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where s2 = 0. Then we can obtain the gauge fixed action in the Landau gauge,

Son-shell AQBF =

∫

M2

d2x[ϵµνφ∂µων + is(c̄∂µωµ)],

=

∫

M2

d2x[ϵµνφ∂µων + b∂µωµ − ic̄∂µ∂µc].
(2.10)

This action has not only the BRST symmetry (2.9), but also has two more fermionic
symmetries[13-27] as shown in the following table 1. We can see that these operators

φA sφA sµφ
A s̃φA

φ 0 −ϵµν∂ν c̄ 0
ων ∂νc 0 −ϵνρ∂ρc
c 0 −iωµ 0
c̄ −ib 0 −iφ
b 0 ∂µc̄ 0

Table 1: On-shell N=2 twisted super transformation of abelian BF model.

satisfy the following relations if the equations of motion holds:

s2 = {s, s̃} = s̃2 = {sµ, sν} = 0,

{s, sµ} = −i∂µ, {s̃, sµ} = iϵµν∂
ν .

(2.11)

This is the twisted D=N=2 supersymmetry algebra which can be recognized by
defining the super charge operators,

Qαi =
(
1s+ γµsµ + γ5s̃

)
αi
, (2.12)

which satisfy the following extended N=2 supersymmetry:

{Qαi, Qβj} = 2δijγ
µ
αβPµ. (2.13)

Thus the quantuzed BF theory fixed in Landau gauge has the twisted D=N=2
supersymmetry at the on-shell level.

By adding auxilialy fields to eq.(2.10) we can find off-shell N=2 supersymmetric
action

Soff-shell AQBF =

∫

M2

d2x[ϵµνφ∂µων + b∂µωµ − ic̄∂µ∂µc− iλρ], (2.14)

which has the off-shell extended N=2 supersymmetry invariance shown in Table 2.
It turns out that the off-shell N=2 supersymmetric action is equivalent to the

following simple form:

Soff-shell AQBF =

∫

M2

d2xss̃
1

2
ϵµνsµsν(−ic̄c). (2.15)

5
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φA sφA sµφ
A s̃φA

φ iρ −ϵµν∂ν c̄ 0
ων ∂νc −iϵµνλ −ϵνρ∂ρc
c 0 −iωµ 0
c̄ −ib 0 −iφ
b 0 ∂µc̄ −iρ
λ ϵµν∂µων 0 −∂µωµ

ρ 0 −∂µφ− ϵµν∂
νb 0

Table 2: Off-shell N=2 twisted super transformation of abelian BF model.

This form of action suggests that there is a superspace formulation of extended
twisted N=2 supersymmetry.

The extension from abelian group to non-abelian group is straightforward. The
off-shell N=2 supersymmetric quantized BF action with non-abelian gauge group is
given by:

Soff-shell NABQBF =

∫

M2

d2x Tr [φF + b∂µωµ + i∂µc̄Dµc− iλρ], (2.16)

where the fields are all Lie algebra valued and

F = ϵµν(∂µων + ωµων) (2.17)

Dµ = ∂µc + [ωµ, c]. (2.18)

The off-shell extended N=2 supersymmetry transformation is given in Table 3.

φA sφA sµφ
A s̃φA

φ [φ, c] + iρ −ϵµν∂ν c̄ 0
ων Dνc −iϵµνλ −ϵνρ∂ρc
c −c2 −iωµ 0
c̄ −ib 0 −iφ
b 0 ∂µc̄ −[φ, c]− iρ
λ F − {λ, c} 0 −∂µωµ

ρ −{ρ, c} −Dµφ− ϵµν∂
νb− iϵµν{∂ν c̄, c} 0

Table 3: Off-shell N=2 twisted super transformation of non-abelian BF model.

Just like in the abelian case this off-shell N=2 super symmetric action can be
equivalently written down by the same simple form as the abelian case

Soff-shell NABQBF =

∫

M2

d2xss̃
1

2
ϵµνsµsνTr(−ic̄c), (2.19)

which again suggests the N=2 twisted superspace formalism.
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off shel N=2 twisted SUSY invariance
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Quantization of Abelian 2-dim. BF theory
BF = B(d! + !2) (4-dim.)

�d!

=

�! = dv



Gauge Theory on the Random Lattice
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Gauge Theory + Gravity  ？

SUSY ?

N.K.＆Watabiki  ‘91

Boson　　　Fermion ?

3d Chern-Simons gravity by witten (1988/89) 

(quaternion based formulation: origin ?)

matter fermion ?

�A = dV + [A,V]

Ul̃ = (e!)l̃

(l̃ = dual link)



3-dim. Chern- Simon Gravity

Ponzano-Regge gravity

N.K., H.B.Nielsen & N.Sato (1999)

(Witten 1988/89)

regge calculus idea

2-3 move 1-4 move



4-dim. BF Gravity (N.K., K.Sato & Uchida (2000))

1-5 move 2-4 move 3-3 move

SLBF

(F a = ed!+!2+···)



Generalized Chern-Simons actions in arbitrary dimensions

S =

Z
Tr

✓
1

2
AQA+

1

3
A3

◆
= 1S1 + iSi + jSj + kSk

is invariant under a generalized gauge transformation:

�A = QV + [A,V] = 1� 1 + i� ̂0 + j�A0 + k�Â1

Tr(�+�
0
+) = Tr(�0

+�+), T r(���+) = Tr(�+��), T r(���
0
�) = �Tr(�0

���)

To prove generalized gauge invariance: 

2. {�!Q,��} = Q��, [
�!
Q,�+] = Q�+

1. Q2 = 0

3.

2 ⇤�



Let us introduce two-type of fields

i2 = j2 = k2 = �1,

ij = �ji = k, jk = �kj = i, ki = �ik = j

quaternion algebra:

a+ b+ c = odd or even

A = q(1, 1, 1)�(1,1,1) + q(1, 0, 0)�(1,0,0) + q(0, 1, 0)�(0,1,0) + q(0, 0, 1)�(0,0,1)

= 1�(1,1,1) + i�(1,0,0) + j�(0,1,0) + k�(0,0,1)

V = q(0, 0, 0)�(0,0,0) + q(0, 1, 1)�(0,1,1) + q(1, 0, 1)�(1,0,1) + q(1, 1, 0)�(1,1,0)

= 1�(0,0,0) + i�(0,1,1) + j�(1,0,1) + k�(1,1,0) 2 ⇤+

2 ⇤�

AA0 = �A0A 2 ⇤+ AV = VA 2 ⇤� VV 0 = V 0V 2 ⇤+

Z(2) grading structure

(Abelian) [q(a, b, c),�(a0,b0,c0)] = 0

SGCS =

Z
Tr

✓
1

2
AQA+

1

3
A3

◆

�A = QV + [A,V] (Q = jd)

total 3-gradings (anti-commuting) 
without quaternion

different grading commutes 
 with quaternion =



Higher form gauge fields and non-Abelian extension

�(a,b,c)(x)(a,b,ca,b,ca,b,c)(

boson-fermion
even- and odd-form

c = 0, 1

�(0,0,c)(x) ⌘ ˆ

Ac(x) = direct sum of bosonic even forms,

�(0,1,c)(x) ⌘ Ac(x) = direct sum of bosonic odd forms,

�(1,0,c)(x) ⌘ ˆ

 c(x) = direct sum of fermionic even forms,

�(1,1,c)(x) ⌘  c(x) = direct sum of fermionic odd forms

d = dx

µ
@µ ADerivative operator: as -type operator:

Q = q(0, 1, 0)d = jd

Non Abelian extension

A = ABTB = (1 B
1 + i ̂B

0 + jAB
0 + kÂB

1 )T
B

V = VBTB = (1âB0 + iaB1 + j↵̂B
1 + k↵B

0 )T
B

boson

fermion

even- and odd-form

( ) = direct sum of bosonic even forms

(x) = direct sum of bosonic odd forms

(

) = direct sum of bosonic even forms) = direct sum of bosonic even forms

Ac(x) = direct sum of bosonic odd forms

) = direct sum of bosonic even forms) = direct sum of bosonic even forms

) = direct sum of bosonic odd forms

) = direct sum of bosonic even forms

) = direct sum of bosonic odd forms

(x) = direct sum of fermionic even forms

 (

even-form

odd-from



fermionic-odd
S1 =

Z
Tr


� 1(dA0 +A2

0 + Â2
1 +  ̂2

0) + Â1(d ̂0 + [A0,  ̂0]) +
1

3
 3
1

�
,

Si =

Z
Tr


� ̂0(dA0 +A2

0 + Â2
1 �  2

1)� Â1(d 1 + {A0, 1})�
1

3
 ̂3
0

�
,

Sj =

Z
Tr


�1

2
A0dA0 �

1

3
A3

0 +
1

2
Â1(dÂ1 + [A0, Â1])

+
1

2
 ̂0(d ̂0 + [A0,  ̂0]) +

1

2
 1(d 1 + {A0, 1})�  ̂0{ 1, Â1}

�

Sk =

Z
Tr


�Â1(dA0 +A2

0 +  ̂2
0 �  2

1)�
1

3
Â3

1 �  1(d ̂0 + [A0,  ̂0])

�

�A0 = dâ0 + [A0, â0] + {Â1, a1}+ [ 1, ↵̂1]� { ̂0,↵0},
�Â1 = �da1 � {A0, a1}+ [Â1, â0] + [ 1,↵0] + { ̂0, ↵̂1},
� 1 = �d↵̂1 � [A0, ↵̂1]� [Â1,↵0] + [ 1, â0]� [ ̂0, a1],

� ̂0 = d↵0 + {A0,↵0}� {Â1, ↵̂1}+ [ 1, a1] + [ ̂0, â0]

fermionic-even

bosonic-odd

bosonic-even

are generalized gauge invariant: 

Generalized Chern-Simons actions



0 0 + [ 0, 0] +

1( 0 0

1 1 { 0, a1}



{A0,↵0} = AB
0 ↵

C
0 [T

B , TC ], { ̂0, ↵̂1} =  ̂B
0 ↵̂

C
1 [T

B , TC ], {Â1, a1} = ÂB
1 a

C
1 [T

B , TC ]

All anti-commutators turn into commutators for Lie algebra ! 

D-dimensional generalized Chern-Simons actions

A = 1 1 + i ̂0 + jA0 + kÂ1

= 1( (1)
1 +  

(3)
1 + · · · ) + i( (0)

0 +  
(2)
0 +  

(4)
0 + · · · )

+ j(!(1)
0 + ⌦(3)

0 + · · · ) + k(�(0)1 +B
(2)
1 +H

(4)
1 + · · · ),

V = 1â0 + ia1 + j↵̂1 + k↵0

= 1(v(0)0 + b(2)0 + h(4)
0 + · · · ) + i(u(1)

1 + U (3)
1 + · · · )

+ j(↵(0)
1 + ↵(2)

1 + ↵(4)
1 · · · ) + k(↵(1)

0 + ↵(3)
0 + · · · )

generalized gauge fields

generalized gauge parameters

(hidden grading     )c

 (i)
c i : i-form

�
(0)
1 ,!

(1)
0 , B

(2)
1 ,⌦

(3)
0 , H

(4)
1 , ..

↵(i)
c i : i-form

v(0)0 , u(1)
1 , b(2)0 , U (3)

1 , h(4)
0 , ..



2-grading system
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(exclude fermionic gauge fields and parameters) 
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(even-form gauge field)
1

(odd-form gauge parameter)1
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�

0-,…,4-dimensional  generalized Chern-Simons actions

leading as BF type

(differential form degree: sector-wise equivalence for G-C-S)
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1 }� {B1, ↵̂
(0)
1 }+ [ ̂(0)

0 , b0] + [ (1)
1 , u1] + [ ̂(2)

0 , v0],

� 
(3)
1 = �d↵̂

(2)
1 � [!0, ↵̂

(2)
1 ]� [�1,↵

(3)
0 ]� [B1,↵

(1)
0 ]� [⌦0, ↵̂

(0)
1 ]

� [ ̂(0)
0 , U1] + [ (1)

1 , b0]� [ ̂(2)
0 , u1] + [ (3)

1 , v0],

� ̂
(4)
0 = d↵

(3)
0 + {!0,↵

(3)
0 }� {�1,↵(4)

1 }� {B1, ↵̂
(2)
1 }+ {⌦0,↵

(1)
0 }� {H1, ↵̂

(0)
1 }

+ [ ̂(0)
0 , h0] + [ (1)

1 , U1] + [ ̂(2)
0 , b0] + [ (3)

1 , u1] + [ ̂(4)
0 , v0]

fermionic generalized gauge transformations

��1 = [�1, v0] + { ̂(0)
0 , ↵̂

(0)
1 },

�!0 = dv0 + [!0, v0] + {�1, u1}+ [ (1)
1 , ↵̂

(0)
1 ]� { ̂(0)

0 ,↵
(1)
0 },

�B1 = �du1 � {!0, u1}+ [�1, b0] + [B1, v0] + { ̂(0)
0 , ↵̂

(2)
1 }+ [ (1)

1 ,↵
(1)
0 ] + { ̂(2)

0 , ↵̂
(0)
1 },

�⌦0 = db0 + [!0, b0] + {�1, U1}+ {B1, u1}+ [⌦0, v0]

� { ̂(0)
0 ,↵

(3)
0 }+ [ (1)

1 , ↵̂
(2)
1 ]� { ̂(2)

0 ,↵
(1)
0 }+ [ (3)

1 , ↵̂
(0)
1 ],

�H1 = �dU1 � {!0, U1}+ [�1, h0] + [B1, b0]� {⌦0, u1}+ [H1, v0]

+ { ̂(0)
0 ,↵

(4)
1 }+ [ (1)

1 ,↵
(3)
0 ] + { ̂(2)

0 , ↵̂
(2)
1 }+ [ (3)

1 ,↵
(1)
0 ] + { ̂(4)

0 , ↵̂
(0)
1 }

bosonic generalized gauge transformations

1 1

Kalb-Ramond

�⌦ db + [ , b ] + {

BF this formulation



Quantization by Batalin-Vilkovisky formalism 

BRST transformation for gauge field and ghost:

[QB , A
a
µ] = Dµc

a, [QB , c
a] =

1

2
fa
bcc

bcc

[QB , Dµc
a] = 0, [QB ,

1

2
fa
bcc

bcc] = 0

nilpotency of: QB

Consider the action with external fields:

S[J,K] =

Z
d

d
x

✓
L+ J

µ
aA

a
µ + Jac

a +K

µ
aDµc

a � 1

2
Kaf

a
bcc

b
c

c

◆



Ward-Takahashi identity:

�a
µ =

@

@Jµ
a
�[J,K] = hAa

µe
iSi, �a =

@

@Ja
�[J,K] = hcaeiSi

ei�[J,K] = heiS[J,K]i

W [�,K] = �[J,K]� J · � Jµ
a =

@W

@�a
µ

, Ja =
@W

@�a

0 =

✓
Jµ
a · @

@Ka
µ

+ Ja ·
@

@Ka

◆
�[J,K] =

@W

@�a
µ

@W

@Kµ
a
+

@W

@�a

@W

@Ka

WT-id = Slavnov-Taylor identity:

Batalin-Vilkovisky quantization is the generalization of this.

Effective action;
+

K

fermionic

µ

bosonic

= (W,W )

�BRST� = (�,W )

0 = h[QB , e
iS[J,K]]i = i

Z
d

d
xh
✓
J

µ
aDµc

a � 1

2
Jaf

a
bcc

b
c

c

◆
e

iS[J,K]i



Batalin-Vilkovisky quantization 

Define Poisson bracket: {F,G} =
F
 �
@

@�A

@G

@�⇤
A

� F
 �
@

@�⇤
A

@G

@�A

degree of anti-field �⇤
A : |�⇤

A| = �|�A|� 1 F
 �
@

@�A
= (�1)|�A|(|F |+|�A|) @F

@�A

Quantized gauge action satisfies master equation:

{W,W} = 0

BRST transformation: �B�
A = {W,�A}

W [�,�⇤] =

Z
d

d
x(L+ J

µ
aA

a
µ + Jac

a +A

µ⇤
a Dµc

a � c

⇤
a
1

2
f

a
bcc

b
c

c + c

⇤
ab

a)

non-minimal sector 
(gauge fixing)

{W,W} = 2
@W

@Aa
µ

@W

@Aµ⇤
a

� 2
@W

@ca
@W

@c⇤a
� 2

@W

@ca
@W

@c⇤a

= 2hJµ
aDµc

a � Ja
1

2
fa
bcc

bcci = 0

graded Jacobi id.



�⇤
A =

 
 �
@

@�A

anti-field      can be replaced by derivative of gauge fermion 

Z
D�Ae

i
~W (�, ( +� )

 �
@

@�A ) �
Z

D�Ae
i
~W (�,  

 �
@

@�A )

/
Z

D�A� 

✓
i~�BV W � 1

2
{W,W}

◆
e

i
~W

i~�BV W � 1

2
{W,W} = 0

if the quantum master equation is satisfied:

�⇤
A  

 W is independent of the choice of gauge fixing fermion 

(deg. = �1)

~ ! 0 : calssical master equation, {W,W} = 0

 = ca@µA
µ
a

Aa⇤
µ =

@ 

@Aµ
a
= ca@µ

c⇤a = � @ 

@ca
= 0

c⇤a = � @ 

@ca
= @µA

µ
a

Yang-Mills



Symplectic structure in classical mechanics

H(q, p) = piq̇
i � L(q, q̇), pi =

@L

@q̇i

@H

@pi
= q̇i,

@H

@qi
= � @L

@qi
= � d

dt

@L

@q̇i
= �ṗi

Ḟ (q, p) = {F,H} =
@F

@qi
@H

@pi
� @F

@pi

@H

@qi
=

@F

@qi
q̇i +

@F

@pi
ṗi

@H

@t
= {H,H} = 0

L(q, q̇) = piq̇
i �H(q, p)

Hamiltonian;

Poisson bracket

Lagrangian:

Energy conservation

S =

Z
dt(pq̇ �H)Action:

(Master eq.)

(BRST tr.)



AKSZ construction of graded symplectic manifold

QP manifold: (M, {·, ·},⇥), {⇥,⇥} = 0

Hamiltonian

graded Poisson bracket

graded Mfd.graded Mfd. Hamiltonian

grade 1 vector field (BRST charge)

✓
Q = Q

i @

@x

i
=

@⇥

@q

i

@

@pi
� @⇥

@pi

@

@q

i
, (xi) = (qi, pi)

◆
Q· ⌘ {⇥, ·}

Q2· = Q{⇥, ·} = {⇥, {⇥, ·}} =
1

2
{{⇥,⇥}, ·} = 0

graded Jacobi identity
=

0

(Alexandrov, Kontsevich, Schwartz and Zaboronsky)



Every solution to the classical master equation determines  
QP manifold = quantized physical phase space

closed symplectic two form: d! = 0, ! = !abdx
a ^ dx

b

Poisson bracket: {F,G} = (!�1)ab
@F

@x

a

@G

@x

b

Symplectic: LQ! = (iQd+ diQ)! = diQ! = 0

existence of Hamiltonian     : iQ! = d⇥⇥

✓
iQ = Q

a @

@(dxa)

◆

AKSZ construction of quantized action:

S =

Z
d

d
xd

d
✓(pdq +⇥) (d = ✓

µ
@µ, ✓µ as odd coordinate)

{⇥,⇥} = 0



Consider the differential equations: dx

i(t)

dt

= X

i(x(t))

Assume grade 1 vector field: X = X

i @

@x

i

deg{t} = �1, t2 = 0
x

i(t) = x

i + tv

i

X

i(xi(t)) = X

i(x+ vt) = X

i(x) + tv

j @X
i

@xj

tX

j @X
i

@xj

=

dX

i(x(t))

dt

= X

j @X
i

@x

j
= 0

Q

2|i = Q

j @Q
i

@x

j
= 0 $ {⇥,⇥} = 0

stationally flow (time independent) 

integrability of (*)

(*)

QP manifold can be geometrically understood as follows: 

vi(t) =

Xi = Qi



graded coordinate: (qa, pa) grading (1, n� 1) :

{F,G} =
F

 �
@

@q

a

@G

@p

a

+ (�1)nF
 �
@

@p

a

@G

@q

a

 
F

 �
@

@x

a

= (�1)|x
a|(|F |�|xa|) @F

@x

a

!
Poisson bracket:

⇥(q, p) =
1

2
fa
bcpaq

bqc {⇥,⇥} = 0

QP manifold: (M, {·, ·},⇥) = 0

Q· = {⇥, ·} =
⇥
 �
@

@qa
@

@pa
+

⇥
 �
@

@pa

@

@qa
= (�1)n

✓
f c
abq

bpc
@

@pa
+

1

2
fa
bcq

bqc
@

@qa

◆

Q2 = 0

nilpotent degree 1 vector field =BRST charge: 

Hamiltonian, ex.1 : 

Explicit examples QP mfd

(xi ⇠ (qa, pa))

(find     to get QP-mfd)⇥



⌃! M : (x, ✓) 7! (qa, pa) = (�a(x, ✓), a(x, ✓))

 a(x, ✓) = c

a(x) + ✓

µ
A

a
µ +

1

2
✓

µ
✓

⌫
�

⇤a
µ⌫(x),

�a(x, ✓) = �a(x) + ✓

µ
A

⇤
a,µ(x) +

1

2
✓

µ
✓

⌫
c

⇤
a,µ⌫(x)

d = ✓µ@µ

AKSZ action W =

Z
d

2
x

Z
d

2
✓(�ad 

a +⇥( ,�))

=

Z
d

2
x

Z
d

2
✓ �a

✓
d a +

1

2
f

a
bc 

b c

◆

=

Z
d

2
x

✓
1

2
�a✏

µ⌫
F

a
µ⌫ � ✏

µ⌫
A

⇤
a,⌫(@µc

a + f

a
bcA

b
µc

c) +
1

4
✏

µ⌫
c

⇤
a,µ⌫f

a
bcc

b
c

c +
1

2
✏

µ⌫
�

⇤b
µ⌫f

a
bc�ac

c

◆

quantized 2-d. minimal BF action by formalism

fermions and 2-form boson can be identified as anti-fields

('⇤
= anti-field of ')

(|'⇤| = �|'|� 1)

field theory projection

✓Z
d

2
xd

2
✓ ✓

µ
✓

⌫�µ⌫ =

Z
�µ⌫dx

µ ^ dx

⌫

◆



Graded manifold     : coordinates: M
grading

has independent hidden grading 1

Poisson bracket:

Hamiltonian, ex.2:

⇥(q, p) =
1

2
fa
bcpaq

bqc

{⇥,⇥} = {⇥1 +⇥3,⇥1 +⇥3} = 0

AKSZ construction coincides with 2-dim. G-C-S action



Map:

�a(x, ✓) = �

a
1(x) + ✓

µ
 

a
1,µ(x) +

1

2
✓

µ
✓

⌫
B

a
1,µ⌫(x)

 a(x, ✓) =  ̂

a
0 (x) + ✓

µ
!

a
0,µ(x) +

1

2
✓

µ
✓

⌫
 ̂

a
0,µ⌫(x)

component fields:

WAKSZ =

Z
d

2
xd

2
✓ (�ad a +⇥1(�, ) +⇥3(�, ))

=

Z
d

2
xd

2
✓

✓
�ad a +

1

2
f

a
bc�a 

b c +
1

3!
fabc�

a�b�c

◆

Coincides with 2-dim. generalized C-S with fermions 
(different gradings anti-commute here)

=

Z
Tr{�1(d!0 + !2

0 + { ̂(0)
0 ,  ̂(2)

0 }+  2
1)

+  1(d ̂
(0)
0 + [!0,  ̂

(0)
0 ]) +B1(�

2
1 + ( ̂(0)

0 )2)}

)

B (

ghost #=2



�a(x, ✓) = �

a
1(x) + ✓

µ
 

a
1,µ(x) +

1

2
✓

µ
✓

⌫
B

a
1,µ⌫(x)

 a(x, ✓) =  ̂

a
0 (x) + ✓

µ
!

a
0,µ(x) +

1

2
✓

µ
✓

⌫
 ̂

a
0,µ⌫(x)

�a(x, ✓) = �

a
1(x)� ✓

µ
✏µ⌫!

⇤⌫
1a(x) + ✓

1
✓

2
c

⇤a
1 (x)

 a(x, ✓) = c

a
0(x) + ✓

µ
!

a
0µ(x) + ✓

1
✓

2
�

⇤a
0 (x)

We define BV bracket:

(F,G) =

Z
d

2
x

 
F

 �
@

@�1a

@G

@�

⇤a
0

� F

 �
@

@�

⇤a
0

@G

@�1a
+

F

 �
@

@!

a
0µ

@G

@!

⇤µ
1a

� F

 �
@

@!

⇤µ
1a

@G

@!

a
0µ

+
F

 �
@

@c

a
0

@G

@c

⇤
1a

� F

 �
@

@c

⇤
1a

@G

@c

a
0

!

 
F
 �
@

@�
= (�1)|�|(|�|+|F |)(�1)[�]([�]+[F ]) @F

@�

!

WAKSZ = WBF +W 0

(|'⇤| = �|'|� 1)

(0,1)

(1,0)

(ghost #, hidden grading)

anti-fields identification

AKSZ construction and BV formalism

(x) +

physical field (ghost #=0)

hidden grading



WAKSZ = WBF +W 0 (WAKSZ ,WAKSZ) = 0

WBF =

Z
d

2
x

1

2
�1a✏

µ⌫
F

a
µ⌫ �

Z
d

2
x

✓
!

⇤µ
1a (@µc

a
0 + f

a
bc!

b
0µc

c
0) +

1

2
f

a
bcc

⇤
1ac

b
0c

c
0 � �

⇤a
0 f

c
abc

b
0�1c

◆

W

0 =
1

2

Z
d

2
x

⇣
f

a
bc�1a✏µ⌫!

⇤bµ
1 !

⇤c⌫
1 + fabc�

a
1�

b
1c

⇤c
1

⌘

Puzzle:   WAKSZ            is equivalent to the 2-dim. generalized Chern-Simons  
action with fermions and at the same time quantized BF action  
with extra term W 0

�a(x, ✓) = �

a
1(x) + ✓

µ
 

a
1,µ(x) +

1

2
✓

µ
✓

⌫
B

a
1,µ⌫(x)

 a(x, ✓) =  ̂

a
0 (x) + ✓

µ
!

a
0,µ(x) +

1

2
✓

µ
✓

⌫
 ̂

a
0,µ⌫(x)

✓

1
✓

2
c

⇤a
1 (x)

=

ghost number of Ba
1 = c⇤a1 = �2

c

a
0(x)

=

Quantized minimal BF action + modification



On the other hand we can consider 2-dim. generalized  
C-S action as starting classical action :

(bosons only) Sk
2 ( = 0) =

Z
Tr

⇥
��1(d!0 + !2

0)� �21B1

⇤

��1 = [�1, v0],

�!0 = dv0 + [!0, v0] + {�1, u1},
�B1 = �du1 � {!0, u1}+ [�1, b0] + [B1, v0],

�⌦0 = db0 + [!0, b0] + {�1, U1}+ {B1, u1}+ [⌦0, v0]

�H1 = �dU1 � {!0, U1}+ [�1, h0] + [B1, b0]� {⌦0, u1}+ [H1, v0]

gauge trans. 

B

simply two form gauge field  
with ghost number 0

We need to introduce the following fields:

Xa, (0, 1), Y a, (1, 0), Za, (2, 1), (ghost number, hidden grading)

Xa = �a
1 + · · ·

Y a = · · ·+ ✓µ!0µ + · · ·

Za = · · ·+ 1

2
✓µ✓⌫B1µ⌫

finite number of fields is not  
enough to obtain nilpotent      
with physical                ghost # =0

Q

�1,!0, B1

infinite reducibility



We consider a supermanifold which has the following coordinates:

(Xa
(2m), Y

a
(2m+1)), (m = �1, · · · ,1)

where the suffix denotes ghost number.  X has hidden deg. 1 and Y has 0.

We can find deg. 1 nilpotent vector field (BRST operator):

Q =
X

m

Qm, Q2 = 0

Q2m+1 =
A

2
fa
bc

 
X

k

Y b
(2k+1)Y

c
(�2k+2m+1)

!
@

@Y a
(2m+1)

+
B

2
fa
bc

 
X

k

Xb
(2k)X

c
(�2k+2m+2)

!
@

@Y a
(2m+1)

Q2m = Afa
bc

 
X

k

Y b
(2k+1)X

c
(�2k+2m)

!
@

@Xa
(2m) (A,B = const.)

We can find hamiltonian    satisfying: ⇥

Q2· = {⇥, {⇥, ·}} = �1

2
{{⇥,⇥}, ·} = 0



S̃ =�
Z

d

2
xtr

1X

n=�1
{CB

n (✏µ⌫@µC
B
n⌫ +

1X

m=1
(✏µ⌫CB

mµC
B
�(m+n)⌫ + {CF

m, C̃

F
�(m+n)}� ✏

µ⌫
C

F
mµC

F
�(m+n)⌫))

+ C̃

B
n

1X

m=�1
(CF

mC

F
�(m+n) + C

B
mC

B
�(m+n))

� C

F
n ✏

µ⌫(@µC
F
�nµ +

1X

m=�1
[CB

mµ, C
F
�(m+n)⌫ ])}

We already found in our BV minimal action for 2-dim. G-C-S  
 with infinite reducibility.  (N.K., Suehiro, Tsukioka & Umetsu ’98) 

⇥ =
A

2

X

k

X

m

fabcY
b
(2k+1)Y

c
(�2k+2m+1)X

a
(�2m) +

B

3!

X

k

X

m

fabcX
a
(2k)X

b
(�2k+2m+2)X

c
(�2m)

S =

Z
d

2
xd

2
✓

 
X

m

X(�2m)adY
a
(2m+1) +⇥

!

Hamiltonian:

AKSZ action:

gauge tr. V2 = �1A = [Q+A,V1]

�2�1A = [Q+A,V2] = {Q+A, [Q+A,V]} =
1

2
[{Q+A, Q+A},V] = 1

2
[F ,V] = 0

infinite reducibility:
F = 0(eq. of motion)



 a =
X

m

Y a
(2m+1) =

X

m

 a
(2m+1) + ✓µ

X

m

!a
(2m)µ +

1

2
✓µ✓⌫

X

m

 ̂a
(2m�1)µ⌫

=  a + ✓µ!a
µ + ✓µ✓⌫ ̂a

µ⌫

�a =
X

m

Xa
(2m) =

X

m

�a(2m) + ✓µ
X

m

 a
(2m�1)µ +

1

2
✓µ✓⌫

X

m

Ba
(2m�2)µ⌫

= �a + ✓µ a
µ + ✓µ✓⌫Ba

µ⌫

Y a
(2m+1) =  a

(2m+1) + ✓µ!a
(2m)µ +

1

2
✓µ✓⌫ ̂a

(2m�1)µ⌫

Xa
(2m) = �a(2m) + ✓µ a

(2m�1)µ +
1

2
✓µ✓⌫Ba

(2m�2)µ⌫

In this way classical fields                  can be introduced as physical  
fields having ghost number zero for bosons. At this stage fermions  
still carry ghost number. We can extend to introduce fermionic  
classical fields (ghost #=0). We need to introduce infinite ghost fields.  

�a,!a
µ, B

a
µ⌫

In the current AKSZ procedure we can identify:

Y a
(2m+1) = CF,a

2m+1 + ✓µCB,a
2mµ +

1

2
CF,a

2m�1µ⌫

Xa
(2m) = CB,a

2m + ✓µCF,a
2m�1µ +

1

2
CB,a

2m�2µ⌫

renaming
Y

 a + ✓µ!a
µ + ✓µ✓⌫ ̂a

µ⌫

�a + ✓µ a
µ + ✓µ✓⌫Ba

µ⌫



What is the physical meaning of the result ? 
      Quantization of topological Super Point Particle Field Theory

We introduce particle coordinates: (xµ(⌧), pµ(⌧)) (✓µ(⌧), ⌘µ(⌧))

nilpotent BRST transformation
�Bx

µ(⌧) = ✓

µ(⌧)

�B✓
µ(⌧) = 0

�Bpµ(⌧) = 0

�B⌘µ(⌧) = �pµ(⌧)

Consider the following BRST exact action

S = �
Z

d⌧�B(⌘µ(ẋ
µ � p

µ)) = �
Z

d⌧(�B⌘µ(ẋ
µ � p

µ)� ⌘µ�Bẋ
µ)

=

Z
d⌧(pµẋ

µ � pµp
µ + ⌘µ✓̇

µ)

2pµ = ẋ

µ

equation of motion:

S

on-shell

= �
Z

d⌧

✓
1

4

ẋ

µ
ẋµ + ⌘µ

˙

✓

µ

◆

      Quantization of topological

(gauge fixing of topological point particle):



⇡

x,µ

=
L
 �
@

@ẋ

µ

= p

µ

⇡

✓,µ

=
L
 �
@

@✓̇

µ

= ⌘

µ

conjugate momentum: commutation relation:

[xµ
, p⌫ ] = i�

µ
⌫

{✓µ, ⌘⌫} = i�

µ
⌫

first quantized BRST charge: QB = i✓µpµ = ✓µ@µ

super coordinate eigenstate: |x, ✓ >

field of super point particle:

�(x, ✓) =< x, ✓|� >= �(x) + ✓

µ
 µ(x) +

1

2
✓

µ
✓

⌫
Bµ⌫

 (x, ✓) =< x, ✓| >=  ̂(x) + ✓

µ
!µ(x) +

1

2
✓

µ
✓

⌫
 ̂µ⌫

bosonic:

fermionic:

= d



physical state condition:
< x, ✓|QB |� >= ✓µ@µ�(x, ✓) = 0

< x, ✓|QB | >= ✓µ@µ (x, ✓) = 0

Since BRST symmetry is nilpotent, there is gauge symmetry:

�|� >= QB |⇤B >, �| >= QB |⇤F >

Action satisfying physical state condition:

S =<  |QB |� >=

Z
d

2
xd

2
✓  (x, ✓)QB�(x, ✓)

We can introduce Yukawa interaction and 3-point interaction  
in BRST invariant way:

S =

Z
d

2
xd

2
✓

✓
�ad a +

1

2
f

a
bc�a 

b c +
1

3!
fabc�

a�b�c

◆

Quantized interacting topological super particle field theory action 

This coincides with even dimensional generalized Chern-Simons action ! 

Point particle field theory



Introduce grading:
deg. of (qa, qa) = (1, 0)

{F,G} =
F
 �
@

@qa
@G

@qa
� F
 �
@

@qa

@G

@qa ⇥ =
1

3!
fabcq

aqbqc, {⇥,⇥} = 0

S =

Z ✓
1

2
qadq

a +
1

3!
fabcq

aqbqc
◆

We claimed this structure can be extended more general framework 
with 3 gradings:

qa ! Aa = 1 a
1 + i ̂a

0 + jAa
0 + kÂa

1

Va = 1âa0 + iaa1 + j↵̂a
1 + k↵a

0

Q = jd

SGCS =

Z
Tr

✓
1

2
AQA+

1

3
A3

◆

�A = QV + [A,V]

(A = AaT a, V = VaT a)

Comparison with AKSZ construction



Aa = 1 a
1 + i ̂a

0 + jAa
0 + kÂa

1

= 1 a
1 + kÂa

1 + i( ̂a
0 � kAa

0)

! ( a
1 + Âa

1) + ( ̂a
0 �Aa

0)

⌘ �a
1 +  a

0 = qa

no-quaternion + 3 total gradings:

S =

Z ✓
1

2
qadq

a +
1

3!
fabcq

aqbqc
◆

=

Z 
1

2
(�1a + 0a)d(�

a
1 + 

a
0) +

1

3!
fabc(�

a
1 + 

a
0)(�

b
1 + 

b
0)(�

c
1 + 

c
0)

�

= SE + SO

SE =

Z ✓
�1ad 

a
0 +

1

2
fabc�

a
1 

b
0 

c
0 +

1

3!
fabc�

a
1�

b
1�

c
1

◆

SO =

Z ✓
1

2
(�1ad�

a
1 + 0ad 

a
0) +

1

2
fabc 

a
0�

b
1�

c
1 +

1

3!
fabc 

a
0 

b
0 

c
0

◆

quaternion  + commuting different gradings 

no quaternion + anti-commuting different  
                         gradings

=

Quantized topological super particle field theory actionstarget space dim.

even dim.

odd dim.

hidden grading is needed for SO



Conclusion

Quantization of G-C-S actions is reformulated by  
AKSZ formalism. 

AKSZ formulation of G-C-S is quantized topological  
super point particle field theory for arbitrary  
even- and odd-dimensions.  

Odd dimensional formulation needs 3rd grading. 

To keep component fields of G-C-S as physical  
classical fields infinite components are needed.  


