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INTRODUCTION

This talk concerns a new relation between characters
of two-dimensional rational conformal field theory
(RCFT) given by Hecke operators.

The relation generalizes previously known Galois
symmetry relations between the representations of
the modular group provided by RCFT characters.

| will discuss these new relations, explain how they
explain a number of scattered results in the literature
and present some possible applications.




Example:

he Yang-Lee model is a non-unitary minimal model
M(5,2) with two independent characters

—1/60 Z

11/60
X1/5 = 4 201/5

Affine G- is a unitary rational CFT with two
independent characters (aka Fibonacci anyon in CMT)

Xo2=q "% Z cg?(n)q

17/60 G
X17/60 q'" C17760(1)4

n=0

Although apparently unrelated, there Is a subtle relation
between the character coefficients:




DATA

coefficients of g expansion of h=1/5 character of  coefficients of g expansion of
Yang-Lee model c=-22/5 vacuum character of affine G2 at

level one (c=14/5) divided by 7

Discrepancy

2
6
20

50
120
261

3858/7 1/7
1091
2108

3917
/118
12587

21854
260072/7 1/7
62202

102428
166450
266850

422966
662780
71981787 1/7

1579853
2400046
3633082

5443362
8094202
11952388

122716344/7 27



Hilbert space:

Characters:

Partition
function:

Examples:

RCFT

’Hzé}f\/“V@V

™~ Representation of chiral
algebra, e.qg. Virasoro for
minimal models

Xi(r) = Trygho 2, q= e

> Noaxi(r)xa(r)

€L i€T

Ising model, Yang-Lee model, aftine
Lie algebras, Monster VOA, BM VOA
(details later)



Modular Properties

Characters are weakly holomorphic weight zero vector-
valued modular functions transtorming according to

p:SL(2,Z) — GL(n,C)

S:G _01> (1 — —1/7) T:(é 1) (1 —>7+1)

N = order(p(T)) ['(N) C ker(p) GEIEY)

F(N)z{(ccb Z)ESL(Q,Z)\a:dzlmodN,b C OmodN}



Example
Ising Model

1 0 ( 04 (
Xb2§< ! \/4 ) PP+ g+ P+ +2¢" +2¢° + ),

= ¢/ (1+q+¢+2¢° +2¢* +3¢° +---).

X1/16 = \/— ( )

/2 1/2  1/V2 (1)) — ir
p(S) = ( /2 1/2 1/@) xi(=1/7) = 3 p(S)isxi (7)
1/vV2 —1/4/2 0

p(T) = e 2™/ (djag(1, e2™/2 2mi/16) Xi(T+ 1) = Z p(T)ijx;(T)

N = 48



Fusion Algebra and Verlinde Formula

di X ¢; = Ni;" o

} : S)imp(s) 'mﬁ(s)km
Ni k _ IO( J c Z>O
’ - P(S)om B
"~ vacuum representation

For some RCFT the representations p and fusion
matrices N;;" are related by Galois symmetry.



Galois Symmetry

K=Field obtained by adjoining matrix elements of p(7)
to Q

De Boer & Goeree: K is a finite Abelian extension of Q

Kronecker-Weber: K C Q|(,,] minimal m=conductor

N=conductor (also of RCFT). Gal(Q[Cn]) = (Z/NZ)3

T

Coste-Gannon: For each /e (Z/NZ)X QrQZu/?\% units
in

five s p(T) = p(T) ootof unity

S p(S )”&J — &0(2)p(S )w(i),j — 5£(j)p(s)i,w£(j) e ==x1

,O(S) — Ggp(S) permutation of indices



(2./12Z)*
o 7 11
f5 f7 fi1




Examples of Galois RCFT Relations

1 1
- 2sin(w sin(2m 0 —1
p(S)YL — [ T ZTm(e/n) TS/ G _ ( ) YL
251n(127r/5) 281H%7T/5) IO( ) 1 0 IO( )
f60,7
q
,O(T)YL _ diag(€27r11/6076—27ri/60) IO(T)GQ _ (IO(T)YL)7
f60,13

Similarly  Yang-Lee  cmmpp [,

f48 47
Three character RCFT  ISing == Baby Monster

These are relations between modular representations.
We will extend them to relations between characters.




Scalar Hecke

Modular forms can be thought of in two ways:

Functions of 7 € H f (O’T il b> = (et +d)" f(7)

ct + d
-unctions of
rank 2 lattices F(AL) = A""F(L)
ST T
T 77 77

F(Zw + Zws) = w5 * f(wi /w2) w%/////////

ST
Wy W

Hecke operator: (T, F)(L)= »  F(L)

Wi = awi + bws | LﬁlLC’|L:n

wy = cwy +dwy  ad —bc=n



Hecke Operators

(a b at + b (det(p))*/2
= (2 5) =T e = Gy

(T,f)(r) =07 Y (flaw)(r) (p prime for simplicity)

/LESL(272)\MP

Action on f=> an)g" (T,0)()=>» a®(n)q"
Fourier " "

coefficients: o) () pFa(pn) if ptn,
pF! (P a(pn) + a(n/p)) if p|n.



In math these are often applied to weight k>0 modular forms
and used to study cusp forms which are eigenfunctions of the

Hecke operators. E.g. the unique weight 12 cusp form
(vanishing as ™ — 100)

A:7724:qﬁ (1 —q") f:c
n=1 n=1
T,A = c(n)A

The modularity theorem used In the proot of Fermat’s last

theorem associates a weight 2 Hecke eigentorm to each
elliptic curve over the rationals.

In RCFT we are interested in the action on weight O,

weakly holomorphic modular functions which are never
Hecke eigenfunctions.



0 generalize Hecke operators to RCFT characters:

Use Hecke operators for T'(V) (Rankin, Chap. 9)

Use modular representation properties of RCFT
characters.

This leads to the following formula for Hecke images of
RCFT characters for (p,N)=1: % N B

On Fourier coefficients:  xi(7) = » bi(n)g"/"
(Tp0i(r) = S 6P (n)gV
b (n) = {pbi(”p)  pin
Z pbi(np) + 24 pij(0p)bj(n/p) pln

The (T,x);are again modular forms for T'( V) but
transform under a different representation of SL(2,Z)



R tati
P PP(S) = p(yS), PP (T) = p(T7)

of Hecke image

where p Is the pre-image of (‘8 g> under the mod

N map SL(2,7Z) — SL(2,Z/NZ) and pp =1 mod N

27343 —33780)

Example: N =60,p=7,p=43 o7 = ( 480  —593

The change of representation under Hecke is the same
as that under Galois for ¢ =p, (p,N) =1.

The equivalence relieson  fnp(p(S)) =
the identities Inp(p(T)) =



Applications and Examples
The example from the first DATA slide'

L = ¢1/60G(q) = g~ /0 Z
Xf/% — 11/60F(g) = ¢11/60 Z 01/5

Then we have the Hecke relation y“2 = T,y*
Go __ 76}//%(771 1) if 7)(,”’ Y L p—
Co2(n) = 4 7CYL(7n D+l (2) if 7in; p' ~(o7)
- 2)
-2) —

m
m

1/5
if 71 (n—1),
61/5(”—_1) if 7|[(n —1).

7CYL(
02/5(n) =< 7CYL(
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Yang-Lee model c=-22/5 vacuum character of affine G2 at

level one (c=14/5) divided by 7

Discrepancy

2
6
20

50
120
261

3858/7 1/7
1091
2108

3917
/118
12587

21854
260072/7 1/7
62202

102428
166450
266850

422966
662780
71981787 1/7

1579853
2400046
3633082

5443362
8094202
11952388

122716344/7 27



The Hecke action preserves the dimension of the
representation of the modular group. We thus look for
relations between RCFT characters for models with the
same number of independent characters.

The characters of a RCFT with n independent characters
satisty an nth order Modular Linear Difterential Equation
(MLDE). Alternatively, we can use MLDE to search for
possible characters of new RCFTs.

Developed in physics literature by Anderson&Moore,
Eguchi&Ooguri, Mathur, Mukhi & Sen, Naculich, Bantay,
...and in math by Kaneko & Zagier, Franc, Mason,
Gannon, Kaneko, Arike, Nagatomo, Sakai, ...



Modular Linear Ditferential Equations

guasi modular weight 2
1 Eisenstein series

Ramanujan-Serre: Dy, = d/dt — éiwkEz

D - M, (F) — Mk_|_2(F) D" = Doyp_9Do_a--- DDy

nth order MLDE: D" f + Z O (T = (

\

What properties should the coetticient tunctions have”
RCFT characters have poles only at g=0 but this need
not be true for the o

weight 2(n-k)




From standard theory of differential equations we have

—k S1 J2 fn
or = (—1)" Wk/V,V\ W =W, Dfi  Dfy - D
no poles’ may have zeroes W, = Dk—zlfl Dk—:lfQ Dk:—:lfn
Dt fy DFHLf .. DEFLE
Df DUy o D,

(W) =6 (;Ordz’(W) + 1ord ) + Zord ) =number of zeros of W

peEF

2y
/1)




Mathur-Mukhi-Sen classified n=2, ¢(W) = 0 solutions

. 1 d
with D = — we have
271 dT
E E
Second order: D*f 62Df “44]" =
MMS X}{}V/Lp?laA27G27D47F47E67lT77E7%}
Yang-Lee " Affine level 1 characters Characters of
model Deligne exceptional series Intermediate Vertex
Subalgebra
Hecke relations in additionto  y&2 = T,y ¥ L (Kawasetsu)
E
X =Tz " X = Tox™ X 72 =Tx "

(Proof uses Sturm bouna)



Two Character Models

Character with leading singularity as ¢ — 0

Xo ~ g et/

3
. 4 1
Farey series: s =< -, -, —, =, =, =, =, =, =, = }

We don't have an explanation for this curious fact.



Mathur, Mukhi & Sen classified n=2, /(W) =0 solutions,

but solutions exist for ¢(1W) > 0 and are Hecke images
of /(W) =0 solutions since T, changes ord. (W)

P 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71

M)y o @D 0 @D 0 OO 0 0@ 0 @O O® 6 6 3

Table 1: Number of zeros in the modular Wronskian for Hecke images under T,
of Yang-Lee characters for small values of p.

O These Hecke images have negative coefficients
O

nese Hecke images have positive coefficients and as
RCFT characters appear in work of Naculich and
Hampapurma & Mukhi

11 13 17 19 23 25 29 31 35 37 41 43 47 49 53 5T
o o0 o o o0 o0 o o o0 o0 o0 o0 0 0 6 6 6

5
'(p) | O

Table 1: Number of zeros in the modular Wronskian for Hecke images under T,
of Ising characters for small values of p.



Other Examples

Three character theories:

No classification | am aware of. Examples include

Minimal models: M, 3 (Ising), M5 (YL®?) M;,

Hampapura-Mukhi explored three-character RCFT w/o
Kac-Moody symmetry and found examples with c=47/2,
164/5, 236/7. These are all Hecke images:

c=47/2 _

Y T4y BabyMonster

Xc:164/5 _ T41X(5’2)®2 Duality of H-M implied by
. Hecke relations

N=236/T — T4 (7:2) '



One can use Hecke images to construct families of
possible RCFT characters—non-holo analogs of
extremal CFT of Hohn/Witten. If

p=7,13,47,53 mod 60

then T,x"*
1. Has non-negative integer coefficients in g expansion.

2. The vacuum appears with degeneracy one.

3. The tusion coefficients from Verlinde are non-negative.

Consistency with Virasoro requires

N —2
XN,p = TGO*N+pXYL T Z d(k)Tp+6OkXYL
k=0 o0
1
d(k) > c(k) =Y e(n)g"

[[—o(1—q™) 0



Summary and Questions

There is a hidden symmetry relating characters of
many different RCFTs based on the mathematical
theory of Hecke operators.

The relation generalizes previously known Galois
symmetry relations between the representations of
the modular group provided by RCFT characters.

These Hecke relations appear to be very common.
Other examples we are exploring where they

appear include RCFT with n>3 characters, rational
Gaussian models/lattice VOAs and Gepner models.




Do these Hecke operators have a natural physical
origin’

|s there a nice theory of how Hecke operators relate
the divisors of the Wronskians of MLDE?

Do these Hecke relations relate the full RCFT or just
their characters? If the former, this indicates there are
new symmetries acting on the space of RCFTs with

a strong number theoretic flavor.

Note that for Yang-Lee and affine G2 theories with
characters related by T- the braiding and fusion

matrices are related by the associated Frobenius

transformation fg 7.



Hexagon relation for R,F

(See Barkeshli’s talk)

f60,7

Yang-Lee g=(1+V5)/2— —1/g Affine G2

_ _iql/2 —1 —1/2
bbb _ g  —ig : . (g g
Yo = (—i91/2 g ) = (91/2 —91)
f60,7



RCFTs and their fusion algelbras, modular tensor
categories, characters etc. appear in many places Iin
condensed matter physics:

Boundary modes of QHE systems and
topological insulators.

Tool for computing and studying Entanglement
—ntropy.

Quantum computation.

t will be interesting to see If these new Hecke relations
nave Implications in the real world.




THANK YOU



Hecke Operators for I'(1V)

Double Coset:  T'ial's = {viays|y € ',y € Iy}

['1,I'y congruence subgroups

f[FlozFQ]k — thc&] FlCMFQ — UFl(Sj
J J

Apply this with I'1 =T’y = I'(V)



Hecke Operators for I'(1V)

Detine 3, = (g g> , U, = ((1) V]‘iv>

Hecke Operators for I'(V), (p,N)

ll
—i

(T,/)(7) = FEN)apT(N)(r) = 3 (F1sd)(7)
se AP
Rankin (p) |
Chap. 9 AP = {0,8,;Up,0 < b <p—1}

p 0
where o0, Is the pre-image of (Z(; p> under the moa

N map SL(2,Z) — SL(2,Z/NZ) and pp =1 mod N



Hecke Operators for I'(1V)

27343 —
Example: N =60,p=7,p = 43 o7 = ( 1203 E’ggg())

he term (f|ko,)(pT) does not allow for any simple action
on Fourier coefficients.

Main problem with extending Hecke operators to vector-
valued modular forms/functions:

Representation p is defined on elements of SL(2,7) but
Hecke operators require action of elements of GL(2,7Z).

Brunier-Stein, Raum  Weil representations,
- (p)
representation on C(AyL’)



Hecke Operators for RCFT Characters

Recall for RCFT characters  x;, t=1,2,---n=dim(V)
ZIO ngz o~ SL(Q,Z) F(N) - ker(p)

I parhcular Xi(oppT) = ZP(Up)inj(PT)

J
op is only defined up to the action of I'(N) but since
['(N) C ker(p) , plop)is well defined.

We can simply reinterpret the Hecke operators for I'(IV)
to get Hecke operators on RCFT characters with vector

structure.




Hecke for RCFT

i T+ bON
(Tpf)z(T) _— Z f@ 57— pr Op f] pT) f ( )
b=0
(p, N) =1
On Fourier coefficients:  Xi(T) = » bi(n)g"/"

(Tpx)i(T) = Z bgp) (n)g™/N

n

b(_P) (n) _ {pbi(np) v )( i
Z pbi(np) + >y, pij(op)bi(n/p)  pln

N.B. unconventional normalization preserves integrality
of coefficients at weight k=0.



Hecke for RCFT

The proof that the components are again modular forms
for I'(IN) is the standard one from e.g. Diamond-Shurman

Acting with ~, € T'(IN) permutes the orbit space
LNL(N)apI'(N)

by right multiplication and gives an equivalent set of orbit
representatives § .

While acting with the generators S, T of SL(2,7Z) gives
Agg) ol =TP OAE\Z;),
AP oS =05,50AP

Representation (P)(g) g ©) (Y _ (7
of Hecke image p?(S) = plopS), pP(T) = p(T7)






