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INTRODUCTION
This talk concerns a new relation between characters 
of two-dimensional rational conformal field theory 
(RCFT) given by Hecke operators.

The relation generalizes previously known Galois 
symmetry relations between the representations of 
the modular group provided by RCFT characters.

I will discuss these new relations, explain how they 
explain a number of scattered results in the literature 
and present some possible applications.



Example:
The Yang-Lee model is a non-unitary minimal model 
            with two independent  charactersM(5, 2)
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Affine        is a unitary rational CFT with two 
independent  characters (aka Fibonacci anyon in CMT)
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Although apparently unrelated, there is a subtle relation 
between the character  coefficients:
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coefficients of q expansion of 
vacuum character of affine G2 at 
level one (c=14/5) divided by 7

coefficients of q expansion of h=1/5 character of 
Yang-Lee model c=-22/5
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Ni,̄i�i(⌧)�ī(⌧)

RCFT

Hilbert space:

Characters:

Partition 
function:

Examples: Ising model, Yang-Lee model, affine 
Lie algebras, Monster VOA, BM VOA 
(details later)

Representation of chiral 
algebra, e.g. Virasoro for 
minimal models
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⇢ : SL(2,Z) ! GL(n,C)
<latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="2Iil23aRIqBgaCUcmEQ1g3yPkdQ=">AAACEXicbZDNSgMxFIXv+G+tOrp1ExShhVJmiuDPSnChCxeK1oqdoWTStA3NJEOSUcrQF3Hjq7hxoeLGnW9jplZQ64HAxzkJufdECWfaeN6HMzU9Mzs3v7BYWCour6y6a8UrLVNFaJ1ILtV1hDXlTNC6YYbT60RRHEecNqL+UZ43bqnSTIpLM0hoGOOuYB1GsLFWy90JVE8eoIvTUq0SxNj0oii7GZZRoFi3Z7BS8g4dn5ZEBX2nR8Nyy93yqt5IaBL8MWzBWGct9z1oS5LGVBjCsdZN30tMmGFlGOF0WAhSTRNM+rhLmxYFjqkOs9F2Q7RtnTbqSGWPMGjk/nyR4VjrQRzZm/mI+m+Wm/9lzdR09sKMiSQ1VJCvjzopR0aivCrUZooSwwcWMFHMzopIDytMjC20YEvw/648CfVadb/qn3uwABuwCSXwYRcO4QTOoA4E7uERnuHFeXCenNevtqaccW3r8EvO2yeB+p7x</latexit><latexit sha1_base64="chj4k1mwUrWTHNLUzeTuqRwySMU=">AAACEXicdZDNSgMxFIXv+G+tWt26CYrQQikzRdS6ElzooouKjoqdoWTStA3NJEOSUcrQF3Hjq7hxoeLGnW9jWhX8PRA4nJOQe78o4Uwb1311Jianpmdm5+ZzC/nFpeXCSv5My1QR6hPJpbqIsKacCeobZji9SBTFccTpedQ/GPXnV1RpJsWpGSQ0jHFXsA4j2NioVdgKVE/uoZN6sVoOYmx6UZRdDksoUKzbM1gpeY0O60VRRp/twbDUKmy4lZrr1bY99Nt4FXesDfhQo1V4CdqSpDEVhnCsddNzExNmWBlGOB3mglTTBJM+7tKmtQLHVIfZeLsh2rRJG3WkskcYNE6/vshwrPUgjuzN0Yj6ZzcK/+qaqenshhkTSWqoIO8fdVKOjEQjVKjNFCWGD6zBRDE7KyI9rDAxFmjOQvjcFP1v/GqlVvGOXZiDNViHIniwA/twBA3wgcAN3MEDPDq3zr3z9E5rwvnAtgrf5Dy/Ae9Knz8=</latexit><latexit sha1_base64="KkA5wAkoMhmkzueHke6M8h/Y+84="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit><latexit sha1_base64="BhjtHVsdlC237hCCL4NqwqandwM="></latexit>

C2 = 1

�(N) =

⇢✓
a b
c d

◆
2 SL(2,Z)| a = d = 1 mod N, b = c = 0 mod N

�

S =

✓
0 �1
1 0

◆

Modular Properties
Characters are weakly holomorphic weight zero vector-
valued modular functions transforming according to
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Ising Model
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Fusion Algebra and Verlinde Formula

vacuum representation
For some RCFT the representations     and fusion  
matrices         are related by Galois symmetry.        
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Galois Symmetry

fN,` : ⇢(S)i,j ! "`(i)⇢(S)⇡`(i),j = "`(j)⇢(S)i,⇡`(j)

fN,` : ⇢(T ) ! ⇢(T )`

K=Field obtained by adjoining matrix elements of         
to  

⇢(�)

Q
De Boer & Goeree: K is a finite Abelian extension of Q

Kronecker-Weber: K ✓ Q[⇣m] minimal m=conductor

N=conductor (also of RCFT). Gal(Q[⇣N ]) ⇠= (Z/NZ)⇥

` 2 (Z/NZ)⇥Coste-Gannon: For each Group of units 
in Z/NZ

permutation of indices

Primitive Nth 
root of unity
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Examples of Galois RCFT Relations
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Three character RCFT
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Yang-Lee F4

Ising
f48,47

Baby Monster

These are relations between modular representations. 
We will extend them to relations between characters.
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Modular forms can be thought of in two ways:
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Hecke Operators
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Action on 
Fourier 
coefficients:



In math these are often applied to weight k>0 modular forms 
and used to study cusp forms which are eigenfunctions of the 
Hecke operators. E.g. the unique weight 12 cusp form 
(vanishing as               )   

In RCFT we are interested in the action on weight 0, 
weakly holomorphic modular functions which are never 
Hecke eigenfunctions. 
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The modularity theorem used in the proof of Fermat’s last 
theorem associates a weight 2 Hecke eigenform to each 
elliptic curve over the rationals.



To generalize Hecke operators to RCFT characters:

Use Hecke operators for           (Rankin, Chap. 9)�(N)

Use modular representation properties of RCFT 
characters.

This leads to the following formula for Hecke images of 
RCFT characters for (p,N)=1:
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The            are again modular forms for           but 
transform under a different representation of       
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N.B.



Example: N = 60, p = 7, p̄ = 43 �7 =

✓
27343 �33780
480 �593

◆

�pwhere       is the pre-image of              under the mod 

 N map                                          and 

✓
p̄ 0
0 p

◆

SL(2,Z) ! SL(2,Z/NZ) p̄p = 1 mod N

Representation 
of Hecke image ⇢(p)(S) = ⇢(�pS), ⇢(p)(T ) = ⇢(T p̄)

The change of representation under Hecke is the same 
as that under Galois for                             .

The equivalence relies on 
the identities

fN,p(⇢(S)) = ⇢(�p̄S)

fN,p(⇢(T )) = ⇢(T p)
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` = p, (p,N) = 1
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⇢Y L(�7) =

✓
0 �1
1 0

◆

Applications and Examples
The example from the first DATA slide:

�Y L
0 = q�1/60G(q) = q�1/60

1X

n=0

cY L
0 (n)qn

�
Y L
1/5 = q

11/60
H(q) = q

11/60
1X

n=0

c
Y L
1/5(n)q

n

Then we have the Hecke relation �G2 = T7�
Y L

cG2
0 (n) =

(
7cY L

1/5(7n� 1) if 7 - n,
7cY L

1/5(7n� 1) + cY L
0 (n7 ) if 7|n;

cG2

2/5(n) =

(
7cY L

0 (7n+ 2) if 7 - (n� 1),

7cY L
0 (7n+ 2)� cY L

1/5(
n�1
7 ) if 7|(n� 1).
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2 
6 
20 
50 
120 
261 
3858/7 
1091 
2108 
3917 
7118 
12587 
21854 
260072/7 
62202 
102428 
166450 
266850 
422966 
662780 
7198178/7 
1579853 
2406046 
3633082 
5443362 
8094202 
11952388 
122716344/7

coefficients of q expansion of 
vacuum character of affine G2 at 
level one (c=14/5) divided by 7

coefficients of q expansion of h=1/5 character of 
Yang-Lee model c=-22/5

DATA

1/7

1/7

1/7

2/7

Discrepancy



The Hecke action preserves the dimension of the 
representation of the modular group. We thus look for 
relations between RCFT characters for models with the 
same number of independent characters. 

The characters of a RCFT with n independent characters 
satisfy an nth  order Modular Linear Differential Equation 
(MLDE). Alternatively, we can use MLDE to search for 
possible characters of new RCFTs.

Developed in physics literature by Anderson&Moore, 
Eguchi&Ooguri, Mathur, Mukhi & Sen, Naculich, Bantay, 
…and in math by Kaneko & Zagier, Franc, Mason, 
Gannon, Kaneko, Arike, Nagatomo, Sakai, …



Dn = D2n�2D2n�4 · · · D2D0Dk Mk(�) ! Mk+2(�)
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Modular Linear Differential Equations

Ramanujan-Serre: Dk = d/d⌧ � 1

6
i⇡kE2

quasi modular weight 2 
Eisenstein series

:
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Dnf +
n�1X

k=0

�k(⌧)Dkf = 0nth order MLDE:

weight 2(n-k)

What properties should the coefficient functions have? 
RCFT characters have poles only at q=0 but this need  
not be true for the �k



`(W ) = 6

0

@1

2
ordi(W ) +

1

3
ord!(W ) +

0X

p2F
ordp(W )

1

A

<latexit sha1_base64="HGwo+VyXOGq14yJGZ6wLkTZnY1s="></latexit><latexit sha1_base64="7YgmKElUAC1yk1U8hMZ87tH+Sxg="></latexit><latexit sha1_base64="7YgmKElUAC1yk1U8hMZ87tH+Sxg="></latexit><latexit sha1_base64="w0nzZPE4xfbL7GNDyZmj1oAH9qo="></latexit>

Wk =

����������������

f1 f2 · · · fn
Df1 Df2 · · · Dfn
...

...
...

Dk�1f1 Dk�1f2 · · · Dk�1fn
Dk+1f1 Dk+1f2 · · · Dk+1fn

...
...

...
Dnf1 Dnf2 · · · Dnfn

����������������

,

<latexit sha1_base64="eIpVP1djP7as8DdxJeud0oCLySA="></latexit><latexit sha1_base64="RCTsHk4RCHcVXmqk0mQQIHvX3Ec="></latexit><latexit sha1_base64="RCTsHk4RCHcVXmqk0mQQIHvX3Ec="></latexit><latexit sha1_base64="NM6ZplUAv4iNplxHaTZj5Q+3BFw="></latexit>

! i
ord1(W ) +

`(W )

6
=

n(n� 1)

12

�k = (�1)n�kWk/W

From standard theory of differential equations we have

W = Wn

no poles may have zeroes

=number of zeros of W



�G2 = T7�
Y L

X = {Y L,A1, A2, G2, D4, F4, E6, E7, E7 1
2
}MMS:

Yang-Lee 
model

Affine level 1 characters 
Deligne exceptional series

Characters of 
Intermediate Vertex 

Subalgebra 
(Kawasetsu) 

with                          we have

Second order: D2f � E2

6
Df � µE4

4
f = 0

D =
1

2⇡i

d

d⌧

Mathur-Mukhi-Sen classified n=2,                  solutions`(W ) = 0

Hecke relations in addition to 

�F4 = T13�
Y L
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Y L
<latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit><latexit sha1_base64="J8rabflttWQ8yFnY1tV/f7f6p08="></latexit>

�E7 = T7�
A1
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(Proof uses Sturm bound)
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Character with leading singularity as q ! 0

�0 ⇠ q�ceff/24

�heff ⇠ q�ceff/24+heff

Farey series:

We don’t have an explanation for this curious fact.

Two Character Models 



p 5 7 11 13 17 19 23 25 29 31 35 37 41 43 47 49 53 57

`I(p) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 6 6

Table 1: Number of zeros in the modular Wronskian for Hecke images under Tp

of Ising characters for small values of p.
<latexit sha1_base64="/kXTHhr7dUONxoPEuHKDNTd/kMQ="></latexit><latexit sha1_base64="/kXTHhr7dUONxoPEuHKDNTd/kMQ="></latexit><latexit sha1_base64="/kXTHhr7dUONxoPEuHKDNTd/kMQ="></latexit><latexit sha1_base64="/kXTHhr7dUONxoPEuHKDNTd/kMQ="></latexit>

Mathur, Mukhi & Sen classified n=2,                   solutions, 
but solutions exist for                   and are Hecke images  
of                   solutions since       changes 

`(W ) = 0
`(W ) > 0

`(W ) = 0 Tp ord1(W )

p 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71

`Y L
(p) 0 2 0 2 0 2 2 0 0 2 0 2 2 2 6 6 8

Table 1: Number of zeros in the modular Wronskian for Hecke images under Tp

of Yang-Lee characters for small values of p.
<latexit sha1_base64="ivsj0LKz5AoxyvmLVtHcMI/939s="></latexit><latexit sha1_base64="ivsj0LKz5AoxyvmLVtHcMI/939s="></latexit><latexit sha1_base64="ivsj0LKz5AoxyvmLVtHcMI/939s="></latexit><latexit sha1_base64="ivsj0LKz5AoxyvmLVtHcMI/939s="></latexit>

These Hecke images have negative coefficients
These Hecke images have positive coefficients and as 
RCFT characters appear in work of Naculich and 
Hampapurma & Mukhi



Three character theories: 

No classification I am aware of. Examples include

Other Examples

Minimal models: M4,3 (Ising)
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M⌦2
5,2 (YL⌦2)

<latexit sha1_base64="M1YAP98NnN2tFinm6R+P4Z1wfh0="></latexit><latexit sha1_base64="ZwznXq9FMlRu04ln5qkIluyLpxc="></latexit><latexit sha1_base64="ZwznXq9FMlRu04ln5qkIluyLpxc="></latexit><latexit sha1_base64="6lwB1aOXYWfho6YJ+fe5hiH3grw=">AAACGXicdVDLSsNAFJ34rPUVdelmsAgVJCQFH90V3bhQqGBspYlhMp20QycPZiZCCfE33PgrblyouNSVf+P0IVgfBy4czrmXe+/xE0aFNM0PbWp6ZnZuvrBQXFxaXlnV19YvRZxyTGwcs5g3fSQIoxGxJZWMNBNOUOgz0vB7xwO/cUO4oHF0IfsJcUPUiWhAMZJK8nQrczBi8Cz3sr3dSn6dObGkIRGwkt+WM4eH8Op0Qt3x9JJpVE2rum/B38QyzCFKYIy6p7857RinIYkkZkiIlmUm0s0QlxQzkhedVJAE4R7qkJaiEVKL3Gz4Wg63ldKGQcxVRRIO1e8TGQqF6Ie+6gyR7Iqf3kD8y2ulMjh0MxolqSQRHi0KUgZlDAc5wTblBEvWVwRhTtWtEHcRR1iqNIsqhK9P4f/ErhhVwzo3S7WjcRoFsAm2QBlY4ADUwAmoAxtgcAcewBN41u61R+1Fex21TmnjmQ0wAe39ExVeoH8=</latexit>

M7,2
<latexit sha1_base64="lnuMvSlJ9IRsfn63DUuuQOUlonM=">AAAB9HicdVA9SwNBEJ3zM8avqKXNYhQsJNylMKYL2tgIETwTSM6wt9lLluztHbt7Sjjuf9hYqNhaWvsb7Pwh9m4SBT8fDDzem2Fmnh9zprRtv1pT0zOzc/O5hfzi0vLKamFt/VxFiSTUJRGPZNPHinImqKuZ5rQZS4pDn9OGPzga+Y1LKhWLxJkextQLcU+wgBGsjXSRtgnm6CTrpJW9ctYpFO1S1Xaq+w76TZySPUaxtv329AwA9U7hpd2NSBJSoQnHSrUcO9ZeiqVmhNMs304UjTEZ4B5tGSpwSJWXjq/O0I5RuiiIpCmh0Vj9OpHiUKlh6JvOEOu++umNxL+8VqKDAy9lIk40FWSyKEg40hEaRYC6TFKi+dAQTCQztyLSxxITbYLKmxA+P0X/E7dcqpacUxPGIUyQg03Ygl1woAI1OIY6uEBAwjXcwp11Zd1Y99bDpHXK+pjZgG+wHt8BMmiU0A==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="GmgT3JGu0K4HeoFD3Y9Hlq3amlY=">AAAB6XicbZDNSgMxFIXv+Ftr1erWTbAILqTMdFPdCW7cCBUcW2jHkknvtKGZzJBklDLMe7hxoeILufNtTH8W2nog8HFOwr05YSq4Nq777aytb2xubZd2yruVvf2D6mHlQSeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4epq3n1Bpnsh7M0kxiOlQ8ogzaqz1mPcYFeS26OfN80bRr9bcujsTWQVvATVYqNWvfvUGCctilIYJqnXXc1MT5FQZzgQW5V6mMaVsTIfYtShpjDrIZ1sX5NQ6AxIlyh5pyMz9/SKnsdaTOLQ3Y2pGejmbmv9l3cxEF0HOZZoZlGw+KMoEMQmZVkAGXCEzYmKBMsXtroSNqKLM2KLKtgRv+cur4Dfql3XvzoUSHMMJnIEHTbiCG2iBDwwUvMAbvDvPzqvzMW9rzVnUdgR/5Hz+ALT9kFg=</latexit><latexit sha1_base64="7fitWS03x4RY/OJeLwvFSkfSx0c=">AAAB6XicdZBLSwMxFIXv1FetVatbN8EiuJAh04W1O8GNG6GCY4V2LJk004ZmMkOSUcow/8ONCxX/kDv/jelD8HkgcDgn4d58YSq4Nhi/O6Wl5ZXVtfJ6ZaO6ubVd26le6yRTlPk0EYm6CYlmgkvmG24Eu0kVI3EoWCccn037zh1TmifyykxSFsRkKHnEKTE2us17lAh0UfTz5lGj6Nfq2G1hr3Xsod/Gc/FMdVio3a+99QYJzWImDRVE666HUxPkRBlOBSsqvUyzlNAxGbKutZLETAf5bOsCHdhkgKJE2SMNmqVfX+Qk1noSh/ZmTMxI/+ym4V9dNzPRSZBzmWaGSTofFGUCmQRNEaABV4waMbGGUMXtroiOiCLUWFAVC+Hzp+h/4zfclutdYijDHuzDIXjQhFM4hzb4QEHBAzzBs3PvPDovc1olZ4FtF77Jef0AIlyQpg==</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="1o+xu21RewWW1YUmMP+egEd2Zq4=">AAAB9HicdVC7SgNBFL0bXzHxEbW0GYyChSy7KYzpgjY2QgTXBJI1zE5mkyGzD2ZmI2HJf9hYqNha+gP+gZ0forWTRMHngQuHc+7l3nu8mDOpLOvFyMzMzs0vZBdz+aXlldXC2vq5jBJBqEMiHomGhyXlLKSOYorTRiwoDjxO617/aOzXB1RIFoVnahhTN8DdkPmMYKWli7RFMEcno3Za3iuN2oWiZVYsu7Jvo9/ENq0JitXt18enQf6t1i48tzoRSQIaKsKxlE3bipWbYqEY4XSUayWSxpj0cZc2NQ1xQKWbTq4eoR2tdJAfCV2hQhP160SKAymHgac7A6x68qc3Fv/ymonyD9yUhXGiaEimi/yEIxWhcQSowwQlig81wUQwfSsiPSwwUTqonA7h81P0P3FKZsW0T3UYhzBFFjZhC3bBhjJU4Rhq4AABAVdwA7fGpXFt3Bn309aM8TGzAd9gPLwDKY6WSg==</latexit><latexit sha1_base64="YtB13HnIL0znXKf8Pnpx1FjvPxY=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgQkLShbW7ohs3QgVjC20sk+mkHTqZhJmJUkL+w40LFbd+jDv/xulD8HngwuGce7n3niDhTGnHebcKC4tLyyvF1dLa+sbmVnl751rFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMDqb+K1bKhWLxZUeJ9SP8ECwkBGsjXSTdQnm6CLvZbWjat4rVxy77rj1Yxf9Jq7tTFGBOZq98lu3H5M0okITjpXquE6i/QxLzQineambKppgMsID2jFU4IgqP5tenaMDo/RRGEtTQqOp+nUiw5FS4ygwnRHWQ/XTm4h/eZ1Uhyd+xkSSairIbFGYcqRjNIkA9ZmkRPOxIZhIZm5FZIglJtoEVTIhfH6K/ide1a7b7qVTaZzO0yjCHuzDIbhQgwacQxM8ICDhHh7hybqzHqxn62XWWrDmM7vwDdbrB2rHkgE=</latexit>

BabyMonster
<latexit sha1_base64="rhSisCI1v8bnU7Xxzd6guT+QRpw=">AAAB+nicdVA9SwNBEJ2LXzF+nbHUYjEIVuHOQk0XYmMjJOBpIAlhb7NJluztHrt7Yjjur9hYqNha+Dvs7PwpbhIFPx8MPN6bYWZeGHOmjee9Orm5+YXFpfxyYWV1bX3D3SxeaJkoQgMiuVTNEGvKmaCBYYbTZqwojkJOL8PRycS/vKJKMynOzTimnQgPBOszgo2Vum4xbasI1XA4RmdSaENV1nVLXrni+ZVDH/0mftmbolTdeW68AUC96760e5IkERWGcKx1y/di00mxMoxwmhXaiaYxJiM8oC1LBY6o7qTT2zO0Z5Ue6ktlSxg0Vb9OpDjSehyFtjPCZqh/ehPxL6+VmP5xJ2UiTgwVZLaon3BkJJoEgXpMUWL42BJMFLO3IjLEChObgS7YED4/Rf+T4KBcKfsNG0YNZsjDNuzCPvhwBFU4hToEQOAabuAO7p3MuXUenMdZa875mNmCb3Ce3gGbAJab</latexit><latexit sha1_base64="ocr6mJh8nW2R0OUUlFGmBrwmS/Y=">AAAB+nicdVDLSsNAFJ3UV62vWJeKDBbBVUhcqN2VunEjtGBsoQ1lMp20QyeTMDMRQ8jS33DjQsWti36HO7/Bn3DaKvg8cOFwzr3ce48fMyqVbb8ahbn5hcWl4nJpZXVtfcPcLF/KKBGYuDhikWj7SBJGOXEVVYy0Y0FQ6DPS8kenE791RYSkEb9QaUy8EA04DShGSks9s5x1RQjryE/hecSlIiLvmRXbqtpO9ciBv4lj2VNUajvj5tvN7rjRM1+6/QgnIeEKMyRlx7Fj5WVIKIoZyUvdRJIY4REakI6mHIVEetn09hzua6UPg0jo4gpO1a8TGQqlTENfd4ZIDeVPbyL+5XUSFZx4GeVxogjHs0VBwqCK4CQI2KeCYMVSTRAWVN8K8RAJhHUGsqRD+PwU/k/cQ6tqOU0dRh3MUATbYA8cAAccgxo4Aw3gAgyuwS24Bw9GbtwZj8bTrLVgfMxsgW8wnt8Bd9+YAQ==</latexit><latexit sha1_base64="ocr6mJh8nW2R0OUUlFGmBrwmS/Y=">AAAB+nicdVDLSsNAFJ3UV62vWJeKDBbBVUhcqN2VunEjtGBsoQ1lMp20QyeTMDMRQ8jS33DjQsWti36HO7/Bn3DaKvg8cOFwzr3ce48fMyqVbb8ahbn5hcWl4nJpZXVtfcPcLF/KKBGYuDhikWj7SBJGOXEVVYy0Y0FQ6DPS8kenE791RYSkEb9QaUy8EA04DShGSks9s5x1RQjryE/hecSlIiLvmRXbqtpO9ciBv4lj2VNUajvj5tvN7rjRM1+6/QgnIeEKMyRlx7Fj5WVIKIoZyUvdRJIY4REakI6mHIVEetn09hzua6UPg0jo4gpO1a8TGQqlTENfd4ZIDeVPbyL+5XUSFZx4GeVxogjHs0VBwqCK4CQI2KeCYMVSTRAWVN8K8RAJhHUGsqRD+PwU/k/cQ6tqOU0dRh3MUATbYA8cAAccgxo4Aw3gAgyuwS24Bw9GbtwZj8bTrLVgfMxsgW8wnt8Bd9+YAQ==</latexit><latexit sha1_base64="4BP1O3hFXNtQv/cJ/JCL7DJ48Xk=">AAAB+nicdVDLSsNAFJ3UV62vWJduBovgKiQu1O5K3bgRKhhbaEOZTCft0HmEmYlYQn7FjQsVt36JO//G6UPweeDC4Zx7ufeeOGVUG99/d0pLyyura+X1ysbm1vaOu1u90TJTmIRYMqk6MdKEUUFCQw0jnVQRxGNG2vH4fOq3b4nSVIprM0lJxNFQ0IRiZKzUd6t5T3HYRPEEXkqhDVFF3635Xt0P6icB/E0Cz5+hBhZo9d233kDijBNhMENadwM/NVGOlKGYkaLSyzRJER6jIelaKhAnOspntxfw0CoDmEhlSxg4U79O5IhrPeGx7eTIjPRPbyr+5XUzk5xFORVpZojA80VJxqCRcBoEHFBFsGETSxBW1N4K8QgphG0GumJD+PwU/k/CY6/uBVd+rdFcpFEG++AAHIEAnIIGuAAtEAIM7sA9eARPTuE8OM/Oy7y15Cxm9sA3OK8fjUuUVg==</latexit>

, ,
Hampapura-Mukhi explored three-character RCFT w/o 
Kac-Moody symmetry and found examples with c=47/2, 
164/5, 236/7. These are all Hecke images:

Duality of H-M implied by 
Hecke relations

�c=47/2 = T47�
(4,3)

�c=164/5 = T41�
(5,2)⌦2

�c=236/7 = T59�
(7,2)



1Q1
n=2(1� qn)

=
1X

n=0

c(n)qn

�N,p =T60⇤N+p�
Y L +

N�2X

k=0

d(k)Tp+60k�
Y L

One can use Hecke images to construct families of 
possible RCFT characters—non-holo analogs of 
extremal CFT of                        .  If

p = 7, 13, 47, 53 mod 60
then             Tp�

Y L

1. Has non-negative integer coefficients in q expansion.

2. The vacuum appears with degeneracy one.

3. The fusion coefficients from Verlinde are non-negative.

Consistency with Virasoro requires

d(k) � c(k)

Höhn/Witten



Summary and Questions
There is a hidden symmetry relating characters of 
many different RCFTs based on the mathematical 
theory of Hecke operators. 

The relation generalizes previously known Galois 
symmetry relations between the representations of 
the modular group provided by RCFT characters.

These Hecke relations appear to be very common. 
Other examples we are exploring where they 
appear include RCFT with n>3 characters, rational 
Gaussian models/lattice VOAs and Gepner models.



Do these Hecke operators have a natural physical 
origin?

Do these Hecke relations relate the full RCFT or just 
their characters? If the former, this indicates there are 
new symmetries acting on the space of RCFTs with 
a strong number theoretic flavor. 

Note that for Yang-Lee and affine G2 theories with 
characters related by       the braiding and fusion 
matrices are related by the associated Frobenius 
transformation        .

T7

f60,7

Is there a nice theory of how Hecke operators relate 
the divisors of the Wronskians of MLDE?
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Hexagon relation for R,F

g = (1 +
p
5)/2 ! �1/g

f60,7
Yang-Lee Affine G2

f60,7

(See Barkeshli’s talk)



RCFTs and their fusion algebras, modular tensor 
categories, characters etc. appear in many places in 
condensed matter physics:

Boundary modes of QHE systems and 
topological insulators.

Tool for computing and studying Entanglement 
Entropy.

Quantum computation.

It will be interesting to see if these new Hecke relations 
have implications in the real world. 
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Hecke Operators for �(N)

Double Coset: �1↵�2 = {�1↵�2|�1 2 �1, �2 2 �2}

�1,�2 congruence subgroups

f [�1↵�2]k =
X

j

f |k�j �1↵�2 =
[

j

�1�j

Mk(�1) ! Mk(�2)

Apply this with �1 = �2 = �(N)
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1 0
0 p
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Define �p =
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p 0
0 1
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, U⌫ =
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Hecke Operators for          ,  (p,N)=1

(Tpf)(⌧) ⌘ f [�(N)↵p�(N)]k(⌧) =
X

�2�(p)
N

(f |k�)(⌧)

Hecke Operators for �(N)

�(p)
N = {�p�p;Ub, 0  b  p� 1}

where       is the pre-image of              under the mod 

 N map                                         and 

�p

✓
p̄ 0
0 p
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p̄p = 1 mod NSL(2,Z) ! SL(2,Z/NZ)

�(N)

Rankin 
Chap. 9



Example: N = 60, p = 7, p̄ = 43 �7 =

✓
27343 �33780
480 �593

◆
Hecke Operators for �(N)

The term                    does not allow for any simple action 
on Fourier coefficients.

(f |k�p)(p⌧)

Main problem with extending Hecke operators to vector-
valued modular forms/functions:

Representation     is defined on elements of                but 
Hecke operators require action of elements of                .

⇢ SL(2,Z)
GL(2,Z)

Brunier-Stein, Raum Weil representations, 
representation on C(�(p)

N )



� 2 SL(2,Z)

Hecke Operators for RCFT Characters
Recall for RCFT characters �i, i = 1, 2, · · ·n = dim(V )

�i(�⌧) =
X

j

⇢(�)ij�i(⌧) �(N) ⇢ ker(⇢)

In particular �i(�pp⌧) =
X

j

⇢(�p)ij�j(p⌧)

      is only defined up to the action of             but since                                                     �p �(N)

�(N) ⇢ ker(⇢) ,          is well defined. ⇢(�p)

We can simply reinterpret the Hecke operators for           
to get Hecke operators on RCFT characters with vector 
structure.

�(N)



(p,N) = 1

(Tpf)i(⌧) :=
X

�2�(p)
N

fi(�⌧) =
X

j

⇢ij(�p)fj(p⌧) +
p�1X

b=0

fi
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⌧ + bN

p

◆

Hecke  for RCFT

On Fourier coefficients: �i(⌧) =
X

n

bi(n)q
n/N

(Tp�)i(⌧) =
X

n

b(p)i (n)qn/N

b(p)i (n) =

(
pbi(np) p - n
pbi(np) +

P
b ⇢ij(�p)bj(n/p) p|n

N.B. unconventional normalization preserves integrality 
of coefficients at weight k=0.



Hecke  for RCFT
The proof that the components are again modular forms 
for           is the standard one from e.g. Diamond-Shurman�(N)

Acting with                   permutes the orbit space�2 2 �(N)

�(N)\�(N)↵p�(N)

by right multiplication and gives an equivalent set of orbit 
representatives    .�
While acting with the generators S,T of                givesSL(2,Z)

�(p)
N � T = T p̄ ��(p)

N ,

�(p)
N � S = �pS ��(p)

N

⇢(p)(S) = ⇢(�pS), ⇢(p)(T ) = ⇢(T p̄)Representation 
of Hecke image




