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1. Motivation
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Donaldson-Thomas invariants

Let X be a smooth projective Calabi-Yau 3-fold, i.e. Kx =0. lts
Donaldson-Thomas invariant is defined by

DT, (v) = / 1eZ.
(Mo ()]

Here v € H?*(X,Q) and o is a Bridgeland stability condition on the
derived category of coherent sheaves D’(X), and

M, (v)

is the moduli space of o-stable objects E with ch(F) = v.
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© What is the geometric relation of two moduli spaces M+ (v) and
M —(v)? e.g. they are flip or flop in birational geometry?

@ What is the relation of D*(M,+(v)) and D°(M, (v))?

These questions are related to wall-crossing phenoma of DT invariants.

However these questions do not make sense in usual birational geometry,
because of possible bad singularities of M, (v) (non-reduced,
non-irreducible, etc).

In this talk, we study the above questions via d-critical birational geometry.
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2. Background

Yukinobu Toda (Kavli IPM Birational geometry 5/38



Review of birational geometry

Let Y be a smooth projective variety. A minimal model program (MMP)
of Y is a sequence of birational maps

Y =Yy —=» Yy o= e —=» Y1 - Yy
such that each birational map Y; --» Y11 is a (generalized) flip
i
Y; —> Z; &Y

i.e. fii are birational, —Ky; is f;r—ample, and Ky, , is f; -ample.

An output Yy is either a minimal model, i.e. Ky, is nef (i.e. Ky, -C >0
for any curve C' C Yy), or has a Mori fiber space structure Yy — S.

We can interpret MMP as a process minimizing the canonical divisor.
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D/K principle

For a MMP,
Y = Vi o> Vg -» oo —o> Vg —=> Yy

if each Y; is non-singular, Bondal-Orlov, Kawamata's D/K principle
predicts the existence of fully-faithful functors of derived categories

Db(Y1) = Db(Ys) = --- <= DP(Yy_1) <= Db(Yw).

If this is true, then we can also interpret MMP as minimizing the derived
category.
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Bridgeland stability condition

For a variety X, a Bridgeland stability condition (mathematical framework
of Douglas's TI-stability in physics) on D’(X) consists of data

Z:K(X)—C, Ac D"(X)

where Z is a group homomorphism (central charge), A is the heart of a
t-structure, satisfying some axioms, e.g.

Z(E)CHUR.y, 0£E€ A

where H is the upper half plane. Given o = (Z,.A), an object E € A is
o-(semi)stable if for any non-zero subobject F' C E, we have

arg Z(F) < (<) arg Z(E), in (0,7].
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The space of stability conditions

Giving a pair (Z, A) is also equivalent to giving data
Z:K(X)—C, P(¢p) c D"(X), p€R

satisfying some axioms. Here P(¢) is the subcategory of semistable
objects with phase ¢.

Bridgeland showed that the set of stability conditions

Stab(X) = {(Z,{P(¢)}per)}

forms a complex manifold. When X is a CY manifold, Stab(X) is
expected to be related to the stringy Kahler moduli space of X.
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Moduli spaces of (semi)stable objects

For an algebraic class v and a choice of a stability condition ¢
v e H*(X,Q), o € Stab(X)

on DY(X), let M,(v) be the moduli space of o-stable objects E € D(X)
with ch(E) = v.

The moduli space M, (v) depends on a choice of o. In general, we have
wall-crossing phenomena: i.e. there is a wall-chamber structure on
Stab(X) such that M, (v) is constant if o lies in a chamber but changes
when o crosses a wall.
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Here is a more precise version of our main questions.

@ For two moduli spaces M,+(v), M,-(v), we can connect them by
wall-crossing diagrams

My (0) == My () == Moy (0) == -+ == M- (0).

Is this a MMP?

@ Do we have a sequence of fully-faithful functors

D*(My+(v)) ¢ D* (Mg, (v)) ¢ D*(My(v)) ¢ -+ += D*(M,-(v))?
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SIS

@ When X is a K3 surface, these questions were solved by Bayer-Macri
(1-st question), announced by Halpern-Leistner (2nd question). In
this case, M, (v) is non-singular holomorphic symplectic manifold,
birational and derived equivalent under wall-crossing.

e However when X is a CY 3-fold, M,(v) is singular (worse than (log)
terminal singularities, (log) canonical singularities, etc). And even if
they are smooth they are not birational in general.

o Therefore the questions on the relationships of M, (v), D®(M,+(v))
do not make sense in a classical birational geometric viewpoint.
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|dea of d-critical birational geometry

@ Although the moduli space M, (v) is usually highly singular, it has a
special structure called d-critical structure, which is a classical shadow
of (—1)-shifted symplectic structure in derived algebraic geometry.

@ Instead of usual birational geometry, we introduce the concept of
d-critical birational geometry. It involves the notion of d-critical flips,
flops, etc. They are not birational maps of underlying spaces, but
rather should be understood as virtual birational maps.

@ We will see that several wall-crossing diagrams in CY 3-folds are
described in terms of d-critical birational geometry.
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3. D-critical birational geometry
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(—1)-shifted symplectic structure

By [Pantev-Toen-Vaquie-Vezzosi], the moduli space M, (v) on a CY 3-fold
X is a truncation of a derived stack 9, (v) with a (—1)-shifted symplectic
structure.

By [Ben-Bassat-Brav-Bussi-Joyce]|, the (—1)-shifted symplectic structure
on M, (v) is locally of Darboux form. This in particular implies that
My (v) has local chart of the form

U={dw=0} — V

l [

My (v) Al

such that V is a smooth scheme.
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d-critical structure

By [Joyce], there is a canonical sheaf Sy; of C-vector spaces on M, (v)
such that,

Sulu = Ker (Ov/(dw)2 dog Qv /(dw) - QV.>

The existence of a global (—1)-shifted symplectic form on 9t,(v) implies
that the local section w € T'(U, Sas|y) glue to give a global section

s € [(My(v), Sur)-

The pair (M, (v), s) is called a d-critical locus and s is called a d-critical
structure of M, (v).
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D-critical birational transformation

Let (M*,s%) be two d-critical loci, e.g. M* = M_,+(v), and consider a
diagram of schemes

MY S AT M-

The above diagram is called d-critical flip (flop) if for any p € A, there
exists an open neighborhood p € U C A, a commutative diagram

(r5) "1 (U) vt o vt
| e e
U y Z —— C

where YT are smooth, the left horizontal arrows are closed immersions,
satisfying the following conditions:
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D-critical birational transformation

@ We have isomorphisms as d-critical loci
(7)1 U) 5 {dw* =0} Cc Y
@ The diagram
v+ 2Ly

is a flip (flop) of smooth varieties, i.e. f* are birational, —Ky+ is
fT-ample and Ky - is f~-ample (resp. Ky« are f*-trivial).

The notion of d-critical divisorial contraction, d-critical Mori fiber space
are also defined in a similar way.
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Example: d-critical flip

Let us consider the following commutative diagram

2 L2 2

S A A

C id, C id C

where f is the blow-up at the origin and g(u,v) = uv. Then we have the
diagram

M* = {dw" =0} = SpecC + M~ = {dw™ = 0}.

The above diagram is a d-critical flip. We have M~ = SpecC,
(M+)red = P! with non-reduced structures at {0} and {oo}.
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Example: symmetric products of curves

Let C' be a smooth projective curve with genus g, and let S¥(C) be the
k-th symmetric product of C. Let Pic*(C) be the moduli space of line
bundles on C with degree k. For each n > 0, we have the classical
diagram of Abel-Jacobi maps

§mHe-L(0) T Picn - Y(0) T s ().

Here the morphisms 7®

are given by
7(ZCC)=0c(2), n=(Z CO)=wc(-2).

At a point in Im 7, the above diagram is a d-critical flip, though they are
not birational.
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4. Analytic neighborhood theorem
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Moduli spaces of polystable objects

Let X be a smooth projective CY 3-fold, and M, (v) be the moduli stack
of o-semistable objects E with ch(E) = v. If it is an algebraic stack of
finite type, then there is a good moduli space (Alper-H. Leistner-Heinloth)

My (v) = My (v)
where M, (v) is a proper algebraic space of finite type, which parametrizes
o-polystable objects E with ch(E) = v, i.e. direct sum of the form
k
E=EPE>, E;is o-stable, ¢(E;) = ¢(E;), E; # Ej.
i=1
We have an open immersion M, (v) C M,(v), which is an isomorphism if

v is primitive and o is general.
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Analytic neighborhood theorem

Suppose that v is primitive, o € Stab(X) lies in a wall and o lie on its
adjacent chambers. Then the open immersions

M+ (v) C Mg(v) D My-(v)

induce the diagram of proper algebraic spaces

M,y (0) ™ Mo(0) & M, (v).

Theorem (T)

For any p € M, (v) corresponding to a polystable object ©F_, B, there
is an analytic open neighborhood p € U C M ,(v), and isomorphisms as
d-critical loci
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Analytic neighborhood theorem

e () is a quiver with vertex {1,2,...,k}, and the number of edges from
i to j is the dimension of Ext!(E;, Ej).

e W is a convergent super-potential of ), i.e. W is a formal
super-potential which has a convergence radius.

e A% are stability conditions on Q-representations, given by the central
charge

K(RepQ) — C, S; — Z*(E;).

Here .S; is the simple ()-representation corresponding to the vertex i,
Z* are the central charges for o*.

° Repéi’w) (m) is the moduli space of §F-stable Q-representations

satisfying the relation OW with dimension vector 7 = (m;)1<i<k
which is a complex analytic space.
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Analytic neighborhood theorem

We have
rW
Repl*") (1) = {d(urW') = 0} € Rep. (1) “¥ €.

Here Repgi (m) is the moduli space of 0*-stable (-representations

without the relation OW. As RepeQi(ﬁi) is smooth and birational, we have
the following corollary:

Corollary

The diagram

M+ ()™ Mo () T M,-(v).
is a d-critical flip (flop) at a point p = @F_ EX™ if

Repg, (17) - Repl. ()

is a flip (flop) of smooth varieties.
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5. Wall-crossing of stable pair moduli spaces
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Stable pair moduli spaces

Let X be a CY 3-fold. By definition, a Pandharipande-Thomas stable pair
is data

(F,s), s: Ox = F

where F' is a pure one dimensional coherent sheaf on X and s is surjective
in dimension one. For n € Z and € Hy(X,Z), the moduli space of
stable pairs

Po(X, 8) = {(F,s) : [F] = B, x(F) = n}

is a projective scheme. It is isomorphic to the moduli space of two term
complexes (Ox — F') in the derived category.
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The case of irreducible curve class

Suppose that 3 is an irreducible curve class, i.e. it is not written as
B1 + Bo for effective classes [3;. In this case, we have the diagram

Pu(X,8) S My(X,8) = P_.(X, B).

Here M, (X, 3) is the moduli space of one dimensional Gieseker stable
sheaves F' on X with ([F],x(F)) = (8,n), and the maps 7* are defined
by

at(F,s)=F, n= (F',s) = Ext% (F', Ox).
The above diagram is isomorphic to the wall-crossing diagram
Mg+ (v) = My(v) < M- (v)
for weak stability conditions, and v = (1,0, -3, —n).
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SOD for stable pair moduli spaces

Theorem (T)
For an irreducible curve class 8 and n > 0, we have the following:
@ The diagram

Pu(X,8) D My(X,8) & P_o(X, B).

is a d-critical flip.
@ Suppose that M, (X, ) is non-singular. Then Py, (X, ) are also
non-singular, and we have the following semiorthogonal decomposition

D(Pu(X, 8)) =

n

~ N

(DY(Mn(X, B)), ..., DP(My(X, B)), D'(P-n(X, B))).
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e The SOD of D*(P,(X,3)) gives a categorification of the
wall-crossing formula of PT invariants

P,g—P_ 5= (*1)n_1nNn’5

where P, 3, N, g are the integrations of the zero dimensional virtual
classes on P, (X, 3), M, (X, ). The above formula is used to show
the rationality of the generating series of PT invariants.

@ The existence of fully-faithful functor
Db(P—’n(X7 B)) — Db(Pn(Xa /8))

indicates d-critical version of D/K principle.
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In a general case

When (3 is not necessary irreducible, there exist sequences of wall-crossing
diagrams in D%(X)

Pn(X7/8) = Ml —-—— M2 B ]\4]\[7
P—n(Xaﬁ) = MN+N/ —-——> MN+N/—1 3 e —— MN

where each dotted arrows are d-critical flips. The above diagrams were
used to show the formula (T)

Z Pn,gq"tﬁ = H exp((—l)"*lnNnﬁq”tﬁ) Z Ln’gq”tﬁ
n,B n>0,8>0 n,B

which implies the rationality of PT generating series. Here L, 3 is the
integration of the virtual classes on M.
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6. Categorification of Kawai-Yoshioka formula
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Stable pairs on K3 surfaces

Let .S be a smooth projective K3 surface such that
Pic(S) = Z[Os(H)|
for an ample divisor H on S with H? = 2g — 2. Let
m:C— |H| =P
be the universal curve and
clnto=1 _y pg

the 7-relative Hilbert schemes of (n + g — 1)-points. It is known that
C["+9=11 is isomorphic to the stable pair moduli space P, (S, [H]) on S.
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Moduli spaces on K3 surfaces

For each k > 0, let M}, be the moduli space of H-Gieseker stable sheaves
FE on S such that

v(E) = ch(E)v/tds = (k,[H], k +n) € H*(S,Z).
The moduli space My, is an irreducible holomorphic symplectic manifold.

We also denote by P, be the moduli space of coherent systems
Pr={(E,s):[E] € My, 0# s: Og — E}.

Kawai-Yoshioka proved that P is a smooth projective variety.
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Diagrams of moduli spaces on K3 surfaces

We have morphisms

P M Py
where ﬂ,f are defined by
i (E,s)=E, m (E',s') = Cok(s').
For N > 0, we have the sequence of diagrams

C[n+g_1] — PO ——> Pl ——Y e ——> PN*l - PN g @

The above diagram multiplied by an elliptic curve C' is identified with
wall-crossing diagram in D?(X), where X is a CY 3-fold X = S x C.
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SOD of stable pairs on K3 surfaces

Theorem (T)

@ The sequence
C[n+g_1] — ’]30 ——3 ’]31 Sy e ==y PN—I oo PN = @

is a sequence of d-critical flips.
@ We have the SOD
n+2k

D*(Py) = (D°(My,), D*(My), . . ., D*(My), D*(Pis1))-
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Relation to Kawai-Yoshioka formula

Corollary

The moduli space of stable pairs P, (S, [H]) = C"*9=1 admits a SOD

Dh(CloI) = (A, Ay, ..., AN)
n—i—gk
where each Ay, admits a SOD Ay = (D°(My), D(My,), . .., D°(Mj).

The SOD of CI" 91 categorifies Kawai-Yoshioka's formula

N
e(Clt1) =3 "(n + 2k)e(My).
k=0

Together with e(Mjy) = e(Hilb?* +7)(5)) and Gottsche formula, the
above formula led to the Katz-Klemm-Vafa formula for stable pairs with

irreducible curve classes.
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Thank you very much
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