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Ingredients for NS/NS sector of DFT on group manifolds

� Drinfeld double D with ηAB , FABC , HAB and d

� symmetries of the theory

1. generalized diffeomorphisms

2. 2D diffeomorphisms

3. global O(D,D) transformations
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� max.isotropic subgroup H of D → SC solution

d(X I) = g(xi)g̃(x ĩ) tA =
(
ta ta

) D/G̃

d(X ′I) = g̃(x ′i)g(x ′̃i) tA =
(
ta ta) D/G

� generalized frame field makes contact with SUGRA fields

2D-diffeom. global O(D,D)
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Restrictions on HAB and d to admit Poisson-Lie T-duality

� in general HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SUGRA reduction → avoid it
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Restrictions on HAB and d to admit Poisson-Lie T-duality

� in general HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SUGRA reduction → avoid it

A doubled space (D,HAB, d) admits Poisson-Lie T-dual
supergravity descriptions iff

1. LξHAB = 0 ∀ ξ → DAHBC = 0
2. Lξd = 0 ∀ ξ → (DA − FA)e−2d = 0

Remarks:
� FA = DA log

∣∣det(EB
I)
∣∣

� biggest possible isometry group DL ×DR

� for Poisson-Lie T-duality just DL required
� if additionally F ⊂ DR gauge it → dressing coset

Reminder Dilaton R/R sector Application Outlook



Dilaton transformation

� (DA − FA)e−2d = 0 → ∂I(2d + log | det v |+ log | det ṽ |︸ ︷︷ ︸
= 2φ0 = const.

) = 0
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Dilaton transformation

� (DA − FA)e−2d = 0 → ∂I(2d + log | det v |+ log | det ṽ |︸ ︷︷ ︸
= 2φ0 = const.

) = 0

� d = φ− 1/4 log | detg| − 1
2 log | det ṽ |

φ = φ0 +
1
4 log | detg| − 1

2 log | det v |
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Dilaton transformation

� (DA − FA)e−2d = 0 → ∂I(2d + log | det v |+ log | det ṽ |︸ ︷︷ ︸
= 2φ0 = const.

) = 0

� d = φ− 1/4 log | detg| − 1
2 log | det ṽ |

φ = φ0 +
1
4 log | detg| − 1

2 log | det v |

� g = vT eT ev with

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(B̃0 + g̃0)
ab = E0 ab

Πab = MacMb
c

e−1e−T = g̃0 − (B̃0 + Π)g̃−1
0 (B̃0 + Π)

ẽT
0 ẽ0 = g̃0

e−T = ẽ0 + ẽ−T
0 (B̃0 + Π)
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Dilaton transformation

� (DA − FA)e−2d = 0 → ∂I(2d + log | det v |+ log | det ṽ |︸ ︷︷ ︸
= 2φ0 = const.

) = 0

� d = φ− 1/4 log | detg| − 1
2 log | det ṽ |

φ = φ0 +
1
4 log | detg| − 1

2 log | det v |

� g = vT eT ev with

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(B̃0 + g̃0)
ab = E0 ab

Πab = MacMb
c

e−1e−T = g̃0 − (B̃0 + Π)g̃−1
0 (B̃0 + Π)

ẽT
0 ẽ0 = g̃0

e−T = ẽ0 + ẽ−T
0 (B̃0 + Π)

� φ = φ0 +
1
2 log | dete| = φ0 − 1

2 log | det ẽ0| − 1
2 log

∣∣∣det(1 + g̃−1
0 (B̃0 + Π)

)∣∣∣
� reproduces [Jurco and Vysoky, 2018]

Reminder Dilaton R/R sector Application Outlook



O(D,D) Majorana-Weyl spinor on D

� Γ-matrices: {ΓA, ΓB} = 2ηAB

� chirality Γ2D+1 with {Γ2D+1, ΓA} = 0

� charge conjugation C with CΓAC−1 = (ΓA)
†
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O(D,D) Majorana-Weyl spinor on D

� Γ-matrices: {ΓA, ΓB} = 2ηAB

� chirality Γ2D+1 with {Γ2D+1, ΓA} = 0

� charge conjugation C with CΓAC−1 = (ΓA)
†

� spinor can be expressed as χ =
D∑

p=0

1
p!2p/2 C(p)

a1...apΓ
a1...ap |0〉

� Γa = creation op. and Γa = annihilation op. ({Γa, Γb} = 2δa
b)

� (Γa)† = Γa and |0〉 = vacuum ( Γa|0〉 = 0 )

� χ is chiral/anti-chiral if all C(p) are even/odd
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O(D,D) Majorana-Weyl spinor on D

� Γ-matrices: {ΓA, ΓB} = 2ηAB

� chirality Γ2D+1 with {Γ2D+1, ΓA} = 0

� charge conjugation C with CΓAC−1 = (ΓA)
†

� spinor can be expressed as χ =
D∑

p=0

1
p!2p/2 C(p)

a1...apΓ
a1...ap |0〉

� Γa = creation op. and Γa = annihilation op. ({Γa, Γb} = 2δa
b)

� (Γa)† = Γa and |0〉 = vacuum ( Γa|0〉 = 0 )

� χ is chiral/anti-chiral if all C(p) are even/odd

� O(D,D) transformation in spinor representation

SOΓAS−1
O = ΓBOB

A OTηO = η

Reminder Dilaton R/R sector Application Outlook



R/R sector of DFT on group manifolds

� action SRR = 1
4

∫
d2dX ( /∇χ)† SH /∇χ

� covariant derivative /∇χ =
(
ΓADA − 1

12Γ
ABCFABC − 1

2Γ
AFA

)
χ
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R/R sector of DFT on group manifolds

� action SRR = 1
4

∫
d2dX ( /∇χ)† SH /∇χ

� covariant derivative /∇χ =
(
ΓADA − 1

12Γ
ABCFABC − 1

2Γ
AFA

)
χ

� /∇2
= 0 under SC

� χ is chiral (IIB) or anti-chiral (IIA)

� satisfies self duality condition

G = −KG with G = /∇χ and K = C−1SH

Reminder Dilaton R/R sector Application Outlook



Symmetries of the action

� SR/R invariant for X I→ X I + ξAEA
I and

1. χ → χ+ Lξχ and HAB → HAB + LξHAB

2. χ → χ+ Lξχ and HAB → HAB + LξHAB

1. generalized diffeomorphisms

Lξχ = ξA∇Aχ+
1
2
∇AξBΓ

ABχ+
1
2
∇Aξ

Aχ

LξV A = ξB∇BV A +
(∇AξB −∇Bξ

A)V B + w∇Bξ
BV A

Reminder Dilaton R/R sector Application Outlook



Symmetries of the action

� SR/R invariant for X I→ X I + ξAEA
I and

1. χ → χ+ Lξχ and HAB → HAB + LξHAB
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1
2
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ABχ+
1
2
∇Aξ

Aχ

LξV A = ξB∇BV A +
(∇AξB −∇Bξ

A)V B + w∇Bξ
BV A

2. 2D-diffeomorphisms

Lξχ = ξADAχ− 1
2(ξ

AFA − DAξ
A)χ and LξHAB = ξCDCHAB
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Symmetries of the action

� SR/R invariant for X I→ X I + ξAEA
I and

1. χ → χ+ Lξχ and HAB → HAB + LξHAB

2. χ → χ+ Lξχ and HAB → HAB + LξHAB

1. generalized diffeomorphisms

Lξχ = ξA∇Aχ+
1
2
∇AξBΓ

ABχ+
1
2
∇Aξ

Aχ

LξV A = ξB∇BV A +
(∇AξB −∇Bξ

A)V B + w∇Bξ
BV A

2. 2D-diffeomorphisms

Lξχ = ξADAχ− 1
2(ξ

AFA − DAξ
A)χ and LξHAB = ξCDCHAB

3. global O(D,D) transformations (OA
COB

Dη
CD = ηAB)

χ → SOχ and HAB → OA
CHCDOB

D

� section condition (SC) for f1, f2 with weights w1, w2

(DAf1 − w1FAf1)(DAf2 − w2F Af2) = 0
Reminder Dilaton R/R sector Application Outlook



Equivalence to (m)SUGRA: 1. R/R field strengths

� transport χ to the generalized tangent space:

χ̂ = | det ẽai |−1/2S
̂Eχ ( taẽai = g̃−1dg̃ )

� remember generalized metric from yesterday:

ĤÎ Ĵ = ÊA
ÎHABÊB

Ĵ

Reminder Dilaton R/R sector Application Outlook



Remember S2 is not parallelizable, but generalized parallelizable

Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY

� counterexample S2 (hairy ball)

TpS2Λ0T ∗
p S2

use generalized tangent space instead of TM

� all spheres are generalized parallelizable on TM ⊕ Λd−2T ∗M
� generalized frame field ÊA fulfilling L̂ÊA

ÊB = FAB
CÊC

� consistent ansätze from compactification with max. SUSY

Reminder Dilaton R/R sector Application Outlook



Equivalence to (m)SUGRA: 1. R/R field strengths

� transport χ to the generalized tangent space:

χ̂ = | det ẽai |−1/2S
̂Eχ ( taẽai = g̃−1dg̃ )

� remember generalized metric from yesterday:

ĤÎ Ĵ = ÊA
ÎHABÊB

Ĵ

� same for covariant derivative

| det ẽai |−1/2S
̂E
/∇χ =

(
/∂ − XÎ Γ̂

Î
)
χ̂ with XÎ =

(
Ii

−Vi

)
S
̂EΓ

AS−1
̂E

ÊA
Î = Γ̂Î and /∂ = Γ̂i∂i

� XÎ vanishes if g̃ is unimodular
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Equivalence to (m)SUGRA: 1. R/R field strengths

� transport χ to the generalized tangent space:

χ̂ = | det ẽai |−1/2S
̂Eχ ( taẽai = g̃−1dg̃ )

� remember generalized metric from yesterday:

ĤÎ Ĵ = ÊA
ÎHABÊB

Ĵ

� same for covariant derivative

| det ẽai |−1/2S
̂E
/∇χ =

(
/∂ − XÎ Γ̂

Î
)
χ̂ with XÎ =

(
Ii

−Vi

)
S
̂EΓ

AS−1
̂E

ÊA
Î = Γ̂Î and /∂ = Γ̂i∂i

� XÎ vanishes if g̃ is unimodular

� introduce field strength F̂ = eφSB

(
/∂ − XÎ Γ̂

Î
)
χ̂

� and derivative d = eφSB

(
/∂ − XÎ Γ̂

Î
)

S−1
B e−φ

Reminder Dilaton R/R sector Application Outlook



Equivalence to (m)SUGRA: 2. field equations & Bianchi identity

� DFT R/R field equations: /∇(KG) = 0 remember G = /∇χ

� rewrite them as:

d � F̂ = 0 � = C−1S−1
g
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dF̂ = 0
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Equivalence to (m)SUGRA: 2. field equations & Bianchi identity

� DFT R/R field equations: /∇(KG) = 0 remember G = /∇χ

� rewrite them as:

d � F̂ = 0 � = C−1S−1
g

� plus Bianchi identity: /∇G
dF̂ = 0

� action on polyforms

d ↔ d + H ∧ −Z ∧ −ιI with Z = dφ+ ιIB − V
� ↔ �

� matches the R/R sector of (m)SUGRA
� some holds for the NS/NS sector

Reminder Dilaton R/R sector Application Outlook



Restrictions on HAB and χ to admit Poisson-Lie Symmetry

� remember HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SC solutions → avoid it
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Restrictions on HAB and χ to admit Poisson-Lie Symmetry

� remember HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SC solutions → avoid it

A doubled space (D,HAB, d) has Poisson-Lie symmetry iff
1. LξHAB = 0 ∀ ξ → DAHBC = 0
2. Lξχ = 0 ∀ ξ → DAχ = 1

2FA
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Restrictions on HAB and χ to admit Poisson-Lie Symmetry

� remember HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SC solutions → avoid it

A doubled space (D,HAB, d) has Poisson-Lie symmetry iff
1. LξHAB = 0 ∀ ξ → DAHBC = 0
2. Lξχ = 0 ∀ ξ → DAχ = 1

2FA

� /∇χ = 0 for Poisson-Lie symmetric χ is algebraic

/∇χ = 1
12FABCΓ

ABCχ

� finding R/R solutions reduces to linear algebra

� similar for NS/NS sector
(here field equations are in general quadratic)

Reminder Dilaton R/R sector Application Outlook



Application to integrable deformations

� one parameter deformation of the PCM
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Application to integrable deformations

� one parameter deformation of the PCM

� starting point is solution to (m)CYBE

[Rx ,Ry ]−R ([Rx , y ] + [x ,Ry ]) = −c2[x , y ]

1. c2 = −1 Yang-Baxter σ-model or η-deformation
2. c2 = 1 λ-deformation
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Application to integrable deformations

� one parameter deformation of the PCM

� starting point is solution to (m)CYBE

[Rx ,Ry ]−R ([Rx , y ] + [x ,Ry ]) = −c2[x , y ]

1. c2 = −1 Yang-Baxter σ-model or η-deformation
2. c2 = 1 λ-deformation

� generalized metric after global O(D,D) very simple

HAB =

(
kab 0
0 kab

)
� structure coefficients have non-trivial components

Fabc = 0 , Fab
c = κ−1/2fab

c ,

F ab
c = 0 , F abc = κ3/2c2kadkbefde

c
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Application to integrable deformations

� one parameter deformation of the PCM

� starting point is solution to (m)CYBE

[Rx ,Ry ]−R ([Rx , y ] + [x ,Ry ]) = −c2[x , y ]

1. c2 = −1 Yang-Baxter σ-model or η-deformation
2. c2 = 1 λ-deformation

� generalized metric after global O(D,D) very simple

HAB =

(
kab 0
0 kab

)
� structure coefficients have non-trivial components

Fabc = 0 , Fab
c = κ−1/2fab

c ,

F ab
c = 0 , F abc = κ3/2c2kadkbefde

c

� field equations for NS/NS + R/R sector become linear

Reminder Dilaton R/R sector Application Outlook



Field equations: 1. Variation of the NS/NS action

� two contributions

1. δSNS = −2
∫

d2DXe−2dRδd

2. δSNS =
∫

d2DXe−2dKABδHAB

R = 4HAB∇A∇Bd −∇A∇BHAB − 4HAB∇Ad ∇Bd + 4∇Ad ∇BHAB

+
1
8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC +

1
6

FACDFB
CDHAB

KAB =
1
8
∇AHCD∇BHCD − 1

4
[∇C − 2(∇Cd)

]HCD∇DHAB + 2∇(A∇B)d

−∇(AHCD∇DHB)C +
[∇D − 2(∇Dd)

][HCD∇(AHB)C +HC
(A∇CHD

B)

]
+

1
6

FACDFB
CD
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Field equations: 1. Variation of the NS/NS action

� two contributions

1. δSNS = −2
∫

d2DXe−2dRδd

2. δSNS =
∫

d2DXe−2dKABδHAB

R = 4HAB∇A∇Bd −∇A∇BHAB − 4HAB∇Ad ∇Bd + 4∇Ad ∇BHAB

+
1
8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC +

1
6

FACDFB
CDHAB

KAB =
1
8
∇AHCD∇BHCD − 1

4
[∇C − 2(∇Cd)

]HCD∇DHAB + 2∇(A∇B)d

−∇(AHCD∇DHB)C +
[∇D − 2(∇Dd)

][HCD∇(AHB)C +HC
(A∇CHD

B)

]
+

1
6

FACDFB
CD

� HAB not just symmetric but restricted to O(D,D) → project KAB

Reminder Dilaton R/R sector Application Outlook



Field equations: 2. Poisson-Lie symmetry

� generalized Ricci curvature

RAB = 2P(A
CKCDPB)

D

PAB = 1
2(ηAB +HAB) and PAB = 1

2(ηAB −HAB)

� finally the field equations are:

R = 0

HA
CRCB = −1

8
GT CΓABG︸ ︷︷ ︸

R/R sector
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Field equations: 2. Poisson-Lie symmetry

� generalized Ricci curvature

RAB = 2P(A
CKCDPB)

D

PAB = 1
2(ηAB +HAB) and PAB = 1

2(ηAB −HAB)

� finally the field equations are:

R = 0

HA
CRCB = −1

8
GT CΓABG︸ ︷︷ ︸

R/R sector
� Poisson-Lie symmetry simplifies R and RAB

R =
1
12

FACEFBDF

(
3HABηCDηEF −HABHCDHEF

)
RAB =

1
8
(HACHBF − ηACηBF )(HKDHHE − ηKDηHE)FKH

CFDE
F
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Generalized frame field and target space fields

� generalized frame field: ÊA
Î =

(
κ1/2ea

i κ−1/2(Πab + Rab)eb
i

0 κ−1/2ea
i

)
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Generalized frame field and target space fields

� generalized frame field: ÊA
Î =

(
κ1/2ea

i κ−1/2(Πab + Rab)eb
i

0 κ−1/2ea
i

)

� metric G and B-field from generalized metric Ĥ ÎĴ

g + B = eT (
(κk)−1 + R + Π

)
e taea

idxi = g−1dg
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Generalized frame field and target space fields

� generalized frame field: ÊA
Î =

(
κ1/2ea

i κ−1/2(Πab + Rab)eb
i

0 κ−1/2ea
i

)

� metric G and B-field from generalized metric Ĥ ÎĴ

g + B = eT (
(κk)−1 + R + Π

)
e taea

idxi = g−1dg

� dilaton φ = φ0 +
1
4 log | detg|+ 1

2 log | dete|
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Generalized frame field and target space fields

� generalized frame field: ÊA
Î =

(
κ1/2ea

i κ−1/2(Πab + Rab)eb
i

0 κ−1/2ea
i

)

� metric G and B-field from generalized metric Ĥ ÎĴ

g + B = eT (
(κk)−1 + R + Π

)
e taea

idxi = g−1dg

� dilaton φ = φ0 +
1
4 log | detg|+ 1

2 log | dete|

� modified SUGRA vector: XÎ = 1
2

(
Rbcfbc

ava
i

0

)
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Generalized frame field and target space fields

� generalized frame field: ÊA
Î =

(
κ1/2ea

i κ−1/2(Πab + Rab)eb
i

0 κ−1/2ea
i

)

� metric G and B-field from generalized metric Ĥ ÎĴ

g + B = eT (
(κk)−1 + R + Π

)
e taea

idxi = g−1dg

� dilaton φ = φ0 +
1
4 log | detg|+ 1

2 log | dete|

� modified SUGRA vector: XÎ = 1
2

(
Rbcfbc

ava
i

0

)

� R/R fields:
Ĝ(1) = −1 + κ2

√
2

(Π + R)abfabcec

Ĝ(3) =
1 + κ2

3
√

2
fabcea ∧ eb ∧ ec
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There are many interesting questions

� translation of all the intriguing results in Poisson-Lie T-duality e.g.
� implement dressing cosets

� study global properties
(non-abelian momentum and winding exchange)

� D-branes

� better understand supersymmetry

� apply to background with just partial PL-symmetry

� quantization of E-model ↔ α′ corrections

� EFT has similar structure as DFT.
Can we formulate “Poisson-Lie” U-duality?



There are many interesting questions


