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.Introduction
(1)An operator method =A new computational method of

entanglement entropy (EE)  based on the idea of J.Cardy 2013

Renyi EE is expressed as a expectation value of a local
operator Tran =Tr(p(”)EQ)

It is useful for Disjoint subsystem
Excited states
(2) Its application to EE of Disjoint Regions in the

vacuum state and Locally Excited States
EE in locally excited states M. Nozaki, T. Numasawa and T. Takayanagi 2014
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2.The definition of (Renyi) entanglement
entropy and (Renyi) mutual information

We trace out the degrees of freedom of B and consider
the reduced density matrix of A.

Pp = TI5 P

EE is defined as von Neumann entropy.

S, =—tr,o,log p,
The Renyi EE is the generalization of EE and defined as

St ::ilogTr(pA“) S, =lim Sev

Mutual (Renyi) information

B
|(A,B)=S,+S; -5, ; @

1"V (A, B):=S” + S5V —Sas




3.An operator method mn

We consider the general scalar field in (d+1) dimensional
spacetime and do not specify its Hamiltonian.

We consider n copies of the scal%}")fields and the j-th copy of

the scalar field is denoted by { %
Thus the total Hilbert space, H (W) js the
tensor product of the n copies of the Hilbert space,

HY"=H®H---®H
where H is the Hilbert space of one scalar field.

We define the density matrix O " in H ™ as

(n) _
prl=pp-Qp
where O is an arbitrary density matrixin H .
We can express Ty pQ” as

Trp, = Tr(p" E,)




Discrete version Trp," =Tr(p™E,,)

! 1 {1y |‘1'. (1 {
Ea(dy .. a5 6V, d) = (s Y A Y Ea (e}, (D)

_HHMQHJ_ (1) {I”»"* [J {5{,;,{113' ,:3 }

. ! o (nY "
xﬁlq[j dMa(g” — gy, o(g™ — gib).

[Ga.DR| = id R, [Ga.dg] = [Pa,Pp] = 0.
QO o

We rewrite the delta functions as the Fourier
integrals and use the following identity

f i / dq|¢') (a] = f iK expliK7], and obtain

gy o |
Eq = /H H o dK (7) expli( J{E]Iqélll + jr{? "ig 2 R inn’@éﬂ_lj }”Jq{ﬂ-lj]
j=lacft
x expli( K{Vpt) + KPp2 + ... + KMplm)y]
x exp[— {F” n O (P ON]
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Continuum version

q—>¢9 P> A->X

Eq = f H [] P79 () DKY) (z) exp [1‘ ] dd;cZJif+l}{;c)¢{E}(;c}]

j=1zcl} I=1

X exp [z /d‘i;rz}{“j Ii;{.')’}'l'“}{;fjl] X exp [—i/dd;cz j”}(g}“}]
' =1

[=1

where 77(X) is a conjugate momenta of ?(X) :
[¢(x), z(y)]=i5° (x—y) and
J (J:)(x) and K(j)(x) existonlyin Q and J(™D — @)
Jw (X) and KW (X) are auxiliary fields .
Thus EQ is a operator at ().



General properties of E

(1) Symmetry:
Ea(eW,...,¢M x1) 7)=Eq(—¢M, ..., -, gD —z)
(2) Locality: when Q= AuUB and AnNB =0

EAUB — EAEB

(3) For n arbitrary operators F i0=12,...,n)onH,
T(Fi@Fh®---®F, -Eq)=Tr(FioFx- .. Fua),
where Fj o :TrQC Fj

This is the generalization of Tran =Tr( p(n) E,)

(4) The cyclic property:
TR QF, - Eq)=Tt(F2®F38---®@F, ® F1 - Eq)



(5) The relation between E., and EQC for pure states:

#*

(1] (da ... (Ynl Eq |01) [@2) . . . |dn) = [(@2] (D3] ... (00| (D1] Eqe |U1) |Ya) - . . [¥n)]
where ‘¢J> and ‘Wj> are arbitrary pure states.

By using (5), we can obtain the following basic property for a pure
state P = ‘ l//><'7”‘
Trpfy = (U] Eq |0™)) = (8] Eqge [91)]" = Trpfe.

So (5) is the generalization of Tr an —Tr o "
for a pure state 0 = ‘W><W‘

(5) is aremarkable property because it relates E, with E o
which exists on ()°, the complement of €2 .

In particular, the properties (1), (2), and (5) are useful for
computing EE of excited states.




3.Application to free scatar fields

For free scalar fields, it is useful to represent the operator E o
as the normal ordered operator.

Ti
Fo— f T1T1 P79 (@) DK (z) :exp

j=1ze0}

Ti
i Z f dhz((JED — 70 pl) —I—fi'“:'?r':“}] -exp[—5]
=1

__'“ 1 L - -
5= [ / dizdy [Iﬂ'ﬂ“m-um— 0 KO )+ (T —TO) @)W (2 —y) (T —J*”Hy}}
=1

-I—%/dd;rfi":”[ﬂ"j[J':'EJ“”—I-J':“}[ﬂ"}} .

(07 (2), ¢~ (1)] = (01 o) (W) [0) =Wz —y)

[ (z), 7 (¥)] = (O] w(z)w(y) [0) = %H"{:r — )

By expanding the exponential in the normal ordered product
and performing the Gauss integral of J and K,

we can rewrite the EQ as a series of operators.



N —
3-2 The case n=2

1
m“’im”f‘, Ty—— {ﬂ_{lriﬂ_{ﬂj)\ Jy=—

=750 72 Voh
— /DJ’_ DK_ :exp {-i.fddI{—EJ_é_ + K_m_ }} ;

AC T (C AT @—

ﬁ{

KW+ K@),

o U Pty (‘if"— (@)W (z = 9)K_(y) = T (@)W (2 y)J- E-ylﬂ
W (x — y) = H-"r{-rﬂ — Un) H'r{'lﬂ — Yqp=) _ 4 B
i’i'r{Iﬂe; — ya) Hf{.l-ﬂc — Yqe) —\gT o

Wz —y) ’V_l'[lﬂ—yn] W zg —yae) | _ D E
W1 (e —yn) W™ [Ine: —uyne) | ET F

_ [ DI (x)J_(y)e” S EdW-@W 0l g
(J-(z)J-()) = j‘DJ_ — [dixddyJ_(z)W —{z—y)J_(u) N ED (z~y)
[dzdiy LK _(z)W(z—y)K_(y)
(K_(2)K_(y)) = [DK_K_(z)K_(y)e — 24 (z—y).

[ DK _e~J dird'uzK— (=)W (z—u)K-(u)



Eq = Trpjg {l — 2 / d*zd®y{—(z)J-(y)) : o—(z)d—(y) :

1
-5 / d*zd*y(K_(z)K—(y)) : m-(2)7—(y) : +.. } -

. . 2
The mutual Renyi information | (%) (A, B) for the vacuum state
Trpgaue (0%)| EAER |ﬂ )
TipgaTrpds (0D E 4 |0®) (02| Eg [0@)

Cap) = jddﬂ?ffdﬂw—{i’"}i— (y))- ‘ @

0@ 2 () - |0(2) ({0 d(z)d(y) |0))? = H(W 1z —y))
() 2

Bd \ | _ BE
= |:’-£‘—?}|d_1 r>>R,, IEEJ{A,BJ '—G‘{EH s

1 c 1y D
~ 1+ ECAC-'HH'F “(r))?,

The expression of C A(B) 1S useful for numerical computation.
There is another expression of C, g, which is usetul for analytical
computation. J.Cardy 2013



4.EE of Disjoint Regions in Locally Excited States

EE in locally excited states M. Nozaki, T. Numasawa and T. Takayanagi 2014

We consider the mutual Renyi information 1" (A,B):=S{" +S{" -S".
of disjoint compact spatial regions A and B in the locally excited
states.

|1If> = f\"T(O.@AOjB + O-,-_;_IAOjIB) ‘0)
where
(010,014 0) = (0] 01z O} |0) = 0.




I"™"(A,B) in the general QFT whic

has a mass gap M m™*<<r,R,, R,
|\If> — ;F\T(O.iAOjB -+ O-;_;,»'AO}'IB) |0>
[MAB) = 2 1=ty
n—1 o+ y"
1
T+

I{A,B)=2 {ln(-:r+y}— (xlnz +ylny)
4 |

1 = (0[0,0i410) (0] 015058 10), 4= (0 0}, ,04410) (0] O},EO iB0)
We can reproduce these results from the quantum mechanics.

) = N1 4 175 + 1) 4 17 B):
14, B) = 2 o * tam)” Oy a 10) = 1i(i")) 4
-  — : nm + ﬂm : 'y
N _”_ tqm T Yq Ojing |0) — i E -
Tgm = (U)A UDB ygm = @4 G155




The detail of the calcutationo
We use the properties (2) and (5) of E, .

Trpl = (T | Eq [T(™)
= N2 (0| (0],01p + O], ;0L )V . _(0],0l; + O] ;0! )™
x Eq(0i40i8 + 0y 405 5)Y ... (0:40;8 + Oy 405 5)™ |0™)
Trplup = N2 (0™ {GIAD;EB + Gi’ﬂg}fﬁ)“} ‘. (G!AD;EB + Gm‘:’}fg){n]
(5) - X Baup)(0ia0;B + 0wa0;:B)Y ... (01405 + 0w 40;:5)™ |0)]*
o = ([0) (0™ Eaup)e [0™)]" = (0] Eaug [00) = (00| EAEp [0™)

DN
MR>>1  ~ (0| E4 (0™ (0| Ep [0™) = Trpl , Trpls, (2)

n 1 n 1 n 1)t n)t ~(1 (n n
oo . oM Es0l ..o, ot oMol L. ol o)

1n+].‘4- ' 12n _?n-l—lE Tt
(D (n)t (1 ( (1) (n)t (1
7 r_~1<0<”3| OGN - Oy BAO[) 4. OF) 4 10™) (0| OF ]} ... 0705 ... O [0™)
me >> n
1 1
— ™o . oM EL0N o0l , 10 TT (010] 5Os,, 5 10)
I=1

n

1 1
— 00 .. O B0 .0, 10 [T . (010150110



Trpl = N2"[(0] 01,0, (0)" (0™ O)T .. O E 00 ... O [0™) H
+ (0] 0! 50;810)" " (0] 0L, ;O 5 |0)
< (0™ oMNTo@T  oWiE,0o@ .. .o M) + ...
+ (0] 050,85 10)" 2 (0] O}, ;05 5 10)*
x (0 of o o). 0 TEAOL 0108 .. O} 10 +..)
+--+ (0] 0L g0y 10)" (0™ OL)T .. OF ELOL) ... O [0™)].

™oLy .. oM B0, ..o o)
(5) — =[0™0L). ..o o B0, ... 0, (o))"
MR>>1 — =~ [0 B4 [0™) (0™ 0L ..o Vool ..o, o))"

(0™ E4|0™) TT (0] O] 40,,,410)

=1
[ Trp?, (0| O], 0:4|0)" for i =iy =iy = =in
= { Trpl, (0| O} ,Op 4 |0)™ for i =i =i = = in
0 otherwise

%

(+)| Trpls = Teps - N*"[(0] 014044 10)" (0] O] p0;0)" + (0] Of 4,044 10)" (0] OF, yOy13 [0)").




| (A, B) in the free massless scalar field theory
“l’) — f\"T(OE’AOjB — O-g_fAOjfB) ‘0)
we impose the condition that under the sign changing
transformation (¢, T ) —> (—¢,—7Z' )
the operators O is transformed as
0 — (-1)?o0,
where |O|=0 or 1. We use the property (1) of E, and obtain,
(i) The case |0, |50, |
I'™(A,B) =I"™(A, B)|p_soo + O(1/r%72),
(ii) The case |O,, [#O;,| and |OjB # O |
I'™(A,B) =I"™(A, B)|;—ee + O(1/r4 1),
For the vacuum state | ™ (A B)~ O(1/r*?)

In (i1), the power of 1/r is different from that for the vacuum state.




5.Conclusion

We developed the computationnal method of EE
based on the idea that Trp,, is written as the expectation value
of the local operator at ()

Operator method: | Trp," =Tr(p"E,)

We found useful expression of this operator and some general
properties.

Eq = / f[ [] D79 (z)DKY) (z) exp [-ﬁ / dd;ciﬁ””{:c)ﬁﬁ{”(x}]

=1z} =1

X exp [m /dd;rZI{“J [:L{.']’IFU}{;L';]] X exp [—i/dd;cz j{5}¢{5}]
) =1 =1




As applications:

(1) We obtain a useful expression for the coefficient of | (2) (A B)
for the vacuum state.

1A B)~ —C4 05—
(2) For locally excited states m
(2-1) In the massive case, we explicitly compute 1" (A, B)

(2-2) In the massless free case, we obtain the leading r dependence.

Camy = [ Aty @)T- ).

The advantages of this methods are as follows:
(1) We can use ordinary technique in QFT such as OPE and
the cluster decomposition property
(2) We can use the general properties of the operator to compute
systematically the Renyi entropy for an arbitrary state.
Future work

Application to the operator method to perturbative calculation
in an interacting field theory.



