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§1. Introduction

To do

• understand T-duality geometry

• geometry of double field theory

section conditions, closure conditions, generalized Bianchi identities,

etc.

→ We use super symplectic geometry (BRST-BV formalism of TFT)

• coordinate independent and GL(2D) covariant formalism of DFT

• simplify DFT computation methods and formulas
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Plan of Talk

2. O(D,D) covariant double field theory (notation)

3. Supergeometry (graded manifold and pre-QP structure)

4. Section conditions, generalized fluxes and generalized Bianchi

identity via supergeometry

5. GL(2D) covariant DFT
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§2. Double field theory Siegel ’93, Hull-Zwiebach ’09

M : an original D-dimensional spacetime

M̃ : a D-dimensional T-dual spacetime

2D-dimensional doubled space M̂ = M̃ ×M ,

XM̂ = (X̃M , XM): coordinates of the doubled space

hat index: 2D dimensional indices,

unhat index: D dimensional indices

M,N, · · · : spacetime indices,

A,B, · · · : tangent flat space indices
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We assume O(D,D) an invariant metric ηM̂N̂ .

Generalized Lie derivative and section condition
(closure condition)

The generalized Lie derivative for V M̂ with a gauge parameter ΛM̂ :

LΛV
M̂ = ΛN̂∂N̂V M̂ + (ηM̂P̂ηN̂Q̂∂P̂Λ

Q̂ − ∂N̂ΛM̂)V N̂ ,

LΛ does not satisfy the Leibniz rule,

∆M(Λ1,Λ2, V ) = LLΛ1
Λ2V

M − [LΛ1,LΛ2]V
M ̸= 0.
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The condition of∆M(Λ1,Λ2, V ) = 0 is called the closure condition
(section condition). The closure condition is

ηM̂N̂(∂M̂Φ)(∂N̂Ψ) = 0.

We choose a D dimensional physical spacetime in the 2D

dimensional doubled spacetime, on which ∆M(Λ1,Λ2, V ) = 0 is

satisfied.
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Generalized metric and generalized vielbein

HM̂N̂ : a generalized metric,

HM̂N̂ =

(
gMN −gMPbPN

bMPg
PN gMN − bMPg

PQbQN

)
.

E M̂
ˆ̄A

: we use the generalized vielbein,

E M̂
ˆ̄A

=

(
EA

M EBM

EAN EB
N

)
=

(
eA

M eB
LBLM

eALβ
LN eBN + eBLBNKβKL

)
.

η
ˆ̄A ˆ̄B: O(D,D) invariant metric.
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The generalized Lie derivative is

LΛE
M̂
Ā = ΛN̂∂N̂EM̂

Ā + (ηM̂P̂ηN̂Q̂∂P̂Λ
Q̂ − ∂N̂ΛM̂)EN̂

Ā .

Lorentz frame

S ˆ̄A ˆ̄B
: an O(1, D−1)×O(1, D−1) invariant double Lorentz metric.

The generalized metric HM̂N̂ are written as

HM̂N̂ = E
ˆ̄A
M̂
S ˆ̄A ˆ̄B

E
ˆ̄B
N̂

.
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§3. Supergeometry of double field theory
Deser, Stasheff, ’14, Deser, Saemann ’16, Heller, NI, Watamura, ’16

Graded manifold

A graded manifold is a ’manifold’ with Z–graded coordinates.

Grading is called degree.

Note: (doubled) spacetime is a degree 0 part of graded manifold.

pre-QP-manifold

A graded manifold is called a pre-QP-manifold of degree n if it has

the following structure.
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� �
1, (nondegenerate) graded Poisson bracket {−,−} of degree −n.

2, Q: a graded vector field of degree +1� �
Note: We take a generator ’Hamiltonian’ function Θ ∈ C∞(M)

of degree n+ 1 such that Q(−) = {Θ,−}.

If Q2 = 0, a pre-QP-manifold is called a QP-manifold. Q2 = 0 is

equivalent to {Θ,Θ} = 0, the classical master equation.

Note: Θ corresponds to a BRST charge.
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Example: Derived bracket construction of Courant
algebroid Roytenberg ’99

Local coordinate of a graded manifold T ∗[2]T [1]M is (xi, ξi, q
i, pi):

canonical conjugate pair coordinates of degree (0, 2, 1, 1).

{xi, ξj} = −{ξj, xi} = δij, {qi, pj} = {pj, qi} = δij.

We consider a Hamiltonian function Θ of degree 3, which gives an

odd vector field Q(−) = {Θ0,−},

Θ0 = ξiq
i.
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A degree 1 function, Xi(x)pi + αi(x)q
i, is identified to

X + α = Xi(x)∂i + αi(x)dx
i ∈ Γ(TM ⊕ T ∗M).

The Dorfman bracket for X + α and Y + β, is

[X + α, Y + β]D =− {{X + α,Θ0}, Y + β}
=[X,Y ] + LXβ − ιY α,

The anchor map is ρ(X + α)f = −{{X + α,Θ0}, f} = Xf.

All the identities of a Courant algebroid are given from {Θ0,Θ0} = 0.
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Derived bracket construction of generalized Lie
derivative

Take 2D dimensional doubled spacetime M̂ .

We take a pre-QP-manifold (M = T ∗[2]T [1]M̂, {−,−}, Q =

{Θ,−}). Note: We do not require Q2 = 0.

A generalized Lie derivative is defined by a derived bracket,

LV V
′ = [V, V ′]D = [V, V ′] ≡ −{{V,Θ}, V ′},

for generalized vector fields V, V ′, which are functions of degree 1.

Note: A graded Poisson bracket has automatically O(D,D) str.
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Closure condition

In general, {Θ,Θ} ̸= 0 on a pre-QP-manifold.

We obtain the following identity of the derived bracket for any

f, g, h ∈ C∞(M),

[f, [g, h]] ={{f,Θ}, {{g,Θ}, h}}

=[[f, g], h] + (−1)(|f |+n+1)(|g|+n+1)[g, [f, h]]

+ (−1)|g|+n1

2
{{{{Θ,Θ}, f}, g}, h}.
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Case 1, If {Θ,Θ} = 0, the derived bracket [·, ·] satisfies the

following Leibniz identity of degree −n+ 1,

[f, [g, h]] =[[f, g], h] + (−1)(|f |−n+1)(|g|−n+1)[g, [f, h]].

[−,−] = {{−,Θ},−}: the Dorfman bracket of a Courant algebroid.

Case 2, We can relax the condition to

{{{{Θ,Θ}, f}, g}, h} = 0,

which is sufficient for closure of the derived bracket. We call the

condition the weak master equation. It is the section condition in

DFT! Deser-Saemann ’16, Bruce-Grabowski ’16
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Local coordinates

XM̂ = (X̃M , XM) is a general coordinate on doubled spacetime

M̂ = M̃ ×M .

(XM̂ ,ΞM̂ , QM̂ , PM̂): local coordinates of degree (0, 2, 1, 1) on a

graded manifold.

The Poisson brackets are

{XM̂ ,ΞN̂} = −{ΞN̂ , XM̂} = δM̂
N̂
,

{QM̂ , PN̂} = {PN̂ , QM̂} = δM̂
N̂
.
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DFT basis (Clifford basis) and O(D,D) metric

We can take basis (Q′M̂ , P ′
M̂
) of degree 1 coordinates such that

{Q′M̂ , Q′N̂} = ηM̂N̂ , {P ′
M̂
, P ′

N̂
} = ηM̂N̂ , {Q′M̂ , P ′

N̂
} = 0,

which defines a Clifford algebra. We have

Q′M̂ :=
1√
2
(QM̂ − ηM̂N̂PN̂) , P ′

M̂
:=

1√
2
(PM̂ + ηM̂N̂QN̂),

A generalized vector field is identified to

V M̂∂M̂ ∼ V M̂P ′
M̂
.
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Hamiltonian and generalized Lie derivative

We require O(D,D) invariance. The simplest choice is

Θ0 = ηM̂N̂ΞM̂P ′
N̂
.

A derived bracket using this Θ0 gives the correct generalized Lie

derivative

LΛV = [Λ, V ]D =− {{Λ,Θ0}, V }

=ΛN̂∂N̂V M̂ + (ηM̂P̂ηN̂Q̂∂P̂Λ
Q̂ − ∂N̂ΛM̂)V N̂ .
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Closure condition

{Θ0,Θ0} = 0 is not satisfied,

{Θ0,Θ0} = ηM̂N̂ΞM̂ΞN̂ ̸= 0.

The closure condition is {{{{Θ0,Θ0}, V1}, V2}, V3} = 0, which is

2(∂M̂V N̂
1 V2N̂∂M̂V Q̂

3 − 2∂M̂V
[P̂
1 ∂M̂V

Q̂]
2 V3P̂ )P

′
Q̂
= 0.

This condition holds if V satisfies the section condition,

∂M̂V P̂
i ∂M̂V Q̂

j = 0.
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§4. Twist and generalized fluxes

We introduce fluxes by a canonical transformation called twist.

Twist
eδαf = f + {f, α}+ 1

2
{{f, α}, α}+ · · · ,

for f ∈ C∞(M). Here α is a local function of degree 2,

corresponding to a gerbe connection (a stack of groupoids). It is

degree-preserving and obeys

{eδαf, eδαg} = eδα{f, g},

for all functions f, g on graded manifold.
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Closure condition
If a Hamiltonian function Θ is twisted by α, Θ → Θ′ = eδαΘ, the

closure condition is changed to

{{{{Θ′,Θ′}, f}, g}, h} = 0,

i.e.

eδα{{{{Θ,Θ}, e−δαf}, e−δαg}, e−δαh} = 0.

• A twist does not change a D-dimensional physical spacetime

M ⊂ M̃ .

• A twist introduces flux terms to the section condition for a

generalized vector field.
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Local Lorentz frame

Q̄
ˆ̄A, P̄ ˆ̄A

: flat tangent and cotangent coordinates of degree 1

corresponding to the local Lorentz frame. The DFT basis is

Q̄′ ˆ̄A :=
1√
2
(Q̄

ˆ̄A − η
ˆ̄A ˆ̄BP̄ ˆ̄B

) , P̄ ′
ˆ̄A
:=

1√
2
(P̄ ˆ̄A

+ η ˆ̄A ˆ̄B
Q̄′ ˆ̄B)

DFT has the following three twists,

E :=E M̂
ˆ̄A

(X)η
ˆ̄A ˆ̄BP ′

M̂
P̄ ′

ˆ̄B
,

u :=u M̂
P̂

(X)ηN̂P̂P ′
M̂
P ′
N̂
, ū := ū

ˆ̄B
ˆ̄A
(X)η

ˆ̄C ˆ̄AP̄ ′
ˆ̄B
P̄ ′

ˆ̄C
.
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Twist in DFT

Then, the Hamiltonian function twisted by E becomes

ΘF =e
π
2δEΘ0

=E M̂
ˆ̄A

ΞM̂P̄ ′ ˆ̄A +
1

3!
F ˆ̄A ˆ̄B ˆ̄C

P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄C +
1

2
Φ ˆ̄CM̂N̂

P ′M̂P ′N̂P̄ ′ ˆ̄C

where

F ˆ̄A ˆ̄B ˆ̄C
= 3Ω

[ ˆ̄A ˆ̄B ˆ̄C]
, Φ ˆ̄CM̂N̂

= −Ω ˆ̄C ˆ̄A ˆ̄B
E

ˆ̄A
M̂
E

ˆ̄B
N̂
.

Here Ω ˆ̄A ˆ̄B ˆ̄C
:= E M̂

ˆ̄A
∂M̂E N̂

ˆ̄B
E ˆ̄CN̂

is a generalized Weitzenböck
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connection and ΩM̂N̂P̂ = E
ˆ̄A
M̂E

ˆ̄B
N̂E

ˆ̄C
P̂Ω ˆ̄A ˆ̄B ˆ̄C

. Aldazabal, Baron,

Marques, Nunez, ’11

We obtain the correct forms of a generalized flux and a generalized

Weitzenböck connection.
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General form
The most general degree 3 Hamiltonian which consist of

(XM̂ ,ΞM̂ , P ′M̂ , P̄ ′ ˆ̄C).

ΘF =ρ̄ M̂
ˆ̄A
(X)ΞM̂P̄ ′ ˆ̄A + ρ M̂

N̂
(X)ΞM̂P ′N̂ +

1

3!
F ˆ̄A ˆ̄B ˆ̄C

(X)P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄C

+
1

2
Φ ˆ̄CM̂N̂

(X)P ′M̂P ′N̂P̄ ′ ˆ̄C

+
1

2
∆ ˆ̄A ˆ̄BM̂

(X)P ′M̂P̄ ′ ˆ̄AP̄ ′ ˆ̄B +
1

3!
ΨM̂N̂P̂ (X)P ′M̂P ′N̂P ′P̂ ,

We obtain more general fluxes.
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§5. Generalized Bianchi identity via pre-QP-
manifold

Bianchi identity of fluxes in supergravity

In SUGRA, Bianchi identities of fluxes are equivalent to the classical

master equation {Θ,Θ} = 0, where Θ is a Hamiltonian twisted by

fluxes. Heller, NI, Watamura ’16

Θ = ρMN(x)ξMqN + πMN(x)ξMpN +
1

3!
HMNP (x)q

LqMqN

+
1

2
FN
LM(x)qLqMpN +

1

2
QMN

L (x)qLpMpN +
1

3!
RLMN(x)pLpMpN .
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Examples

1. Original Neveu-Schwarz H-flux

H = dB, F = 0, Q = 0, R = 0.

Θ1 = eδBΘ0 = ξMqM +
1

3!
HLMN(x)qLqMqN ,

where B = 1
2BMN(x)qMqN .

{Θ1,Θ1} = 0 is equivalent to dH = 0.
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2. Fluxes with metric Blumenhagen-Deser-Plauschinn-Rennecke ’12

H = ∇B

F = T + β♯H

Q = ∇β + ∧2β♯H,

R = [β, β]∇S + ∧3β♯H,

where ∇ is a covariant derivative with respect to the Riemannian

connection and T is a torsion tensor.
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Let

B =
1

2
BMN(x)qMqN , β =

1

2
βMN(x)pMpN ,

e = e M
A (x)qApM , e−1 = eAM(x)qMpA.

and consider twist Θ2 = e−δeeδe−1e−δee−δβΘ1.

From Θ2, we obtain forms H,F,Q,R in the previous page, and

{Θ2,Θ2} = 0,

gives the correct Bianchi identity of H,F,Q,R.
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3. Flux on Poisson manifold background
Asakawa-Muraki-Sasa-Watamura ’15, Bessho-Heller-NI-Watamura ’15

Let M be a Poisson manifold with a nondegenerate Poisson bivector

π ∈ Γ(∧2TM).

H = F = Q = 0, R =
1

2
[π, β]S.

where β is a β-field.

We take π = 1
2π

ij(x)pipj, π
−1 = 1

2π
−1
ij (x)qiqj, and {Θ4,Θ4} = 0

under the twisting,

Θ4 = eδβeδπe−δ
π−1eδπe−δ−BΘ1.
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DFT: pre-Bianchi identity
Carow-Watamura, NI, Kaneko and Watamura, ’18

In a pre-QP-manifold, {ΘF ,ΘF} ̸= 0.

We propose a weak version of the Bianchi identity equation,

B(ΘF ,Θ0, α) = {ΘF ,ΘF} − eδα{Θ0,Θ0} = 0.

where α is a twist and Θ0 is a Hamiltonian function without fluxes.

Here the Hamiltonian function with generalized fluxes is

ΘF =E M̂
ˆ̄A

ΞM̂P̄ ′ ˆ̄A +
1

3!
F ˆ̄A ˆ̄B ˆ̄C

P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄C +
1

2
Φ ˆ̄CM̂N̂

P ′M̂P ′N̂P̄ ′ ˆ̄C.
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For example, a twist by α = E = E M̂
ˆ̄A

η
ˆ̄A ˆ̄BP ′

M̂
P̄ ′

ˆ̄B
gives

B(ΘF ,Θ0, E)

=(2∂N̂E M̂
ˆ̄C

E N̂
ˆ̄D

+ η
ˆ̄A ˆ̄BE M̂

ˆ̄A
F ˆ̄B ˆ̄C ˆ̄D

− ηM̂N̂ΩN̂Q̂ÛE
Q̂
ˆ̄C
E Û

ˆ̄D
)ΞM̂ P̄ ′ ˆ̄CP̄ ′ ˆ̄D

+ (η
ˆ̄A ˆ̄BE M̂

ˆ̄A
Φ ˆ̄BN̂P̂

+ ηM̂Q̂ΩQ̂N̂P̂ )ΞM̂P ′N̂P ′P̂

+
(
− 2

3!
E M̂

ˆ̄A
∂M̂F ˆ̄B ˆ̄C ˆ̄D

+
3

4
η

ˆ̄E ˆ̄FF ˆ̄E ˆ̄A ˆ̄B
F ˆ̄F ˆ̄C ˆ̄D

− 1

4
η

ˆ̄E ˆ̄FΩ ˆ̄E ˆ̄A ˆ̄B
Ω ˆ̄F ˆ̄C ˆ̄D

)
P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄CP̄ ′ ˆ̄D

+
(
− E P̂

ˆ̄A
∂P̂Φ ˆ̄BM̂N̂

+
1

2
η

ˆ̄C ˆ̄DF ˆ̄A ˆ̄B ˆ̄C
Φ ˆ̄DM̂N̂

− ηQ̂R̂Φ ˆ̄AQ̂M̂
Φ ˆ̄BR̂N̂

+
1

2
ηP̂ R̂ΩP̂ M̂N̂ΩR̂Q̂ÛE

Q̂
ˆ̄A
E Û

ˆ̄B

)
P ′M̂P ′N̂ P̄ ′ ˆ̄AP̄ ′ ˆ̄B

+
1

4
(ηR̂ŜΦR̂M̂N̂ΦŜP̂ Q̂ − ηR̂ŜΩR̂M̂N̂ΩŜP̂ Q̂)P

′M̂P ′N̂P ′P̂P ′Q̂.

31



The pre-Bianchi identity gives

2∂N̂E M̂

[ ˆ̄C
E N̂

ˆ̄D]
+ E

ˆ̄AM̂
ˆ̄A

F ˆ̄B ˆ̄C ˆ̄D
− ΩM̂

Q̂Û
E Q̂

ˆ̄C
E Û

ˆ̄D
= 0,

E
ˆ̄AM̂Φ ˆ̄AN̂P̂

+ΩM̂
N̂P̂

= 0,

− 2

3!
E M̂

[ ˆ̄A
∂M̂F ˆ̄B ˆ̄C ˆ̄D]

+
3

4
F ˆ̄E[ ˆ̄A ˆ̄B

F
ˆ̄F
ˆ̄C ˆ̄D]

− 1

4
Ω ˆ̄E[ ˆ̄A ˆ̄B

Ω
ˆ̄E
ˆ̄C ˆ̄D]

= 0,

− E P̂

[ ˆ̄A
∂P̂Φ ˆ̄B]M̂N̂

+
1

2
F

ˆ̄C
ˆ̄A ˆ̄B

Φ ˆ̄CM̂N̂
− Φ Q̂

[ ˆ̄A[M̂
Φ ˆ̄B]N̂ ]Q̂

+
1

2
ΩP̂

M̂N̂
ΩP̂ Q̂ÛE

Q̂
ˆ̄A
E Û

ˆ̄B
= 0,

ΦR̂[M̂N̂ΦR̂
P̂ Q̂]

− ΩR̂[M̂N̂ΩR̂
P̂ Q̂]

= 0.
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1st and 2nd: local expressions of F ˆ̄A ˆ̄B ˆ̄C
and Φ ˆ̄AN̂P̂

.

3rd: the generalized Bianchi identity in DFT in

Aldazabal, Marques, Nunez, ’13, Geissbühler, Marques, Nunez, Penas, ’13.

4th: New generalized Bianchi identity for Φ ˆ̄AM̂N̂
!

5th: trivially satisfied.
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General form
The most general degree 3 Hamiltonian which consist of

(XM̂ ,ΞM̂ , P ′M̂ , P̄ ′ ˆ̄C).

ΘF =ρ̄ M̂
ˆ̄A
(X)ΞM̂P̄ ′ ˆ̄A + ρ M̂

N̂
(X)ΞM̂P ′N̂ +

1

3!
F ˆ̄A ˆ̄B ˆ̄C

(X)P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄C

+
1

2
Φ ˆ̄CM̂N̂

(X)P ′M̂P ′N̂P̄ ′ ˆ̄C

+
1

2
∆ ˆ̄A ˆ̄BM̂

(X)P ′M̂P̄ ′ ˆ̄AP̄ ′ ˆ̄B +
1

3!
ΨM̂N̂P̂ (X)P ′M̂P ′N̂P ′P̂ ,

Θ0 =ηM̂N̂ΞM̂P ′
N̂
.

We obtain more general generalized Bianchi identity.
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§6. GL(2D) Covariant DFT from pre-QP-manifold

We generalize the formalism to a covariant pre-QP formulation.

Differential geometry of DFT Jeon, Lee, Park, ’11, Hohm, Zwiebach ’13

Let XM̂ = (X̃M , XM) be local coordinates of a 2D-dimensional

curved doubled spacetime with GL(2D) indices, M̂, N̂ , · · · .

Î , Ĵ , · · · for the indices of an O(D,D) frame with an O(D,D)

metric ηÎĴ .

ˆ̄A, ˆ̄B, · · · for the indices of local double Lorentz frame with an

O(D − 1, 1)×O(1, D − 1) metric η
ˆ̄A ˆ̄B.
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An ansatz of the total vielbein is

E ˆ̄A
M̂ = Ê ˆ̄A

ÎEÎ
M̂ ,

where EÎ
M̂ is the background vielbein and Ê ˆ̄A

Î is the fluctuation

vielbein.
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Covariantization

We define a basis Ξ∇
M̂

of degree 2, corresponding to the covariant

derivative ∇M̂ , with affine connection Γ and spin connection W ,

Ξ∇
M̂

:= ΞM̂ + ΓM̂N̂
P̂ (X)QN̂PP̂ +WM̂Î

Ĵ(X)Q̂ÎP̂Ĵ .

The Poisson bracket {−,Ξ∇
M̂
} with the vector fields V M̂PM̂ , V̂ ÎP̂Î

give their covariant derivative:

{V M̂(X)PM̂ ,Ξ∇
N̂
} = ∇N̂V M̂(X)PM̂ ,

{V̂ Î(X)P̂Î,Ξ
∇
N̂
} = ∇N̂ V̂ Î(X)P̂Î.
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Vielbein and metric condition

Require the condition (the vielbein postulate),

{EÎ
N̂PN̂Q̂Î,Ξ∇

M̂
} = 0,

then, ∇M̂EÎ
N̂ = 0, ∇M̂ηÎĴ = 0, and ∇M̂ηN̂P̂ = 0. and we obtain

conditions of generalized connections,

WM̂Î
ĴE Î

N̂EĴ
P̂ − ΩM̂N̂

P̂ − ΓM̂N̂
P̂ = 0,

WM̂ĴK̂ +WM̂K̂Ĵ = 0.
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Covariant Hamiltonian function and generalized Lie
derivative

A Hamiltonian function is covariantized as

Θ∇
0 = ηM̂N̂Ξ∇

M̂
P ′
N̂
.

The generalized Lie derivative is defined by the derived bracket,

L∇
ΛV = −{{Λ,Θ∇

0 }, V }.

The covariant generalized Lie derivative is given by replacing the
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derivative in the generalized Lie derivative by ∇M̂ :

L∇
ΛV

M̂ =ΛN̂∇N̂V M̂ + (∇M̂ΛN̂ −∇N̂ΛM̂)V N̂ .

Closure condition

The covariantized closure condition is

{{{{Θ̂∇
0 , Θ̂

∇
0 }, V̂1}, V̂2}, V̂3} = 0.

This condition leads to the following conditions for the spin

connection WM̂Î
Ĵ and arbitrary generalized vectors V̂1, V̂2 and V̂3,
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The following conditions are sufficient for the closure condition,

∂M̂ V̂ Ĵ
1 V̂2Ĵ∂M̂ V̂ Î

3 − 2∂M̂ V̂
[Ĵ
1 ∂M̂ V̂

Î]
2 V̂3Ĵ = 0,

(−2Ω[ÎĴ]K̂ + 3W[ÎĴK̂])E
K̂M̂∂M̂ V̂ L̂

1 = 0,

2R[ÎĴK̂L̂] −WĤ[ÎĴW
Ĥ

K̂L̂] − 2(2W[ÎĴ
Ĥ − 2Ω[ÎĴ

Ĥ)WĤK̂L̂] = 0.
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Solutions: two examples

1) DFT on group manifold The second condition is satisfied by

taking,

3W[ÎĴK̂] = 2Ω[ÎĴ]K̂.

Then, the third condition becomes

R[ÎĴK̂L̂] +W Ĥ
[ÎĴW|Ĥ|K̂L̂] = 0.

1) corresponds to DFT on group manifold, where W is a structure

constant, 3W[ÎĴK̂] = FÎĴK̂. Blumenhagen, Hassler, Luest, ’14
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2) generalized Scherk-Schwarz compactification The conditions

can be satisfied by

WÎ[ĴK̂] = ΩÎ[ĴK̂],

ΩK̂ÎĴE
K̂M̂∂M̂ V̂ N̂

1 = EĴQ̂η
P̂ M̂∂P̂EÎ

Q̂∂M̂ V̂ N̂
1 = 0.

With this choice, RÎĴK̂L̂ = 0, so the third condition becomes

ηM̂N̂∂M̂E[Î
P̂∂N̂EĴ

Q̂EK̂P̂EL̂]Q̂ = 0.

2) corresponds to the generalized Scherk-Schwarz compactification.

Aldazabal, Baron, Marques, Nunez ’11, Grana, Marques, ’12, Berman, Lee ’13
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Twist

Possible twist functions made from P ′, P̂ ′ and P̄ ′ are

A := AÎM̂P ′
M̂
P̂ ′
Î
, Â := Â

ˆ̄AĴP̂ ′
Ĵ
P̄ ′

ˆ̄A
, A := A

ˆ̄AM̂P ′
M̂
P̄ ′

ˆ̄A
,

u := uP̂
M̂ηN̂P̂P ′

M̂
P ′
N̂
, û := ûÎ

ĴηK̂ÎP̂ ′
Ĵ
P̂ ′
K̂
, ū := ū ˆ̄A

ˆ̄Bη
ˆ̄C ˆ̄AP̄ ′

ˆ̄B
P̄ ′

ˆ̄C
.

Here AÎM̂ , Â
ˆ̄AĴ and A ˆ̄AM̂ are GL(2D) matrices and we can take

them as vielbein EÎ
M̂ , Ê ˆ̄A

Î and E ˆ̄A
M̂ .
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We obtain twist of the Hamiltonian function,

ΘF =e
π
2δÊΘ̂∇

0

=E ˆ̄A
M̂Ξ∇

M̂
P̄ ′ ˆ̄A +

1

3!
F ˆ̄A ˆ̄B ˆ̄C

P̄ ′ ˆ̄AP̄ ′ ˆ̄BP̄ ′ ˆ̄C +
1

2
G ˆ̄AÎĴ

P̄ ′ ˆ̄AP̂ ′ÎP̂ ′Ĵ .

Pre-Bianchi identities

We consider the pre-Bianchi identity for DFT on covariantized

pre-QP-manifold.

B(ΘF ,Θ0, α) := {ΘF ,ΘF} − eδα{Θ0,Θ0} = 0.

gives the generalized Bianchi identities.
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2∂N̂E ˆ̄A
M̂E ˆ̄B

N̂ + E
ˆ̄CM̂F ˆ̄C ˆ̄A ˆ̄B

+ 2ΓÎK̂ĴE
K̂M̂Ê ˆ̄A

ÎÊ ˆ̄B
Ĵ − Ω̂∇M̂

ˆ̄A ˆ̄B
= 0,

E
ˆ̄CM̂G ˆ̄CÎĴ

+ Ω̂∇M̂
ˆ̄D ˆ̄C

Ê
ˆ̄D
ÎÊ

ˆ̄C
Ĵ ,

1

3
E ˆ̄A

M̂∂M̂F ˆ̄B ˆ̄C ˆ̄D
− 1

4
F

ˆ̄E
ˆ̄A ˆ̄B

F ˆ̄E ˆ̄C ˆ̄D
− ΓĴ ÎK̂Ω̂∇

N̂ ˆ̄A ˆ̄B
E ÎN̂ÊĴ

ˆ̄C
ÊK̂

ˆ̄D
+

1

4
Ω̂∇

M̂ ˆ̄A ˆ̄B
Ω̂∇M̂

ˆ̄C ˆ̄D
= 0,

E ˆ̄A
M̂∇M̂G ˆ̄BÎĴ

+
1

2
F

ˆ̄E
ˆ̄A ˆ̄B

G ˆ̄EÎĴ
− G ˆ̄AÎ

K̂G ˆ̄BĴK̂
,

− Γ ˆ̄A ˆ̄C ˆ̄B
E

ˆ̄CN̂Ω̂∇
N̂ ˆ̄D ˆ̄E

Ê
ˆ̄D
ÎÊ

ˆ̄E
Ĵ +

1

2
Ω̂∇

M̂ ˆ̄A ˆ̄B
Ω̂∇M̂

ˆ̄C ˆ̄D
Ê

ˆ̄C
ÎÊ

ˆ̄D
Ĵ = 0,

G
ˆ̄A
ÎĴG ˆ̄AK̂L̂

− Ω̃∇
M̂ ˆ̄A ˆ̄B

Ω̃∇M̂
ˆ̄C ˆ̄D

Ẽ
ˆ̄A
ÎẼ

ˆ̄B
ĴẼ

ˆ̄C
K̂Ẽ

ˆ̄D
L̂ = 0.
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§. Summary and outlook

• We formulated DFT geometry in coordinate independent form

using pre-QP-manifold.

A generalized Lie derivative is defined by a derived bracket,

LV V
′ = −{{V,Θ}, V ′}.

The closure condition (the weak master equation) is the weak master

equation,

{{{{Θ,Θ}, f}, g}, h} = 0.
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Generalized fluxes are introduced by twist,

ΘF = eδαΘ0,

A generalized Bianchi identity is a pre-Bianchi identity,

B(ΘF ,Θ0, α) = {ΘF ,ΘF} − eδα{Θ0,Θ0} = 0.

We confirmed this formulation gave known results and new

completions in the GSS compactification and DFT on group

manifold.
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Outlook

• Inclusion of a dilaton

• Nonabelian/Poisson-Lie T-duality

• Physics: action, quantization, etc.

• exceptional field theory

• Characteristic classes of T d bundles and nongeometric fluxes. (Q

defines a complex and cohomology.)
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Thank you for your attention!
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