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Introduction

Recently, (Renyi) entanglement entropy
((R)EE) has a center of wide interest in a broad
array of theoretical physics.

It is useful to study the distinctive features of
various quantum state in condensed matter
phySiCS. (Quantum Order Parameter)

(Renyi) entanglement entropy is expected to
be an important quantity which may shed

light on the mechanism behind the AdS/CFT
correspondence .(Gravity <> Entanglement)
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Introduction

Recently, (Renyi) entanglement entropy
((R)EE) has a center of wide interest in a broad
array of theoretical physics.

* |n the lattice gauge theory, it is expected that
entanglement entropy is a new order
parameter which helps us study QCD more.

* (R)EE is expected to be entropy in non-

In this work, we investigate the time dependent

property of (Renyi) entanglement entropy.




The Definition of (Renyi) Entanglement Entropy

* Definition of Entanglement Entropy

We divide the total Hilbert spaceintoAandB: H,,, = Hy ® Hp .
The reduced density matrix P A is defined by pA = TTB)Otot
This means the D O F in B are traced out.

The entanglement entropy is defined by von Neumann entropy S A

(Renyi) Entanglement Entropy (REE)

GA\

’nél
Entanglement Entropy (EE)

B

Sa = —trapalogpa

on a certain time slice



Motivation

Previously, we studied the property of EE for the subsystem whose
size (/) is very small in d CFT.

| << (The Excess of Energy Density)'(jI

This temperature is universal.
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Setup A

We study the property of (R)EE for

e >
1. The size of subsystem is infinite. | B A x
A half of the total system: ®-—--| t=-t
zt >0 T
O(-t ,-1,x)

2. A state is defined by acting a local operator
on the ground state:

W) = NO(t, z") |0)



Motivation

We would like to focus on the time evolution of the (R)EE.

We define ASY" the excess of the (R)EE:

Sff)Ef"’ : (R)EE for 0 A ( Reduced Density Matrix for [¥) = NO(t,z%) [0))

81(4”)@ : (R)EE for the ground state
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Results in scalar field

AS'Y At Late Time(t >> /)
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Results in femionic field

AS At Late Time( t >> /)

Free
Massless
Fermion

U(N),SU(N)
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Results in scalar field

AS'Y At Late Time(t >> /)
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Results in scalar field

AS'Y At Late Time(t >> /)
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Results in scalar field

AS( At Late Time(t>> /) Not Depend on m!!
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Results in femionic field
AS'Y At Late Time(t >> /)
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Results in femionic field
AS'Y At Late Time(t >> /)
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Setup

We consider d+1 dim. QFT.
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Setup

We consider d+1 dim. QFT.

We prepare a locally excited state: |U) = N O(—t, —[, x) |0)

x = (22,23, , 2%

We investigate the time evolution of .t
(Renyi) entanglement entropies.

We choose a half space (x' >0) as

subsystem A.

The reduced density matrix
pa=N"2trg [O(—t1,—1,%x)(0) (0| OT (~t1, —1,%)]

1—n

|
|
¢
We will compute s — 108tlPal. T
t



Setup

We consider d+1 dim. QFT.

We prepare a locally excited state: |U) = N O(—t, —[, x) |0)

x = (22,23, , 2%

We investigate the time evolution of .t
(Renyi) entanglement entropies.

We choose a half space (x' >0) as

subsystem A.

|

The reduced density matrix ;
o = N=2trg [O(—t1, ~1,%) [0) (0] O (—tr, —1,x)]|  ®-=-~1 t=-t

A

— N

We will compute s = 874l » ]' Replica Method !!

\ L= Ry



How to compute

1. We compute ASYY = 05 — st by path-integral:

ASH =
1

1—n

(lOg <OT<T2, 02;,1)(’)(7“1, Gm) s OT(TQ, 02,1)0(7“1, 61,1)>2n — nlog <OT(T2, 9271)0(7“1, 91)>21> .

2. After that, we perform an analytic continuation to real time.




ASXL) _ Sgn)Ex B Sj(qn)G

S(n)Ea: _ 1 log fD(I)OT(Tl,eLl)O(TQ,QQJ) . 'OT(Tl,Ql’n)O(TQ,QQ’n)e_Sn
A 1—n (fD(I)OT(Tl,91?1)0(7“2,92,1)6_8)”
2in
S('n)G — 1 10g é OT(T2392,k) I
A 1—n AL Voo e ___—1
&~ N\ A
X1 )
7/ : The partition function on ¥ O (2. fake) I
n * p n T | VO(Tl,QLk.{_l)( ~I
&~ - - A
X1 .
T OT (’-"23 92,k:+2) !
: " : VY O(r1, 01 r2) o ™= =]
Z7: The partition function on ¥, - S i

T X1

Flat Space



S(n)Eaz _ 1 log f D®O1 (?"1, 91,1)0(’]"2, 92,1) el (Tl, el,n)O(Tg, 92,,1)6_8“
A 1—n (fD@OT(Tl,91’1)0(7“2,92’1)6_8)”
2in
S('n)G — 1 log é OT(T2;92,k) I
A 1—n Z{L M O(r1,01,1) £ - =1

1

log

Zn

1 (f D@OT(Tl,Hl’l)O(']’Q,QQ’l))

— |
1—n0g A




Replica Method

OT(T2,92,k) I
v O(T‘l,glﬂk) f - I
&~ \ A A
X1 )
O (19,02 141) I
T
| VO(T’1,91,k+1)( =1
«” - A
X1 :
OT (’-"2, 92,k+2) !
VO, 0 ge) = =1
& 4 .1 A
X1

91,@' — 91 —|—27T(“L — 1)
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1—n

— nlog <OT(T‘27 92,1)0(7“1, 91));;1) -



Replica Method

OT(T2,92,k) I

v O(Tl,glﬂk)f - NI
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Replica Method

O (15, 02.1) |
v O(Tl,glyk) f - I
et N

4

2n-Point Function 2-Point Function

VO(1,01 ki) pp ™= =1




Replica Method

OT(T2,92,k) I
v O(Tl, Ql,k) f - I
&~ p /

91,@' — 91 —|—27T(“L — 1)
92,2' = 92 + 27T(’L — 1)

(log <OT(7‘2, 02.0)O(r1,010) - - - O (1, 02,1)O(11, 91=1)>2n

— nlog <OT(T‘27 92,1)0(7“1, 91));;1) -

1—n



Field Theory

1. Free massless scalar field theory
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Example

We consider free massless scalar field theory in d+1 dim.

Especially, we focus on that in 4 dim.

We act a local operator ¢(—t, —1,%) on the ground state:

V) =N ¢(—t,—1,x)[0) . At

We measure the (Renyi) Xy=- | S

entanglement entropies at t=0. ' B A X1
‘ ————— t=-t

m) Time evolution!! T



Example

Let’s compute AS}? for [¥) =N o(—t,—1,x)|0)
in 4-dimensional free massless scalar field theory.

Green function:

<¢ (Ta 0, X) ¢ (37 9/7 X)> —

82 (r 4 s) (7“ + s — 24/Tscos (Q_Tel))



Example

(P(r1,01)p(r2,02)P(r1, 01 + 2m)P(ra, 02 + 27))s,
($(r1,01)9(r2, 02))s,

ASE) = — log

Green function:

, 1
(@(r,0,%)¢ (5,6, x)) = 872 (r+s) (r+s—2y/rscos (52))

After that, we perform
- analytic continuation to

real time.

We computeASf)
by using Green function.



Example

<(b(’l‘1, Ql)qb(’l“g, 92)¢(T1, 0, + 27’(‘)@(?”2, 0o + 271'))22
(@(r1,01)P(r2, 92)>2§;1




Time Evolution of A5

(2)
ASI?\ t <l
ASY) =0
t>1
2) 2t?
ASA = lOg [m]
Operator
> » l
M—) O~ N@ge==p-0
Entarlrgled ﬁair
B A B A




Time Evolution of AS{

(2)
ASI?\ t <l
ASP) =0
t>1
(2) 212

Operator
I

| An entangled pair appears.
s gled pair app
Elitaboled air Each of pair is included in
B A

the region B.




Time Evolution of AS%
AS

In this region, two quanta

is included in A and B

respectively .




Time Evolution of A5
AS

- /\
6

In this region, two quanta
is included in A and B

respectively .

Entanglement between quanta can contribute toASf).




Time Evolution of AS'?
AS,

A Subsystem
= a half of the
total space

\ 4

ASY) approaches

Constant!!

Operator
I

Entat;gled ;;air
B A B A




Time Evolution of AS'?

(2)
AS.

A Subsystem
= a half of the

Operator

I
Qé:al»
A A
| |
Entangled pair

B

total space




Time Evolution of A5
AS

/

et

AS for|W) =N ¢(—t,—1,x)|0)approaches constants! !

(log2)
We call them the (Renyi) entanglement entropies of

operators.
(Renyi) entanglement entropy of local operators

= Entanglement between Quasi-particles



Entangled Pair Interpretation

We derive ASX;}C for W) = NV : ¢F(—t, —1,x) : |0) from
the entangled pair interpretation.

We decompose ¢ into the left moving mode and
the right moving mode,

-

\_

Generalize
In two dimensional CFT, we decompose ¢ into the left moving A
mode and right moving mode,
¢(z,2) = ¢r(2) + ¢r(Z) y




Entangled Pair Interpretation

We derive ASE{?}C for | W) = N : ¢F(—t, —1,x) : |0) from
the entangled pair interpretation.

We decompose ¢ into the left moving mode and
the right moving mode,

¢ = oL + PR
At late time, the d o f in the region B can be identified with
the d o f of left moving mode.




Entangled Pair Interpretation

Under this decomposition: é — ¢L + ¢R

Tracing,out
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Entangled Pair Interpretation

Under this decomposition: é — ¢L + ¢R

k
(n)f _ 1 1 N
ASy " = 1_n10g (W; (xC5) )

k
1
ASa =k log2 — — Y kCjlog rCj.

j=0

They agree with the results which we obtain by the
Replica trick (See My paper!!).



Comments on Result

We defined the (Renyi) entanglement entropies of operators by

the late time values of ASY"

The (Renyi) entanglement entropies of : ¢" : is given by

1




Generalize Results

We defined the (Renyi) entanglement entropies of operators by
the late time values of ASY" .

The (Renyi) entanglement entropies of specific operators (: (9"¢)" : )
which are composed of single species operator are given by




Generalize Results

We defined the (Renyi) entanglement entropies of operators by
the late time values of ASY".

The (Renyi) entanglement entropies of specific operators (: (9"¢)" : )
which are composed of single species operator are given by

for any dimension.

» They characterize the local operators from the viewpoint of
guantum entanglement!!



Generalize Results

We defined the (Renyi) entanglement entropies of operators by
the late time values of ASY".

The (Renyi) entanglement entropies of specific operators (: (9"¢)" : )
which are composed of single species operator are given by

for any dimension.

|
Large k, Aqu) ~ 3 log k



Time Evolution of ASY”

AS'™ for locally excited states
obey causality. AS4”

ASY approach constant
((Renyi) entanglement entropy
of local operators)

/
(Renyi) entanglement entropy of local operators

= Entanglement between Quasi-particles



Field Theory

3. Free massless fermionic field theory
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Fermionic Field Theory

Theory:
4-dimentional free massless fermionic field theory

Sfermion = /dllmw/)/uaﬂw AL

Setup:

AN >

Y = NO(—t, —1,x) |0) :¥-——— t=-t

O(—t, —1,x)
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Examples
An Excited State: |¥) = N, (—t, —1,x) |0)

Excess of Renyi Entanglement Entropy

1
ASX") = 7 log [A; + Aa,

Ay = <t4—+tl>n ((?) (Y7 )aa + 2>n,
e (5 ()




Examples
An Excited State: |¥) = N, (—t, —1,x) |0)

Excess of Renyi Entanglement Entropy (t—><<):

. 1

ASY = ——log[A; + Aa].
t1 9 n
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Examples
An Excited State: |¥) = N, (—t, —1,x) |0)
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Examples

An Excited State: |¥) = N, (—t, —1,x) |0)

Excess of Renyi Entanglement Entropy (t—><<):

Reduced Density Matrix !




Time Evolution of AS&”)

1
AST) = ———log [A + Ay,

Ay = <t4—tl>n ((tT_l) (Y'Y )aa + 2)n,
e () (e

ASY
- Red: (v'v') =1
Green: (V'7'),, =0
i Blue: (v'+'),, =-1
. -t Orange: Log2

=10



ASD

Red: (v'+'), =1

Green: (v'v'),, =0

Blue: (+*4'), =-1

-t Orange: Log2

Example: (’}’t’}/l)aa — —1
?J)a Creates anti- particle.



ASD

Red: (v'+'), =1

Green: (v'v'),, =0

:45 Blue: (+*4'), =-1

-t Orange: Log2

Example: (’Yt’)’l)aa = —1
¢a Creates anti- particle.

N g

It can not propagate parallel
to the left!




ASD

Red: (v'+'), =1

~—_—_——— Green: (/7). =9

Blue: (+*4'), =-1

-t Orange: Log2

Example: (’Yt’)’l)aa = —1

The existence probability of
anti-particle is continuous.

Anti- particle exists here with high probability.



ASY)

Red: (v'~'),, =1

log 2
P A
b 1 Blue: (v'v'),,=-1
& 73 = = e t0Orange:logz
L (Pa
PA . Py
. ta1 — _
Example: (v'7'),, = —1 P4 Pp :Existence probability in A, B.
Pp > Py ()PBZPA Pp < Py
3 axima
AS) < log?2 AS,’ =log2 o ASY) < log?2

[ <t <th



ASY)

Red: (fytfyl)aCL =1
S—— e
L /'/
04l //, Blue: (,.Yt,.yl)aa = —1
' /
Answer

(Anti-)particle does not propagate A )
with equivalent probability. Fr

Example: (v'7'),, =

Pp > Py Pp = Py Pp < Py
ASf) < log2 ASS)) = log?2  Medmaly ASf) < log2

Entangled

[ <t <th



Quasi-Particle Interpretation

 Decomposition into /left movers and

w wLT_'_wRT_I_Cb +¢@;¢LT: (gb”t),
Yh=s +Pd + o g, =L

o = 00" "+ (05), +i (),



Quasi-Particle Interpretation

 Decomposition into /left movers and
Anti- Particle

a :@_'_ 10@ Gﬁé’ + CbaR, Particle
I =L+ R 4@ +
e = VT + O 41 () 44 w )

wLT wRT é/JF




Exotic Quantization in 4d

Exotic Quantization

(67, 611 = (6
(6, 61} = (6

(W Ry — (6

L i f —
ab_§(m)ab),{w£,w£} (5

wt 3 ()0 ) 00 = (5
1

1

ab+§

1

ab T A

2

(’yt”yl)ab) ,
(vlvt)d)) ,

. 1
ab — 5 (’Yt’)/l)ab) v {?bc%a wgﬁ} — (5013 T ) (’717}) a,b) '

(Anti-)particles do not propagate with equivalent probability.

N

We need to impose exotic quantization condition.




Exotic Quantization in 4d

{@f,abf*}—(dab {w” Wy} = 5b+ ,
{o,0)") = (% ) {0} = (5 ; —) ,
CARTSE (60,6 ) {da "} = (6b+).




Exotic Quantization in 4d

Deformed Quantization

1
{of, ¢} = ( - ; (V') ) AN ( wt5 (7 )a> )
o 1 .
{oh, 0y} = (5ab+ % (Wl)ab) vy} = (5ab 5 (' )ab) :
. 1
(008 = (s 5 090 ) TR = (84 5 (01,0

Example Ve = leI;T + lbfT + ¢f{ =+ ¢R

W) = N 0) w0 = s [0 @ 0+ 0, 9 Ul 0



Exotic Quantization in 4d

{¢

{88,001} = (5ab -~ % (vovl)ab) {vat vy} = (5ab + % (VOVI)ab)
£a¢£T} — (5(11)_'_

{Ua, '} = (5ab -5 (™) b) {oa "} = (5ab + % (’7170)ab>

Deformed Quantization

) (02 = (3= 012,

N YO N =N

)

Example

W) = N 0) w0 = s [0 @ 0+ 0, 9 Ul 0

.-

o = PET 4 BT 1 oL 4 R

(24 (Y1) ) 10) £ Ol + (2= (') o) |27 5 €
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Exotic Quantization in 4d

Deformed Quantization

{oF, 00T} = (% - % (vovl)ab) {waT vy} = (% + % (vovl)ab)
() ) AT = (8= 5 (010),0)
{Ua, '} = (5ab -5 (™) b) {oa "} = (5ab + % (’7170)ab>

{gbf;a gbljjT} — (5(11) +

N YO N =N

)

Example Vg = wf;T — LbfT + ¢f{ + %,R

W) = N 0) w0 = s [0 @ 0+ 0, 9 Ul 0

w0 ((Comstentts | .0068),2,



Exotic Quantization in General dim.
(Work in Progress)

Exotic Quantization

{00y} = (Oab — cg (V") ) » {0ETWEY = (dab + ¢4 (4191) )
{gbaLa ¢£T} — (6ab + Cq (ﬁ}/tq/l) b) ) {&f’,&fT} — (5a,b — Cqg (7 Y ) ) )
{WE Y = (Bab — g (V1)) {0500} = (6 + ¢4 (v191) ) -
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Exotic Quantization in General dim.
(Work in Progress)

Exotic Quantization

{¢§7 QSbRT} — (50&5 — Cyg (f}/tfyl)ab) y {chfTa 1/’5} — (‘5ab T Cq4 (7t71)ab) y
{gbaLa ¢£T} — (6ab + Cq (ﬁ}/tq/l) b) ) {&f’,{;fT} — (5a,b — Cqg (7 Y ) ) )
{WE Y = (Bab — g (V1)) {0500} = (6 + ¢4 (v191) ) -
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Exotic Quantization in General dim.
(Work in Progress)

Exotic Quantization

{¢§7 QSbRT} — (50&5 — Cyg (7t71)ab) y {chfTa 1/’&?} — (‘5ab T Cq4 (7t7 )ab) y
{Qba,La ¢£T} — (6ab + Cg (’}/t’Yl) b) ’ {IEQI,%?{ZEI)%T} — (5a,b — Cg (7 Y )a ) ’
(I} = (0ar — cg (V1) ) » {000, = (Bap + ¢4 (v191),,,) -

D:Space| We are studying physical meaning of this term.
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CREE in 2d CFT

e Statistical mechanics

—0OH / —0B(H
p=ePH . ) —¢ B(H+upQ)
H,Q| =0
‘ JHEP 1312 (2013) 059
Alexandre Belin, Ling-Yan Hung, Alexander Maloney,
¢ C( R) E E Shunji Matsuura, Robert C. Myers, Todd Sierens

P A :e_Zﬂ-Hmod_> IO{A — 6_27T(Hmod‘|‘/«LQA)
[Qa H] — 07 [QA; Hmod] = (

» We might study quantum entanglement in more detail.



CREE in 2d CFT

Theory: 2d Massless Fermionic Field Theory
Excited State: |W) = A1) |0)
At the late time(t—>oo),

1 | cosh nuq
O T
S on—1 (cosh uq)

ASY =

1—n




Physical Interpretation

Under quasi-particle decomposition
Reduced Density Matrix:

1 1
PA — 5 |Q>A <Q|A T 9 ‘_Q>A <_q’A

‘ eHE A

L ek 1g) , (aly e —q) , (—gl,]

2 cosh g

pa =

oy ‘Q>A = —Qa ‘_Q>A — ‘Q>A — 4 ‘_Q>A



Physical Interpretation

Under quasi-particle decomposition
Reduced Density Matrix:

1 1
PA — 9 |Q>A <Q|A + 9 ‘_Q>A <_q’A

‘ eHE A

e q) 4 (al g+ e =q) 4 (—dal 4]

cosh nuq

2n—1 (cosh pugq)"




Physical Interpretation

Under quasi-particle decomposition
Reduced Density Matrix:
1 1

Consistent!!

e q) 4 (al g+ e =q) 4 (—dal 4]

cosh nug

2n=1 (cosh pugq)"




Charge dependence of ASI(I’)
ASYY

0.8

- Log2

0.6
0.4

0.1

Pa — ‘q>A <q‘A or |_q>A <_Q|A

Product State



Field Theory

2. U(N)or SU(N) free massless scalar field theory
in Large N limit
PTEP 2014 (2014) 093B06 Pawel Caputa, MN, Tadashi Takayanagi
5. Holographic field theory

PTEP 2014 (2014) 093B06 Pawel Caputa, MN, Tadashi Takayanagi



Field Theory Side

We consider large N free massless U(N) scalar field theory.
¢1\¢2 . Adjoint scalar
We act Tr(Z7) = Tr(¢1 +i¢ps)” onthe ground state.

J =2,

) 1 . 1
ASI(%) =7 _nlog (21 n 2nN2(n1)> .




Field Theory Side

We consider large N free massless U(N) scalar field theory.
¢1\¢2 . Adjoint scalar
Weact Tr(Z7) = Tr(¢1 +i¢ps)” onthe ground state.

1

_ (n) _ 1—2n 1
1=2, Ay =l (2 +2nN2(n1)).




Field Theory Side

We consider large N free massless U(N) scalar field theory.
¢1\¢2 . Adjoint scalar
Weact Tr(Z7) = Tr(¢1 +i¢ps)” onthe ground state.

1 1—2n 1
T log (2 + QHNQ(HI)) .

‘ n—o1

ASYY =log (2V2N) EE)  Finite!!

J=2, AsW =




Field Theory Side

We consider large N free massless U(N) scalar field theory
¢1~¢2 . Adjoint scalar
Weact Tr(Z7) = Tr(¢1 +i¢ps)” onthe ground state.

n—ol

N> mp n-ol

m) N —> oo :Correct limit

: Incorrect Limit

ASY)

‘ n—o1

= log (2\/§N)

) Finite!!



Field Theory Side

In large N limit, for J=2

If we think 1/n as an effective temperature,
n=1 : Deconfinement Phase
nz1: Confinement Phase



AdS/CFT

At the late time (t>>] ) (1 K A K ¢)

.n > 2

Conformal dim. of inserted operator

4@“/
ASE ~ 1

d(n —1)
¥

We can not take the von Neumann limit (n=>1).

ogt.




AdS/CFT

At the late time (t>> ) (A ~ ¢ )

= 1, (2dCFT)

Central charge

» AS,(I’) do not approach constant. | 7

Quasi-particle interpretation breaks down!!

—————————



AdS/CFT

At the late time (t>> ) (A ~ ¢ )

= 1, (2dCFT)

Central charge

ASY in holographic field theory is totally different
from those in free field theory .

» AS' do not approach constant. L

Quasi-particle interpretation breaks down!!




Summary

Free Scalar Field Theory

We defined the (Renyi) entanglement entropies of local
operators.

-They characterize local operators from the viewpoint of
guantum entanglement.

* These entropies of the operators (constructed of single-
species operator) are given by the those of binomial
distribution.

-The results we obtain in terms of entangled pair agree with
the results we obtain by replica method.



Summary

In Fermionic Field Theory
* We compute ASY for various locally excited state.
- They are given by constant values in the late time.
Some of them depend on the representation(spin).

* When we interpret results in terms quasi-particle picture,
we should impose exotic quantization condition.
(Because (anti-)particle does not propagate in any directions
with equivalent probability.)
We compute CREE for locally excited state.



Summary

AdS/CFT correspondence
To take n = 1 limit does not commute with taking N - oo [imit.
- After taking large N limit, we can not take n - 1 (EE for excited state diverge.).

In AdS/CFT correspondence, ASXL) does not approach some constants.

- In large N expansion, the leading term of AS}IJ) for n=<1
is proportional to the conformal dim. of operators which act on
the ground state.

- In large N expansion, the leading term of ASXL) for n=1
is proportional to central charge.



Future Problems

In non-relativistic case, the time evolution of A g
In gauge field theory, ASXL) (collaborate with Naoki Watamura,

Pawel Caputa)

The (Renyi) entanglement entropies of operators in the interacting
field theory .

Physical meaning of the coefficient of gamma matrices.

Excesses of CREE in AdS/CFT



