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Can	
  one	
  find	
  a	
  construc've	
  proof	
  of	
  the	
  
AdS/CFT	
  correspondence,	
  which	
  will	
  

allows	
  one	
  to	
  find	
  holographic	
  duals	
  for	
  
general	
  QFTs?	
  

	
  
	




What	
  is	
  behind	
  AdS/CFT?	
  
RG	
  ≈	
  GR	


•  Radial	
  direc'on	
  in	
  the	
  bulk	
  =	
  length	
  scale	
  of	
  
QFT	
  

•  Bulk	
  variables	
  :	
  scale	
  dependent	
  coupling	
  
func'ons	
  

•  Radial	
  evolu'on	
  of	
  the	
  bulk	
  fields	
  correspond	
  
to	
  the	
  RG	
  flow	
  



However,	
  the	
  connec-on	
  between	
  RG	
  
and	
  GR	
  is	
  incomplete	


RG	
 GR	


RG	
  flow	
  is	
  classical	
  :	
  
Given	
  ini'al	
  condi'on,	
  coupling	
  

func'ons	
  are	
  determinis'c	
  without	
  
uncertainty	


Bulk	
  variables	
  have	
  quantum	
  
fluctua'ons	


One	
  has	
  to	
  promote	
  RG	
  to	
  quantum	
  RG	




Outline	


•  Construct	
  a	
  holographic	
  dual	
  for	
  a	
  concrete	
  
laTce	
  model	
  [	
  U(N)	
  vector	
  mode	
  ]	
  via	
  
quantum	
  renormaliza'on	
  group	
  

•  Characterize	
  different	
  phases	
  from	
  the	
  
emergent	
  geometries	
  in	
  the	
  bulk	
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Vector	
  model	


•  Exact	
  cri'cal	
  exponents	
  in	
  the	
  large	
  N	
  limit	
  
•  But,	
  s'll	
  no	
  exact	
  Wilsonian	
  RG	
  
•  Believed	
  to	
  be	
  dual	
  to	
  Vasiliev’s	
  higher-­‐spin	
  
gauge	
  theory	
  [Sezgin-­‐Sundell,	
  Polyakov-­‐Klebanov,	
  Giombi-­‐Yin,	
  ..]	
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LaTce	
  regulariza'on	

U(N)	
  vector	
  model	
  for	
  N	
  complex	
  bosons	
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Two	
  phases	
  and	
  one	
  cri'cal	
  point	


On-­‐site	
 Hopping	


•  The	
  on-­‐site	
  term	
  describes	
  the	
  insula'ng	
  fixed	
  point	
  
•  Hopping	
  term	
  is	
  treated	
  as	
  deforma'on	
  to	
  the	
  fixed	
  point	
  
•  If	
  the	
  hopping	
  is	
  large,	
  it	
  flows	
  to	
  superfluid	
  
•  Although	
  the	
  quadra'c	
  term	
  is	
  enough	
  to	
  describe	
  the	
  Insula'ng	
  
fixed	
  point,	
  quar'c	
  term	
  is	
  needed	
  to	
  describe	
  the	
  phase	
  transi'on	
  

Insulator	
 superfluid	


S0 = m2
X

i

(�⇤
i · �i) +

�

N

X

i

(�⇤
i · �i)

2 �
X

ij

t(0)ij

�
�⇤

i · �j

�

t(0)ij

Cri'cal	
  Point	




Coarse	
  Graining	
  in	
  Real	
  Space	
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Renormalized	
  Ac'on	
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On-­‐site	
  (reference	
  ac'on)	


deforma'on	




Conven'onal	
  RG	


•  Mul'-­‐trace	
  
deforma'ons	
  are	
  
generated	
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Mul'-­‐trace	
  operator	
  =	
  
Single-­‐trace	
  operator	
  	
  
with	
  dynamical	
  sources	
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Projec'on	
  creates	
  uncertainty	


Subspace	
  of	
  
Single-­‐trace	
  
operators	


Mul'-­‐trace	
  
operators	


Actual	
  	
  
RG	
  flow	


Projected	
  	
  
RG	
  flow	
  	
  
with	
  uncertainty	


•  Theory	
  with	
  mul'-­‐trace	
  operators	
  
can	
  be	
  mapped	
  into	
  a	
  theory	
  with	
  
single-­‐trace	
  operators	
  whose	
  sources	
  
are	
  dynamical	
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Quantum	
  RG	


Subspace	
  of	
  
Single-­‐trace	
  
operators	


Mul'-­‐trace	
  
operators	
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Sum	
  over	
  all	
  RG	
  paths	
  	
  
in	
  the	
  space	
  of	
  hoppings	
  

single−trace operators
subspace of

multi−trace
operators

single−trace operators
subspace of

multi−trace
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Weight	
  for	
  each	
  RG	
  path	
  :	
  Bulk	
  Ac'on	
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Bulk	
  Geometry	
  is	
  quantum	
  and	
  dynamical	


•  Hopping	
  amplitudes	
  are	
  promoted	
  to	
  quantum	
  operators	
  
•  Long-­‐range	
  hoppings	
  are	
  generated	
  as	
  short-­‐range	
  

hoppings	
  merge	
  
•  Hopping	
  fields	
  determine	
  the	
  connec'vity	
  (geometry)	
  of	
  

the	
  bulk	
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Saddle	
  point	
  approxima'on	


•  In	
  the	
  large	
  N	
  limit,	
  semi-­‐classical	
  RG	
  path	
  
dominates	
  the	
  par''on	
  func'on	
  

•  At	
  the	
  saddle	
  point	
  tij,	
  t*ij	
  take	
  independent	
  
values	
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Field	
  theory	
  observable	
  at	
  the	
  UV	
  
boundary	
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Bulk	
  fields	


z	


�m2

superfluid	
 insulator	
Cri'cal	
  
point	




Insula'ng	
  Phase	


•  tij(z)	
  decay	
  exponen'ally	
  both	
  in	
  |i-­‐j|	
  and	
  z	
  
0 1 2 3 4 5

z10!19

10!15

10!11

10!7

0.001

tij

!

!
!
!
!
! !
!

!
!
!
!!!
!
!

!!
!
!!!
!!

!

!
!
!
!

!
!
!
!
!!!!
!!

!

!

!
!

!
!
!!

!!!
!!
!
!

!
!!
!!
!!
!!!
!!
!
!!!
!!!!!
!
!
!!
!!
!
!

"
"
"""

" ""
"""
"""
"
"
""""""
""
"
""""
"
"
""""""""
"

"
""
"
"
""
"""""""
""""""""""
""""""
"""""
"
"
""
""
"
"

#

#
#
#
#
# ##
###
#####
######
##
#
####
#
#
######
##
#

#

##
#
#
##
###
##
##

#
##
##
##
###
##
#
###
#####
#
#
##
##
#
#

! z!1

" z!3.5

# z!5

1 4 7 10
!i"j!

10"12

10"9

10"6

0.001

tij



Fragmenta'on	


•  For	
  z>zF	
  ,	
  correla'on	
  length	
  of	
  tij*(z)	
  ~	
  e-­‐|i-­‐j|/ξ	
  	
  becomes	
  
much	
  less	
  than	
  the	
  laTce	
  spacing	
  (not	
  a	
  sharp	
  
transi'on)	
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Fragmenta'on	
  in	
  insula'ng	
  phase	


z	

Fragmented	
  Space	
  

zF	


�m2
superfluid	
 insulator	
Cri'cal	
  

point	


Finite	
  L	




Fragmenta'on	
  in	
  superfluid	
  phase	
  is	
  a	
  
finite	
  size	
  effect	


•  In	
  the	
  insula'ng	
  phase,	
  zF	
  is	
  independent	
  of	
  system	
  size	
  
•  In	
  the	
  superfluid	
  phase	
  and	
  at	
  the	
  cri'cal	
  point,	
  zF	
  diverges	
  

in	
  the	
  thermodynamic	
  limit	
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Fragmented	
  Space	
  

Fragmenta'on	
  in	
  the	
  insula'ng	
  phase	
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Superfluid	
  Phase	


•  In	
  the	
  supefluid	
  phase,	
  locality	
  is	
  lost	
  in	
  the	
  
bulk	
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Why	
  called	
  horizon?	


� =
1

T

z	


ZH	
 Horizon	
  :	
  	
  
Loss	
  of	
  locality	
  
in	
  the	
  direc'on	
  of	
  	
  
the	
  	
  thermal	
  circle	


At	
  finite	
  temperature	




Beyond	
  horizon	


tij(z) = C(z) +
B(z)
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Beyond	
  horizon	
  in	
  the	
  thermodynamic	
  limit	
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zH	


z	
 Non-­‐local	
  Space	
   Fragmented	
  Space	
  

Holographic	
  phase	
  diagram	


zF	


�m2
superfluid	
 insulator	
Cri'cal	
  

point	
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Universal	
  power-­‐law	
  at	
  the	
  horizon	


•  At	
  the	
  horizon,	
  the	
  hopping	
  fields	
  decay	
  with	
  a	
  
universal	
  exponent	
  independent	
  of	
  δm2	
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Cri'cal	
  Point	


•  At	
  the	
  cri'cal	
  point,	
  the	
  length	
  scale	
  associated	
  
with	
  the	
  hopping	
  diverges	
  exponen'ally	
  in	
  z	
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zH	


z	
 Non-­‐local	
  Space	
   Fragmented	
  Space	
  

Holographic	
  phase	
  diagram	


zF	


�m2
superfluid	
 insulator	
Cri'cal	
  

point	


tij(z) =
B(z)

|i� j|

Local	
  space	


tij(z) ⇠
e� (z)|i�j|

|i� j|

tij(z) ⇠ �ij



Locality	
  as	
  order	
  parameter	


Figure	
  from	
  MSc	
  thesis	
  of	
  Mao	
  Tian	
  Tan	
ds

2 = dz

2 + f(z)dx2
i

f(z) = 0 for z � zH f(z) ! 1, z ! 1f(z) ⇠ e�2z



Summary	
  	


•  Holographic	
  solu'on	
  of	
  U(N)	
  vector	
  model	
  via	
  
quantum	
  RG	
  

•  (Non-­‐)Locality	
  serves	
  as	
  an	
  order	
  parameter	
  
–  Insulator	
  :	
  Fragmented	
  geometry	
  
– Superfluid	
  :	
  Non-­‐locality	
  geometry	
  behind	
  horizon	
  
– Cri'cal	
  point	
  :	
  Local	
  geometry	
  



Open	
  problem	


•  Analy'c/con'nuum	
  solu'on	
  
•  Connec'on	
  to	
  the	
  Vasiliev	
  theory	
  
•  Applica'on	
  to	
  Fermi	
  surface	
  



Gauge	
  symmetry	
  in	
  the	
  bulk	

SBulk =

Z 1

0

dz

(
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Higher	
  spin	
  symmetry	
  :	
  
(	
  λ=0)	


Only	
  discrete	
  diffeomorphism	
  survives	
  :	
  
for	
  λ≠0	


[R.	
  Leigh,	
  O.	
  Parrikar,	
  A.	
  Weiss,	
  arXiv:1402.1430]	
  

in	
  the	
  radial	
  gauge	


tij(z) ! U †
ii0
ti0j0 (z)Uj0j

Uij = �ij+Ni



Origin	
  of	
  D-­‐dim	
  discrete	
  
diffeomorphism	
  inv.	


(a) (b)

Permuta'on	
  (event	
  symmetry)	
  in	
  D-­‐dimensional	
  network	
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