwwwwwwwwwwwwwwwwwww

o
o
=]
=
o
.

o
Q
]
o

T T R S IV BN

| [SMN "15]
1072/
o |
S Lo
_ % ) W 1070 + """""" + --------- + ----- Zag :107019(38)
© O 2 :
% § 1.069 |
1068 | | | |
1 2 3 4 - 4
Ry 2. within O(104) error!




] 3 Ordered EV Risan '17

g!-Hermite ensemble vs Critical statistics: Anderson H

65] - R AH on 123,163,203, N, =10% [SMN ’15]
B : | randomness W=18.1
0.04; mag. flux  ®=0.4n

*0 2 4 6 8 10 12 14

[ v" MLSDs of g1-HE perfectly fit to Scale-inv Critical Statistics of AH at ME ]




[ 3 Ordered EV Risan '17

q!-Hermite ensemble vs Ciritical statistics: QCD P

V =243 X 4 ~568 X 4

6 - r . r
Poisson in TDL - V=563x4 [SM N et al ’18]
st = V=483x4 |
- V=443x4
5 , scale-invariant FP = ME e V_403x4
— L r 4
PR |- — Ve
§_ = V=323x4
-§ 3t E = V=283x4
< 1
E |
< o |
L= I
1
H
1
! i
i ,
o i 'x‘ GUE in TDL
0.330 0.33 0.340 v"Q.345 0.350 0.355 0.360
2 =0.3357(2) EV window
\ *, fit lattice data @ ME with g1-HE
................................ S i
15+ 0.8
0.1¢
= 0.6/
= 10 B :
= o .
= = S 0.01
= 0.4 Gl
5 F
02
| ME /

0 1 L 1 L 1 L
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 \ 0.0,




3 Ordered EV

Technical problems

“Shifting” method for ch RMT

dH e-trHZHfdet(H +imf) o lﬁ[(d)bl )Llﬁ(w'l)/z‘l e—&-l_[f(kl_kmf))ﬁ‘&_kj‘ﬁ

=1

Pk()kq_,...,)tk):@mf}:d)tkﬂ---d}LN(JPDNF()\q_,...,)LN;{m};v))\

;H =A-A
=CAmY) [ [ dyy-ddy (PDg (4. Ayi{ 17 7))
b 7

i>]

N—x

[Damgaard-SMN ’01]

A =0 € Spec(H?)

. JPD of EVs

. JPD of first k EVs

ratio of Bessal det's

pk(lk):f:k"’folkdﬁi'"d)Lk_lpk(A.l,...,Ak) ¢°°—[ (k-1)-fold integral of ratio of Bessel det's}

4 )
for this trick to work, the exponent
v+1 N (=12) x chGOE, v=0,24...
p—-1 € =
2 2N (p=4) x ChGSE, N. =0,2,4...
\ J

[{

practically unfeasible
fork>5

JJ




Nystrom-type approx to Fredholm Det

Gauss-Legendre Quadrature :  {X,... Xy} €I, {Ax,...,Ax,}>0

M
l ff(X)dX = Ef(xi)AXi . exact for ]‘(X):x'\’I + lower
| i=1
[Det (1-K,) = det[éij - K (X, X;)\JAX AX; ]:\’/;:1 +relative error O(e ™M )} [Bornemann *10]

ex. Largest EV distribution
Nystrom approx (M=30) for K,y vs Tracy-Widom'’s analytic formula

— GUE

— GOE

— GSE

=

= dE[X,00]/dX

rel. error

Relative Error of dE[X,c0]/dX

PIx]




] 4 Multi-flavor 2C QCD

= B n fermions as Janossy density

n N
° B+1)
dee‘ter‘ ‘(H+imf)ﬁ=jo ‘ ‘ dA; A; 3 ‘ ‘|,1+mf| ‘ “A
f:]_ =1

>j
oo N1 ,b’(v+1) N+n N+n
'y B
ocj (d/l A; le %) A — 4| §(A — (=mp))
0 9=1 i>j k=N+1
designated pts ® = —mass?> 0
]k,n,[O,S]( mli"' _mn)
0 —-m? — m3 —m2 S

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
\ 4
7
1

—m2 — m3 -mé 0 , Ix( \ S

O —@ —@ I\ 2 3 - Jl o *—o—
E.(s;m%, ...,m2)

k Sy Ty ey Hin —> evaluate Fredholm Det by quadrature approx.



- 4 Multi-flavor 2C QCD

p=4(chGSE), ne=4, k=0, ©u=0.1 vs chGSE (N=250~2000) by HMC

1-Ey(s; 0.1 iati
0(s;0.1) deviation
1.0F — ‘ ‘ ‘ | 'N=2000
: F 0.004 | N=1000 +—>— -
7 ' M=40 N=250 %1
o.sj s p=0.1
: : 0.002 | ]
0.6
: 0
0.4r
7 -0.002 |
0.2 ~0.004 |-
b S 0.006 :
2 4 6 8 10 12 14 "o 1 2 3 4 5 6 !

Quadrature Approx of Det : systematic error too small for bare eyes!

=4 (chGSE), n.=8, k=0, u=0.1 vs chGSE (N=1000~2000) by HMC
1-E4(s ; 0.1)

deviation
[ T T T T T T T
o P 0.004 - (m=50) - (HMC[N=2000]) ——
I 4 (m=50) - (HMC[N=1000]) >~
i le7 ——
0.8 0.002 | _
i 0
0.6
I -0.002 |
0.4- -0.004 |
i -0.006 |-
0.2
I . -0.008 |
| _/T' | 0.01 | | | | | | |




- 4 Multi-flavor 2C QCD

Chiral condensate from Individual EV distribution

pB=4 (chGSE), ne=4, k=0 vs  2C QCD, ng=8(stag) =2+(2+2+2)

u=238.18 ma=0.010
3 T T T T 025 T 3 T
1.2 | 8x87 p=1.2, ma=0.010 RMT —— 8 X 83 —t—
: lattice —><— 12 x 12, %
260 configs. = 16 x 163 —¥—i
0.2 = |
-
=
0.15
W K==
a°$=0.1997(24) e Y ?
x*Idof=0.25(17 01 am=0.010
u=8.18(10) 3
0.05 ﬁ
=
77777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777777 B 0 | |
0 2 4 6 8 10 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7
s B

N=2,n-=8, f<1.4... : %S broken



0 4 Multi-flavor 2C QCD
to be fitted with

ﬂ =4 (ChGSE), Ng = 8, k = 0,1,2,3, M= 0,1,2,...,00 2C QCD’ Ng = 8 Stag

1-Ek(s) 1-Ek(s)
. 1+
10}
08 0.100 }
06}
r 0.010 }
04}
I 0.001 }
02}
1 1 s -4 ! s
5 20 7% 20
pk(s) Pk(s)
1~
[ Neg=8
o5} Ne=8
: 0.100 |
0.4
03 0.010 }
02
0.001 }
0.1
-4 |
1 10 s
20 : 0 20




Summary

- 2 technical difficulties in evaluating Individual EVDs of massive chRME

are overcome by Janossy Density formula + Quadrature method

- Individual Dirac EVDs of 2C QCD with ng = 4n staggered quarks,

If the theory in ySB phase, are predicted from massive chGSE

- Chiral cond X of 2C QCD with ng = 2+(2+2+2) is determined by fitting Spec(ID)

- feasible plan : determine whether the WTC candidates in sympl. class

2C QCD with n-=8 (stag.) , n,y,=2 (overlap) is ySB or conformal



