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from the view point of entanglement and RSRG

Realistic physical systems are normally entangled weakly.
This property enables us to apply RG transformation.
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FIG. 5. Plots of the elements of tensors [B(s)]ijkl, when re-
shaped as 16 × 16 matrices, after s iterations of the TNR
coarse-graining transformation, for several values of s. Dark
pixels indicate elements of small magnitude and lighter pix-
els indicate elements with larger magnitude. (a) Starting
at a sub-critical temperature, T = 0.9 TC , the coarse-
grained tensors quickly converge to the Z2 fixed-point ten-
sor BZ2 ≡ Btriv ⊕ Btriv. (b) Starting at the critical tem-
perature, T = TC , the coarse-grained tensors converge to a
non-trivial fixed-point tensor Bcrit. Notice that the difference
between coarse-grained tensors, |B(s) −B(s+1)|, which is dis-
played with the same color intensity as the plots of |B(s)|, is
already very small (as compared to the magnitude of the ele-
ments in the individual tensors) for s = 1. (c) Starting at the
super-critical temperature, T = 1.1 TC , the coarse-grained
tensors quickly converge to the disordered fixed point Btriv,
that has only one non-zero element.

T = 1.1 TC , we obtain a trivial fixed-point tensor Btriv.

that has only a single significant element [Btriv]1111 = 1
with all other elements zero or arbitrarily small, which
is representative of the infinite temperature, disordered
phase.

Appendix B.– Non-critical RG fixed points: TRG
versus TNR.

In this appendix we discuss certain aspects of the flow
that TRG and TNR generate in the space of tensors,
which emphasizes one of the main differences between

FIG. 6. The precision with which TNR approximates a scale-
invariant fixed point tensor for the 2D classical Ising model at
critical temperature Tc is examined by comparing the differ-
ence between tensors produced by successive TNR iterations
δ(s) ≡ ∥A(s) − A(s−1)∥, where tensors have been normalized
such that ∥A(s)∥ = 1. For small s (initial RG steps), the main
limitation to realizing scale-invariance exactly is physical: the
lattice Hamiltonian includes RG irrelevant terms that break
scale-invariance at short-distance scales, but are suppressed
at larger distances. On the other hand, for large s (large
number of RG steps) the main obstruction to scale invariance
is the numerical truncation errors, which can be thought of as
introducing RG relevant terms, effectively throwing us away
from criticality and thus scale invariance. Indeed, use of a
larger bond dimension χ, which reduces truncation errors, al-
lows TNR to not only achieve a more precise approximation
to scale-invariance, but to hold it for more RG steps.

FIG. 7. (a) CDL tensor ACDL of Eq. 6. (b) Tensor network
made of CDL tensors, which contains correlations only within
each plaquette.
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the two approaches. Specifically, we describe a class of
non-critical fixed-points of the flow generated by TRG,
namely those represented by corner double line (CDL)
tensors ACDL, and show that TNR coarse-grains such
tensors into a trivial tensor Atriv. We emphasize that
TEFR can also transform a CDL tensor ACDL into a
trivial tensor Atriv [7].
Fig. 7(a) contains a graphical representation of a CDL

tensor ACDL, which has components
(

ACDL
)

ijkl
given by

(

ACDL
)

(i1i2)(j1j2)(k1k2)(l1l2)
= δi1j2δj1k2

δk1l2δl1i2 (6)

where a double index notation i = (i1i2) has the meaning
i = i1 + η(i2 − 1). Here the double index runs over val-
ues i ∈

{

1, 2, . . . , η2
}

for integer η, whereas each single
index runs over values i1, i2 ∈ {1, 2, . . . , η}. Notice that
a square network formed from such CDL tensors ACDL

contains only short-ranged correlations; specifically only
degrees of freedom within the same plaquette can be cor-
related. We now proceed to demonstrate that this net-
work is an exact fixed point of coarse-graining with TRG,
which was already described in [7]. Note that it is pos-
sible to generalize this construction (and the derivation
presented below) by replacing each delta in Eq. 6 (e.g.
δi1j2) with a generic η × η matrix (e.g. Mi1j2) that con-
tains microscopic details. For instance, the fixed point
CDL tensors ACDL(T ) obtained with TRG for the off-
critical 2D classical Ising model partition function would
contain matricesMi1j2(T ) that depend on the initial tem-
perature T . However, for simplicity, here we will only
consider the case Mi1j2 = δi1j2 .

In the first step of TRG the tensor ACDL is factorized
into a pair of three index tensors S,

(

ACDL
)

ijkl
=

η2

∑

m=1

SmijSmkl (7)

where, through use of the double index notation intro-
duced in Eq. 7, tensors S may be written,

S(m1m2)(l1l2)(i1i2) = δm1l2δl1i2δi1m2
, (8)

see also Fig. 8(a-b). The next step of TRG involves
contracting four S tensors to form an effective tensor A′

for the coarse grained partition function,

A′
ijkl =

η2

∑

m,n,o,p=1

SimpSjnmSkonSlpo (9)

where, through use of the explicit form of S given in Eq.
8, the tensor A′ is computed as,

A′
(i1i2)(j1j2)(k1k2)(l1l2) = ηδi1j2δj1k2

δk1l2δl1i2 , (10)

see also Fig. 8(c-d). Notice that the effective tensor
is proportionate to the original CDL tensor, A′

ijkl =

FIG. 8. A depiction of the two key steps of the TRG coarse-
graining transformation. (a) The first step factorizes the ten-
sor ACDL into a product of two tensors S. (b) Local detail
of the factorization for CDL tensors, see also Eq. 7. (c) The
second step contracts four tensors S into an effective tensor
A′. (d) Local detail of the contraction step, see also Eq. 10.
Notice that the effective tensor A′ is also a CDL tensor (with
a 45 degree tilt), indicating that CDL tensors are a fixed point
of the TRG coarse-graining transformation.

η
(

ACDL
)

ijkl
, where the multiplicative factor of η arises

from the contraction of a ‘loop’ of correlations down to a
point,

η
∑

m1,n1,o1,p1=1

δm1n1
δn1o1δo1p1

δp1m1
= η, (11)

as depicted in Fig. 8(d). That the network of CDL ten-
sors is a fixed point of TRG indicates that some of the
short-range correlations in the tensor network are pre-
served during coarse-graining, i.e. that TRG is artificially
promoting short-ranged degrees to a larger length scale.
As a result TRG defines a flow in the space of tensors
which is not consistent with what is expected of a proper
RG flow. Indeed, two tensor networks that only differ
in short-range correlations, as encoded in two different
ACDL and ÃCDL tensors (differing e.g. in the dimension
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RG flow is accurately traced at criticality.

Fixed point is numerically captured.
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2D Ising Model: Transition temperature can be obtained with 8 digits. 
3D Ising Model: obtained Tc = 4.511546  (Monte Carlo: 4.511544) 

　      (T. Xiang et al: arXiv:1201.1144)
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exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central
charge c and lowest scaling dimensions of the critical Ising
model. TRG results are obtained using the original Levin and
Nave’s algorithm [4]. TRG+env results are obtained using an
improved TRG method proposed in Ref. [5] under the name
of “poor-man’s SRG”. TEFR results are taken from Ref.
[7]. The first three numerical columns use bond dimension
χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses
χ = 24 and 262,144 spins.

point tensor (and thus recovers scale invariance) at crit-
icality. As demonstrated in Ref. [7], TEFR produces
accurate estimates of the central charge c and scaling di-
mensions ∆α for the Ising model, and one might indeed
misinterpret those as being evidence for having generated
a critical fixed-point tensor. However, the estimates re-
ported in Ref. [7] for c and ∆α are of comparable ac-
curacy to those obtained with TRG and “poor-man’s
SRG” using the same bond dimension (see Table I in
Sect. C.5). Since the above methods demonstrably fail
to produce a fixed-point tensor, the accurate TEFR es-
timates provided in Ref. [7] are no evidence that TEFR
has produced a critical fixed-point tensor. In conclusion,
Ref. [7] refers to the TEFR critical tensors as fixed-point
tensors, but Ref. [7] provides no evidence that TEFR
realizes a fixed-point tensor at criticality.

Extraction of scaling dimensions from a transfer
matrix

In proposing TRG in Ref. [4], Levin and Nave refer
to the significant loss of efficiency experienced by the
method at criticality as TRG’s critical break-down. It is
important to emphasize that, in spite of this significant
loss of efficiency at criticality, TRG can still be used to
extract universal information about a phase transition,
by studying the partition function of a finite system.
The key theoretical reason is that in a finite system

one can observe a realization of the so-called operator-
state correspondence in conformal field theories (CFT),
which asserts that there is a one-to-one map between
the states of the theory and its scaling operators [36].
Specifically, the finite size corrections are universal and
controlled by the spectrum of scaling dimensions of the

theory [37]. This is best known in the context of critical
quantum spin chains, where Cardy’s formula relates the
smallest scaling dimensions ∆α of the conformal theory
to the lowest eigenvalues Eα of the critical Hamiltonian
on a periodic chain according to

Eα(L)− Eα(∞) = η
2π

L
∆α + · · · , (18)

where L is the number of spins on the chain, Eα(∞)
is the energy in an infinite system, η (independent of
α) depends on the normalization of the Hamiltonian,
and where the sub-leading non-universal corrections are
O(1/L2) in the absence of marginal operators. Thus, we
can estimate scaling dimensions ∆α by diagonalizing a
critical Hamiltonian on a finite periodic chain, as it is
often done using exact diagonalization techniques. In a
two dimensional statistical system, the analogous result
is the observation that even in a finite system, a critical
partition function Z is organized according to the scaling
dimensions of the theory as

Z = eaLxLy

∑

α

e−Ly
2π
Lx

(∆α− c
12

)+··· ), (19)

where a is some non-universal constant, c is the central
charge of the CFT, and we assumed isotropic couplings
and a square torus made of Lx × Ly sites.

FIG. 16. Calculation of the smallest non-zero scaling dimen-
sion of 2D classical Ising at criticality, computed using either
TRG or TNR through diagonalization of the transfer operator
on an effective linear system size of L spins, comparing to the
exact result ∆σ = 1/8. For small system sizes, L < 26 spins,
finite size effects limit the precision with which ∆σ can be
computed, while for large system sizes truncation errors re-
duce the accuracy of the computed value of ∆σ. However, it
is seen that the TNR approach maintains accuracy for much
larger system sizes than does TRG: while TRG with bond
dimension χ = 80 gives ∆σ within 1% accuracy up to lin-
ear system size L = 211 spins, a TNR with bond dimension
χ = 24, which required a similar computation time as the
χ = 80 TRG result, gives 1% accuracy up to L = 224 spins.

As proposed by Gu and Wen [7], if the coarse-grained
tensor A(s) effectively represents the whole partition

     (Evenbly and Vidal: arXiv:1412.0732)

A Big Step in 
Real-Space RG

from recent numerical results by means of Tensor Network

estimation of conformal 
weights for 2D Ising Model



“Tensor” in tensor network formulation

1. はじめに

テンソルネットワーク形式は、量子力学や場の理論に現
れる演算子の期待値、あるいは統計物理学で扱う分配関数
などを、網の目のように接続した「テンソルの縮約」によっ
て記述する論理形式である。強い相関を含む量子基底状態
や臨界点直上の状態など、数値計算による解析が従来は困
難であった物理対象にも比較的容易に適用でき、小規模な
数値計算によって高い精度のデータが得られることから、
近年ひときわ注目を浴びている。その秘訣は、系に含まれ
る小領域が周囲と影響し合う状況を、エンタングルメント
(Entanglement) の概念を軸に整理し、明示的に取り扱う点
にある。磁性から分子化学に渡る物性物理学の典型的な問
題に加え、原子核や素粒子物理学の模型までを含む、幅広
い物理系へと応用され始めたテンソルネットワーク形式に
ついて、本稿では基本的な考え方を中心にお伝えしたい。
次節では、テンソルネットワークを図形的に表す ダイア

グラム を導入し、重要な概念である 行列積状態 (MPS) に
ついて解説する。3 節では MPS の高次元版である テンソ
ル積形式 について、最近の応用を紹介したい。4 節では、
エンタングルメントについて考えよう。続く 5 節ではテン
ソルネットワーク形式を、繰り込み群 の観点から眺め、6

節で今後の進展を占いたい。数式や記号が煩雑に感じられ
れば斜め読み (!)して、テンソルネットワーク形式の全体像
を大まかに把握していただければ幸いだ。

2. テンソルネットワークのダイアグラム表示

テンソルという用語が何を指すのか、まずは教科書的に
説明しておこう。縦に m 行、横に n 列の行列 A を考えて
みる。その要素 Aij は実数でも複素数でも良い。ベクトル
V = (V1 , V2 , · · ·Vm) およびW = (W1 ,W2 , · · ·Wn) との
間で、例えば次のように和を取り

c =
m
∑

i=1

n
∑

j=1

Vi AijWj =
∑

ij

AijVi Wj (1)

スカラー量 c を表すことができる。このように、揃った添
え字で取る和は 縮約 と呼ばれる。なお、本稿ではベクトル
や行列の要素を、誤解がない限り大文字で表す。Bijkℓ のよ
うに、3 つ以上の脚、つまり足あるいは添え字を持つもの
がテンソル (の要素) だ。このテンソル B と、 4 つのベク
トル V, W, X, Y との縮約もスカラー量になる。

c′ =
∑

ijkℓ

Bijkℓ Vi Wj Xk Yℓ (2)

ここまではお行儀よく、ベクトル V、行列 A、テンソル
B、それぞれの要素 Vi , Aij , Bijkℓ と、用語や記号を使い
分けて来た。煩雑さを避けるため、テンソルネットワーク
形式では要素 Vi や Aij や Bijkl を記述に用い、脚の数に
よらず全てテンソルと呼ぶ。なお、相対性理論で考慮する
「テンソルの共変性」などは、全く必要としない。

ii j
j
k

l
V A B

A

i

j

V B

W

X

Y

W

kl

　図 1. テンソル間の縮約を表すダイアグラム: 左から式 (1), (2), (3)。

多数のテンソルを取り扱うと、数式が和記号だらけにな
り、脚を示す文字すら足らなくなる。そこで図 1 のように、
丸や四角などの閉じた図形と、そこから突き出る線を使っ
てテンソルを視覚的に表し、様々な計算を ダイアグラム で
表現する慣習がある。図中で 2 つのテンソルの間を結ぶ線
は、対応する脚についての縮約を表すわけだ。式 (1) や式
(2) のように、スカラーを与える数式のダイアグラムでは、
線が全て結ばれる。部分的な縮約、例えば次式では、

Dij =
∑

kℓ

Bijkℓ Akℓ (3)

残った脚 i と j に対応する 2 本の「結ばれていない」線が、
ダイアグラムに現れる。
もっと沢山のテンソルの間で縮約を取ると、図 2 に描
いたようにダイアグラムが網目になる。これが、テンソ
ルネ̇ッ̇ト̇ワ̇ー̇ク̇という言葉の由来だ。このダイアグラムの
構造を詳しく見よう。2 脚 (=添え字が 2 つ)、3 脚、ある
いは 4 脚のテンソルが碁石のように並んでいる。隣り合う
テンソルの間では縮約が取られ、上端に突き出た脚 f ∼ m

だけが、縮約されずに残っている。従って、このダイアグ
ラムは 8 脚テンソル ψfghijkℓm を表しているわけだ。

i j mf g h lk

　図 2. テンソルネットワークの一例

図 2 のテンソルネットワークが表す物理は、色々と想定
できる。例えば、8 つの変数 f ∼ m を含む、縦線で描いた
脚が、それぞれ S = 1/2 の量子スピンの状態に対応し、角
運動量 h̄/2 を単位として f = ±1, g = ±1, . . . , m = ±1

. . .の値を取る場合を想定してみよう。ψ+−++−−++ などを
考えるわけだ。スピンの並びを示す基底を |fghijkℓm⟩ と
書けば、ψfghijkℓm は次のスピン状態に対応している。

|Ψ⟩ =
∑

f∼m

ψfghijkℓm |fghijkℓm⟩ (4)

テンソル ψfghijkℓm を、サイト数 (=スピンの数)が N = 8

である、1 次元量子スピン鎖の波動関数とみなしたわけだ。
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1. はじめに

テンソルネットワーク形式は、量子力学や場の理論に現
れる演算子の期待値、あるいは統計物理学で扱う分配関数
などを、網の目のように接続した「テンソルの縮約」によっ
て記述する論理形式である。強い相関を含む量子基底状態
や臨界点直上の状態など、数値計算による解析が従来は困
難であった物理対象にも比較的容易に適用でき、小規模な
数値計算によって高い精度のデータが得られることから、
近年ひときわ注目を浴びている。その秘訣は、系に含まれ
る小領域が周囲と影響し合う状況を、エンタングルメント
(Entanglement) の概念を軸に整理し、明示的に取り扱う点
にある。磁性から分子化学に渡る物性物理学の典型的な問
題に加え、原子核や素粒子物理学の模型までを含む、幅広
い物理系へと応用され始めたテンソルネットワーク形式に
ついて、本稿では基本的な考え方を中心にお伝えしたい。
次節では、テンソルネットワークを図形的に表す ダイア

グラム を導入し、重要な概念である 行列積状態 (MPS) に
ついて解説する。3 節では MPS の高次元版である テンソ
ル積形式 について、最近の応用を紹介したい。4 節では、
エンタングルメントについて考えよう。続く 5 節ではテン
ソルネットワーク形式を、繰り込み群 の観点から眺め、6

節で今後の進展を占いたい。数式や記号が煩雑に感じられ
れば斜め読み (!)して、テンソルネットワーク形式の全体像
を大まかに把握していただければ幸いだ。

2. テンソルネットワークのダイアグラム表示

テンソルという用語が何を指すのか、まずは教科書的に
説明しておこう。縦に m 行、横に n 列の行列 A を考えて
みる。その要素 Aij は実数でも複素数でも良い。ベクトル
V = (V1 , V2 , · · ·Vm) およびW = (W1 ,W2 , · · ·Wn) との
間で、例えば次のように和を取り

c =
m
∑

i=1

n
∑

j=1

Vi AijWj =
∑

ij

AijVi Wj (1)

スカラー量 c を表すことができる。このように、揃った添
え字で取る和は 縮約 と呼ばれる。なお、本稿ではベクトル
や行列の要素を、誤解がない限り大文字で表す。Bijkℓ のよ
うに、3 つ以上の脚、つまり足あるいは添え字を持つもの
がテンソル (の要素) だ。このテンソル B と、 4 つのベク
トル V, W, X, Y との縮約もスカラー量になる。

c′ =
∑

ijkℓ

Bijkℓ Vi Wj Xk Yℓ (2)

ここまではお行儀よく、ベクトル V、行列 A、テンソル
B、それぞれの要素 Vi , Aij , Bijkℓ と、用語や記号を使い
分けて来た。煩雑さを避けるため、テンソルネットワーク
形式では要素 Vi や Aij や Bijkl を記述に用い、脚の数に
よらず全てテンソルと呼ぶ。なお、相対性理論で考慮する
「テンソルの共変性」などは、全く必要としない。
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* 1-leg (vector), 2-leg (matrix), 3-leg, 4-leg, ….
* Not all of the legs are (purely) physical.

* Please forget about covariance and symmetries.
(occasionally there are symmetries, though.)

Contraction among tensors

* A tensor may represent a certain area in the system.

* Elements are complex scalars.

* We obtain a scalar or tensor, as a result.
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1. はじめに

テンソルネットワーク形式は、量子力学や場の理論に現
れる演算子の期待値、あるいは統計物理学で扱う分配関数
などを、網の目のように接続した「テンソルの縮約」によっ
て記述する論理形式である。強い相関を含む量子基底状態
や臨界点直上の状態など、数値計算による解析が従来は困
難であった物理対象にも比較的容易に適用でき、小規模な
数値計算によって高い精度のデータが得られることから、
近年ひときわ注目を浴びている。その秘訣は、系に含まれ
る小領域が周囲と影響し合う状況を、エンタングルメント
(Entanglement) の概念を軸に整理し、明示的に取り扱う点
にある。磁性から分子化学に渡る物性物理学の典型的な問
題に加え、原子核や素粒子物理学の模型までを含む、幅広
い物理系へと応用され始めたテンソルネットワーク形式に
ついて、本稿では基本的な考え方を中心にお伝えしたい。
次節では、テンソルネットワークを図形的に表す ダイア

グラム を導入し、重要な概念である 行列積状態 (MPS) に
ついて解説する。3 節では MPS の高次元版である テンソ
ル積形式 について、最近の応用を紹介したい。4 節では、
エンタングルメントについて考えよう。続く 5 節ではテン
ソルネットワーク形式を、繰り込み群 の観点から眺め、6

節で今後の進展を占いたい。数式や記号が煩雑に感じられ
れば斜め読み (!)して、テンソルネットワーク形式の全体像
を大まかに把握していただければ幸いだ。

2. テンソルネットワークのダイアグラム表示

テンソルという用語が何を指すのか、まずは教科書的に
説明しておこう。縦に m 行、横に n 列の行列 A を考えて
みる。その要素 Aij は実数でも複素数でも良い。ベクトル
V = (V1 , V2 , · · ·Vm) およびW = (W1 ,W2 , · · ·Wn) との
間で、例えば次のように和を取り

c =
m
∑

i=1

n
∑

j=1

Vi AijWj =
∑

ij

AijVi Wj (1)

スカラー量 c を表すことができる。このように、揃った添
え字で取る和は 縮約 と呼ばれる。なお、本稿ではベクトル
や行列の要素を、誤解がない限り大文字で表す。Bijkℓ のよ
うに、3 つ以上の脚、つまり足あるいは添え字を持つもの
がテンソル (の要素) だ。このテンソル B と、 4 つのベク
トル V, W, X, Y との縮約もスカラー量になる。

c′ =
∑

ijkℓ

Bijkℓ Vi Wj Xk Yℓ (2)

ここまではお行儀よく、ベクトル V、行列 A、テンソル
B、それぞれの要素 Vi , Aij , Bijkℓ と、用語や記号を使い
分けて来た。煩雑さを避けるため、テンソルネットワーク
形式では要素 Vi や Aij や Bijkl を記述に用い、脚の数に
よらず全てテンソルと呼ぶ。なお、相対性理論で考慮する
「テンソルの共変性」などは、全く必要としない。
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　図 1. テンソル間の縮約を表すダイアグラム: 左から式 (1), (2), (3)。

多数のテンソルを取り扱うと、数式が和記号だらけにな
り、脚を示す文字すら足らなくなる。そこで図 1 のように、
丸や四角などの閉じた図形と、そこから突き出る線を使っ
てテンソルを視覚的に表し、様々な計算を ダイアグラム で
表現する慣習がある。図中で 2 つのテンソルの間を結ぶ線
は、対応する脚についての縮約を表すわけだ。式 (1) や式
(2) のように、スカラーを与える数式のダイアグラムでは、
線が全て結ばれる。部分的な縮約、例えば次式では、

Dij =
∑

kℓ

Bijkℓ Akℓ (3)

残った脚 i と j に対応する 2 本の「結ばれていない」線が、
ダイアグラムに現れる。
もっと沢山のテンソルの間で縮約を取ると、図 2 に描
いたようにダイアグラムが網目になる。これが、テンソ
ルネ̇ッ̇ト̇ワ̇ー̇ク̇という言葉の由来だ。このダイアグラムの
構造を詳しく見よう。2 脚 (=添え字が 2 つ)、3 脚、ある
いは 4 脚のテンソルが碁石のように並んでいる。隣り合う
テンソルの間では縮約が取られ、上端に突き出た脚 f ∼ m

だけが、縮約されずに残っている。従って、このダイアグ
ラムは 8 脚テンソル ψfghijkℓm を表しているわけだ。
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　図 2. テンソルネットワークの一例

図 2 のテンソルネットワークが表す物理は、色々と想定
できる。例えば、8 つの変数 f ∼ m を含む、縦線で描いた
脚が、それぞれ S = 1/2 の量子スピンの状態に対応し、角
運動量 h̄/2 を単位として f = ±1, g = ±1, . . . , m = ±1

. . .の値を取る場合を想定してみよう。ψ+−++−−++ などを
考えるわけだ。スピンの並びを示す基底を |fghijkℓm⟩ と
書けば、ψfghijkℓm は次のスピン状態に対応している。
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ψfghijkℓm |fghijkℓm⟩ (4)

テンソル ψfghijkℓm を、サイト数 (=スピンの数)が N = 8

である、1 次元量子スピン鎖の波動関数とみなしたわけだ。
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Diagrams

* Tensor legs are represented by lines.

* Connected lines represent contraction.

* Open lines correspond to remaining indices.

* Diagrams are more often used than equations.
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Example: Tensors in Statistical Physics
* Consider the square-lattice Ising Model.

* Black Dots: Ising spin variables.

* Boltzmann Weight for the shaded region:

i, j, k, l are either 1 or -1.

Qijkl = exp[ J(ij+jk+kl+li)/kT ]

(We consider the diagonal lattice.)

… this is already a 4-leg tensor.

* In case we consider models with continuous 
local degrees of freedom, tensor legs are also 
continuous.



i j mf g h lk

an example of the Tensor Network
* Legs at the top of the diagram are “alive”.

* There are various interpretations on the network diagram.



i j mf g h lk

* Partition function of the square 
lattice Ising model with open 
boundary conditions for both 
sides and the bottom, and fixed 
ones at the top.

2D Ising Model

1D Quantum Ising Model
* Through the quantum-classical correspondence 

(= discrete Path Integral), the above diagram can 
be interpreted as a quantum wave function. 

* Tensor network is NOT new at all. It has been known for 
more than 70 years.



i j mf g h lk

← 図３の段
← 図4の段

i jf g h lk m

ε ζα β γ δ η

i jf g h lk m

s to p q r vu

ρ σκ λ μ ν ξ

identified as a wave function

* Look at the bottom of the diagram.

Matrix Product State (MPS)

* Roman letters: physical indices 
* Greek letters: auxiliary indices.

Matrix Product Operator (MPO) ~ Transfer Matrix



i j mf g h lk

← 図３の段
← 図4の段Time evolution by MPO → 

past: Initial MPS →

now →

where T = exp(-iΔtH)   
or   exp(-ΔτH)

Extended MPS

real/imaginary time evolution

* Number of terms increases exponentially with respect to 
the number of contracted bonds.

IT IS NOT EASY TO CONTRACT TENSORS!!

* Dimension of wave function increases exponentially 
with respect to the size of the system.

* It is hopeless to handle Hilbert space directly.



a Pioneering work: Kramers-Wannier Approx.  Phys. Rev. 60, 263 (1941)

* Eigenvector of the transfer matrix of 2D Ising model is approximated by 2-state MPS. 
* Tensor elements are adjusted so that variational partition function is maximized. 
* One of the earliest example of “Numeircal Physics”.

From K-W approximation to TPS/PEPS



Kramers-Wannier Approximation

Estimate the partition function of 2D Ising model as Rayleigh 
ratio for the transfer matrix with respect to a variational state 
written in terms of matrix (= 2-leg tensor) product.

V( S1, S2, ..., SN ) = M( S1, S2 ) M( S2, S3 ) ..... M( SN-1,SN )

Maximize ! adjusting M

Rayleigh Ratio

* V is equivalent to 1D Ising model under external field.

Phys. Rev. 60, 263 (1941)

S1 S2 S3 S4 S5



H. A. KRAMERS AND G. H. WANNIER

TABLE I. Values of eigenvectors.

VEcToR A~

1.000000
.249038

VECTOR A3

1.000000
.186931
.105677
.231108

VECTOR A4

1.00DOOO
.159434
.103346
.160827
.099340
.026148
.079123
.222893

VEcTQR AS

1.000000
.145548
.100846
.129103
.098804
.019608
.075422
.148388
.096230
.020594
.011008
.023617
.070174
.023648
.066754
.218677

VECTOR Ag

1.000000
.137739
.098916
.112698
.097652
.016676
.071758.114363
,096454
.016343
.n10661
.016817
.069010
.016516
.062185
.141720

.094527

.017936

.009995

.017578

.010148

.002709

.008510

.022371

.065628

.017673

.008320

.022060

.056461

.022385

.060217

.216286

It is also possible to find a power series valid
for low temperatures. " In the very lowest state
all spins are oriented parallel to each other. ' The
first excited state is given by the reversal of a
single spin and requires an excitation energy 4J.
The next higher state corresponds to the reversal
of two neighboring spins (excitation energy 6J),
the following to the reversal of two independent
spins, and so forth. The development proceeds in
inverse powers of

(42)
and yields, after extraction of the iVth root,
X=k'{1+0 '+2k "+5k "+14k "+ ) (43)

Equations (41) and (43) must be different
aspects of one and the same power series, in view
of the symmetry property expressed through
(26), (29) and (30). This is, in fact, true and can
be made explicit through the introduction of the
following parameter

sinh2E
K=

2 cosh'2E
Its invariance property

x(E') = «(X*) (44b)

has already been pointed out in (26b). It vanishes
at either very high or very low temperatures,
and behaves as X in the former and as k ' in the
latter region. Its maximum value at. %=K. is
"F.Bloch, Zeits. f. Physik 61, 206 I', 1930}.

equal to ~. Kith the help of this parameter we
may unite the two series into

x(K) =X(E)/cosh 2K =2 {1—x' —4~' —29m'

—265~' —2745~"—. ). (45)

For our problem these series solutions are of no
direct interest, for they seem to diverge in the
critical region. They are, however, a very
agreeable criterion to test the accuracy of ap-
proximate solutions by comparing their series
development with (41) and (43).

6. THE SPECIFIC HEAT AT THE
CURIE POINT

If our model leads to one singular temperature
only (which is the standard idea associated with
the Curie temperature) then the Eqs. (26), (30),
and (31) permit us to limit our attention to the
point E=0.44069. In addition, the possibilities to
be expected at that point are essentially twofold
only: Either the specific heat tends to infinity as
we approach the infinite problem over a sequence
of finite matrix problems, or else it stays finite, in
which case both energy and specific heat must be
continuous PEqs. (34) and (35)].

We have applied this test to the sequence of
V matrices (20) of order 2, 4, 8, 16, 32. This
corresponds physically to the arrangement of
spins along the thread of a screw with 2, 3, 4, 5, 6
spins per pitch. In addition, we added the
solution ) ~ having one spin per pitch as the hrst
member. This case is equivalent to a linear chain
with doubly strong coupling.

There is no dif6culty of principle in computing
these X's as functions of X, and in particular their
second derivative at X=X,. In practice, how-
ever, it is found that the secular equation derived
from (20) becomes rapidly unmanageable as the
order of the matrix increases. Another, more
elegant, method has therefore been followed„
which uses a good number of special properties
of such V matrices.

In the first place, it is possible to obtain the
largest eigenvalue X for a given value of E. by
operating repeatedly with the matrix (20) on an
arbitrary vector (iteration method). " After a

'LFrazer, Duncan and Collar, E/ementary Matrices and
some

Applications

to Dynanrics and Differential Equations
(Cambridge University Press and the Macmillan Company,
1938},p. 138.

Numerical Physics (by hand!)
During the calculation, one has to treat 6-leg Ising ladder, and to obtain the 
maximal eigenvector of the transfer matrix. This was obtained by the 
Power method, performed by hand.

… who 
did it?
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Fr@. 8. Specific heat
versus temperature curves.
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are plotted in Fig. 8 for the 2-screw and the
variational Bethe and Kirkwood solutions. The
large discontinuity in the specific heat is the
dominant feature of the latter three. However,
this result cannot possibly be correct, for it
could be disproved by exact methods in Eq. (35).
In view of the results of Section 6, it seems,
therefore, that the main significance of these
approximate results is not to be sought in the
jump of C, but rather in its numerical magnitude
at the Curie point. This magnitude increases as

the approximation improves. Simultaneously,
the position of the singularity approaches the
value (31), as can be verified from the data of
this section and (92). Thus the approximate
solutions of the last two sections are not in con-
tradiction to the conclusions of Sections 4 and 6,
that the Curie point lies at X,=0.4407 and that
the specific heat at that point is infinite.

In conclusion, we want to express our thanks
to Mr. P. Groen who has assisted us in some of
the calculations.

Phys. Rev. 60, 263 (1941)

Specific Heat
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K-W approximation and  
exact solution

K-W approx.

Exact

Error in Tc ~ 7%

These two view points are unified later by Baxter.

Two ancestors of   
modern analyses

Note that difference 
in Free energy is 
very small.



K-W approx. applied to 3D Ising Model     (cond-mat/9909097)

Variational state is 2D 
Ising model under finite 
external field.

= J/kT

Spontaneous 
Magnetization

Plots: K-W approx. 
Curve: from M.C.

Kramers-Wannier Approximation for the 3D Ising Model 545
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Fig. 1. The internal energy E as a function
of K. The transition point is observed at
Kc = 0 .2184.
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Fig. 2. The magnetization M as a function
of K. The solid line denotes MMC in
Eq. (3 .4) obtained from Monte Carlo sim-
ulations. 22), 23) In the vicinity of the calcu-
lated transition point, M is proportional to√

K − Kc.

N = 150; this condition is sufficient for the precise determination of z(K, h, g). We
used the Alpha 21164 station for several hours to obtain all the results shown below.
Roughly speaking, the computational time is proportional to m3. Throughout this
section we set J = 1, and thus K = β.

First, let us consider the calculated results for thermodynamic quantities. Fig-
ure 1 plots the internal energy per cube, which is given by

E = −⟨σk
i jσ

k
i′ j⟩ − ⟨σk

i jσ
k
i j′⟩ − ⟨σk

i jσ
k′
i j⟩ , (3.3)

according to the formal thermodynamic relation E = − ∂
∂β ln z(K, h, g). We have

checked that the numerically calculated ln z(K, h, g) actually satisfies this relation.
The data plotted in Fig. 1 has a kink at Kc = 0.2184, which is the transition point
from the paramagnetic state to the ferromagnetic state. The calculated value of Kc

is about 1.5% smaller than one of the reliable critical points KMC
c = 0.2216544 ±

0.000005 determined with Monte Carlo simulations. 22), 23) This relatively small dis-
crepancy of 1.5% indicates that the KW approximation for the 3D Ising model is
more accurate than that for the 2D Ising model; for the latter, the critical point
Kc = 0.4122 calculated with the KW approximation is 6.5% smaller than the exact
one, Kc = 0.4407. 24)

In Fig. 2, we display the spontaneous magnetization M ≡ ⟨σk
i j⟩. For comparison,

we also show Tarpov and Blöte’s Monte Carlo result for a cubic lattice containing
up to 2563 spins, (see Eq. (10) in Ref. 22)),

MMC = t0.32694109(1.6919045 − 0.34357731t0.50842026 − 0.42572366t) , (3.4)

where t ≡ 1 − KMC
c /K. This expression is very accurate for t < 0.26. The KW

results agree with Eq. (3.4) in almost the entire region of K. In the vicinity of
the transition point, Kc < K < Kc + 0.01, the calculated magnetization deviates
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The K-W approximation 
works better in higher 
dimensions.

(So far, no application in 
3+1 dimensional system.)



Nightingale and Bloete, Phys. Rev. B 33, 659 (1986)  

This article is known as the numerical proof (?) of the existence 
of the Haldane gap. (We return to this article again.)

… a Similar variational state was considered for 1D quantum 
spin chains.

Quantum Systems

S1 S2 S3 S4 S5
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Generalization by Baxter J. Math. Phys. 9, 650 (1968)

Numerical!

introduction of auxiliary variable
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Matrix Product (Variational) State

i jf g h lk m

ε ζα β γ δ η

i jf g h lk m

ε ζα β γ δ η

　図 3. 行列積波動関数 (MPWF)・行列積状態 (MPS) のダイアグラム

次に、図 2で縮約を取ってしまった網目の部分に着目し
よう。まず、一番下側に並ぶ一列のテンソルを、図 3 のよ
うに抜き出して描く。これは、(それぞれ異なる) テンソル
Af

α, A
g
αβ , · · ·, Aℓ

ζη, A
m
η が 1 次元的に並んだテンソルネッ

トワークだ。両端の Af
α と Am

η は 2 脚、それ以外は 3 脚
のテンソルで、図との対応から脚 f ∼ m はテンソルの右
肩に置いた。このダイアグラムは、次の縮約

φfghijklm =
∑

Af
αA

g
αβA

h
βγA

i
γδA

j
δεA

k
εζA

ℓ
ζηA

m
η (5)

を表している。総和は 2 度ずつ現れるテンソルの脚 α ∼ η、
つまり図 3 の太い水平線が示す脚について取る。このよう
に、テンソルを一列に並べ縮約を取ったものは、α ∼ η (補
助変数) を行列の脚とみなして、行列積波動関数 と呼ばれ
る。そして、対応する状態

|Φ⟩ =
∑

φfghijkℓm |fghijkℓm⟩ (6)

=
∑

Af
αA

g
αβA

h
βγA

i
γδA

j
δεA

k
εζA

ℓ
ζηA

m
η |fghijkℓm⟩

を 行列積状態 (Matrix Product State, MPS) と呼ぶ。補
助変数が取り得る状態数が大きいほど、テンソル A の独立
な要素が増え、MPS が多くの「調整可能な自由度」を持ち
得る — この特徴は覚えておこう。

《行列積波動関数の「発見・発明」》
　MPS は、早い時期から用いられたテンソルネットワー
クである。[1] 統計力学分野では、2 次元イジング模型に
対するクラーマース—ワニエ近似や、その拡張である菊池
の近似に、MPS の起源を見ることができる。[2] バクス
ターは MPS を用い、広く古典統計模型に適用できる変分
形式 (角転送行列の方法) を完成した。[3] デリダは、ある
クラスの非平衡定常状態を MPS を用い厳密に構成して見
せた。[4] これらとは独立に、１次元量子スピン系の基底
状態として提唱された VBS 状態も重要である。[5] そも
そも MPS という言葉遣いは、有限な相関を持つ量子スピ
ン系 [6] の研究を契機として生まれたものだ。

次に、図 2 の下から二段目を取り出したものを、図 4 に
示す。一段目は薄く点線で描いておいた。二段目も、テン
ソルが横一列に並び、補助変数 κ ∼ ξ については縮約が取
られているので、図 4 は次式に相当している。

T opqrstuv
fghijkℓm =

∑

κ∼ξ

B
o
κ
f
B

p
κλ
g
B

q
λµ
h
B

r
µν
i
B

s
νρ
j
B

t
ρσ
k
B

u
σξ
ℓ
B

v
ξ
m

(7)

この縮約は式 (5) と良く似た計算なので、図 4 で示した
テンソルネットワークは 行列積演算子 (Matrix Product

Operator, MPO) と呼ばれている。下から三段目も四段目
も、同様に MPO だ。

i jf g h lk m

s to p q r vu

ρ σκ λ μ ν ξ

　　図 4. 行列積演算子 (MPO)、あるいは転送行列

以上より、図 2のテンソルネットワークが示す、状態 |Ψ⟩
は、図 3に描いたMPSである |Φ⟩に、図 4に描いたMPO

である T̂ を 5 回積み重ねたもの

|Ψ⟩ = T̂ T̂ T̂ T̂ T̂ |Φ⟩ (8)

と見なせる。図 2 の縦方向を「時間方向」と考えれば、こ
のテンソルネットワークは 1 次元量子系の 時間発展 を演
算子 T̂ の作用で表したものだと解釈できる。テンソルの配
置や結合を変えたり、それぞれのテンソル要素を調整する
ことにより、実に様々な量子系の状態や時間発展を、この
ようなテンソルネットワークで表現し得るのだ。こう説明
すると、「そんなことは大昔から知っている」という指摘が
飛んで来るだろう— その通りである。テンソルネットワー
ク自体は、物理系の表現方法の 1 つに過ぎず、その概念は
量子力学や場の理論の黎明期から存在していたものだ。ま
た、イジングモデルのような古典統計力学の格子モデルも、
その分配関数はテンソルネットワークの形で自然に表現さ
れる。この場合には MPO が 転送行列 に相当する。
テンソルネットワークが「古くからある概念」であって
も、多数のテンソルをつなぐ縮約を、どのように求めて行
けば良いかという「計算可能性」は別問題である。解析的
手段により縮約が厳密に求まることは稀で、一般には数値
計算によって縮約の値を求めることになる。しかし、テン
ソルネットワークを表す「数式そのままに」縮約の計算を
進めようと試みると、誰もが途方にくれる。必要な計算量
も記憶容量も、非現実的に莫大なものとなるのだ。何とか
工夫して本質的ではない自由度を捨て、計算量を減らす必
要がある。テンソルネットワーク形式という用語は往々に
して、この「重要な自由度のみを残す」という、繰り込み
群的な発想に基づいた計算技法を指すものだ。

3. 密度行列繰り込み群からテンソル積形式へ

テンソルネットワーク形式を用いた数値計算手法の内で、
最も広く定着しているものが、密度行列繰り込み群 (DMRG)

である。[7] 1 次元の量子スピン系やハバード模型など、相
関を持つ量子系で DMRG は解析の常套手段となり、近年
では分子軌道計算などにも応用されつつある。また、低エ
ネルギー状態に限らず、任意のエネルギー状態を精密に導
出する方法も、最近判明した。ここでは DMRG をテンソ
ルネットワークの立場から眺めてみよう。
スピン鎖など、格子に乗った１次元量子系のハミルトニ
アン Ĥ は、式 (7) に挙げた MPO の形で表現できること

3

J. Math. Phys. 9, 650 (1968)

Greek letters represent D-state auxiliary variables.

The state is applied to the dimer model.
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i jf g h lk m

ε ζα β γ δ η

Structure of MPS

It contains large number of variational parameters that can be tuned.

← 〈Φ|Φ〉

← 〈Φ|H|Φ〉^

Expectation values can be calculated easily
　　※ Variational ratio can be calculated from left to right.

Density Matrix Renormalization Group (DMRG) implicitly uses this superiority.

f…m run from 1 to d, 
α…η run from 1 to D.
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Baxter’s numerical result on the dimer problem

One finds a careful statement on his numerical result.

... can anyone here can be as careful as Baxter? Apparently, I cannot ...



Baxter’s Corner Transfer Matrix (CTM) method 
has been used since then.

Journal of  Statistical Physics, Vol. 20, No. 1, 1979 

Square Lattice Variational Approximations Applied 
to the Ising Model 

S. K. Tsang 1 

Received September 5, 1978 

The variational method developed by Baxter is applied to the zero-field 
Ising model on the square lattice. The problem is simplified to that of 
solving a relatively small system of nonlinear equations. The estimates to 
the spontaneous magnetization and the critical temperature from the 
sequence of variational approximations are obtained. The results converge 
rapidly to the exact ones. They exhibit a crossover phenomenon and satisfy 
a scaling relation. 

KEY W O R D S  : Ising model; variational approximation ; spinor representa- 
tives; crossover phenomena; scaling. 

1,  I N T R O D U C T I O N  

We report here an investigation on the convergence of a variational method 
when applied to the zero-field Ising model. 

The technique was applied to the monomer-dimer system in 1968 by 
Baxte61~ and to the zero-field Potts model in 1976 by Kelland. ~2~ Recently, 
Baxter extended the method to a fairly general Ising model on the square 
lattice. (3~ A set of matrix equations was obtained and a rapidly convergent 
sequence of approximations to the free energy was developed. It is the purpose 
of this work to test the convergence of this approach. We apply the method 
to the zero-field, square lattice Ising model. With this system, it is possible 
for us to compare the results of the various approximations with the exact 
solution of  the model. 

The sequence of approximations generated by the method is solved 
numerically for the spontaneous magnetization below the critical point and 

1 Research School of Physical Sciences, The Australian National University, Canberra, 
Australia. 

95 
0022-4715/79/0100-0095503.00/0  9 1979 Plenum Publishing Corporation 

108 S, K. Tsang 

5. N U M E R I C A L  S O L U T I O N  
For finite n, the problem reduces to evaluating the cj and mo from the 

polynomial equation (65). Numerically, we find that mo is always greater than 
2, so we can define a real parameter e, by 

mo = c~ a + c~ "a, 0 < c, < 1 (74) 
(The c, defined here is different from that used previously.) The zeros of the 
right-hand side of Eq. (65) occur at cl, ca ..... c, ,  so 

p ( i c j ) f a ( i c ~ ) / p ( -  i c ~ ) f a ( -  ic j )  = - 1, j = 1, 2 . . . . .  n (75) 

Taking logarithms of  both sides, and using considerations from the low- 
temperature expansions of the equation (75) for the appropriate branch cut 
in the complex plane, we may write the equation as 

n - i h i  h2 2 ~ t a n - l C l - l + c ~ + t a n - 1 7  + t a n - 1  
z=z eTz c~ ca z _  cs c71 _ c~ 

= (n - j + 1/2)7r, j = 1, 2 ..... n (76) 

where hi and ha are given by (64). 
Equation (76) has been solved numerically for a range of values of z 

below the critical point, using the Newton-Raphson method. The computa- 
tion was done on a UNIVAC 1100/42 computer, using double-precision 
floating point arithmetic with 18 significant digits. A solution was assumed 
to have converged only when the relative change of each variable, through 
one iteration, was less than 10-1~. As a measure of the degree to which an 
equation was satisfied, we also calculated the difference between the right- 
and left-hand sides divided by the absolute sum of all the additive terms in 
the equation. This was never greater than I0-lo.  

Solutions were obtained for n = 2-20. Since the n = 2 case can be 
solved analytically, it serves as a guide to the degree of accuracy of the 
solution. Another plausible guide to the accuracy is provided by the fact that 
some quantities tend very rapidly to their known n = oo values, differing 
from them only in the last few digits (see, for example, column 2 in Table I). 
Combining both, we are able to conclude that the numerical results we 
obtained are accurate at least to 11 significant figures. 

5 . 1 ,  S p o n t a n e o u s  M a g n e t i z a t i o n  

The spontaneous magnetization of the system can be easily obtained 
through (66) and is given by ~m 

Trace S d  4 ~ 1 - G .4 
M T r a c e d  ~ = 1 1  1 (77) 

] = 1 Ct 4 

where S = s i s2  ... S n - 1 .  

S.K. Tsang, J. Stat.  
Pays. 20 (1979) 95 



Cross-over in Critical behavior of expectation values / observables

DMRG calculations converges much faster than other
quantities5 but N=! results close to the critical point appear
to be even more sensitive to extremely small energy varia-
tions than might have been anticipated. When trying to ex-
tract the asymptotic critical m form, the problem is accentu-
ated by the fact that it is the relative, not absolute error that
is relevant. All results to be discussed below have been con-
verged to the level required for a reliable scaling analysis.

As shown in Fig. 3, the transition is discontinuous for
small N, with the jumps in m becoming less pronounced as N
increases. The curves converge toward the continuous tran-
sition obtained in the infinite-N calculation. The first-order
behavior can be traced to the presence of two energy mini-
mums !shown in Fig. 3 for N=12", which we can track using

steepest-decent optimizations starting from large and small h
!changing h slowly". The energy minimums move closer to
each other in parameter space with increasing N, coinciding
at hc for N=!. For fixed finite N, the discontinuous jumps
move toward h =0 with increasing D, reflecting the fact that
when D→! an MPS can reproduce the exact spin-inversion
symmetric !m=0" ground state of a finite chain.

For N=! and any D, the optimal state is symmetry bro-
ken below some hc!D", with hc!D" /J→1 as D→!. The D
dependence is not smooth, as has been pointed out before.16
Here we focus on the behavior of m for h →hc!D". Thanks to
our high-precision data, we can extract hc!D" reliably using a
power-law assumption; m" !hc−h"# for 0$ m% 1. This al-
ways gives ##0.50 for the best fit, suggesting that the MPS
procedure leads to mean-field behavior for any finite D. As
shown in Fig. 4, the true critical behavior !#=1 /8" emerges
within a window of h values with increasing D, with the
crossover to #=1 /2 gradually moving toward hc.

It is perhaps not surprising that a finite-D MPS cannot
reproduce a nontrivial critical exponent asymptotically be-
cause the correlation length is finite. Criticality !which can
be non-mean-field" in a one-dimensional classical Ising
model requires long-range interactions25 and the partition
function then does not correspond to an MPS with finite D. It
has also been proved that a finite-D MPS can be renormal-
ized to a product state.26 It is remarkable that the system is so
sensitive to incomplete optimization that the mean-field be-
havior of the order parameter had not been noted
previously.16,18

We now turn to the iPEPS in two dimensions. Nontrivial
criticality for finite D has been anticipated here7 because
partition functions of classical critical systems can be written
as tensor products.13 Magnetization curves closely following
the expected power law with ##0.325 have been
reported17,19,20 but the calculations are not very accurate
close to the critical point. Figure 5 shows transverse-field
Ising results for D=2 !obtained using a contraction scheme
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FIG. 2. !Color online" Stochastic energy minimization with 104
updates per step for a D=4 MPS at h /J=1.01432, using 64-bit
floating-point arithmetic. The relative energy and magnetization er-
rors are defined as &E= !E−E!" /E!, &m= $$m$− $m!$$ / $m!$, where
the subscript ! refers to results converged at the 128-bit level.
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Something important is 
found several times.



AKLT, Fannes, Zittartz, Derrida, etc.... (as we know quite well) 

Nightingale and Bloete, Phys. Rev. B 33, 659 (1986)  
den Nijs and Rommelse, Phys. Rev. B 40, 4709 (1989)

Exact MPS (of very large dimension)

Bethe Ansatz (1931), Onsager (1943)  
    ----> Gaudin, Lieb, Mattis, Yang, Baxter, etc.....

MPS of small dimension (exact/approx.)

History ... they put ancilla, and formed MPS ...

は数値計算の枠を超え、場の構成方法や繰り込み群の観点
からも注目されている。

6. これから先 50 年の発展へ

カダノフによる ブロックスピン変換 や、バクスターによ
る変分形式の提唱から半世紀に渡る歴史に触れつつ、最近
のテンソルネットワーク形式の進展について、その概念と
原理を中心に解説して来た。量子系と古典統計系の対応が、
理論の記述そのものに深く関わっていることが、テンソル
ネットワーク形式の特徴である。テンソルネットワークは
量子回路 と見なすことも可能で、この対応から、量子情報
の概念である エンタングルメント が重要な指標として使
われるようになった。テンソルネットワーク形式を使った
数値計算は、その計算量が比較的小さく、持ち運び可能な
計算機でも大規模な物理系が扱える。この「省エネルギー
な側面」も、ますます注目されて行くことだろう。
様々な物理系へ、より幅広くテンソルネットワーク形式
を適用して行こうとする試みについても、手短に触れてお
きたい。まず、格子に乗っていない連続系への応用として、
量子化学計算 への応用を挙げることができる。[36, 37] 連
続空間中で定義された場のモデルについては、１次元量子
系の厳密解構成に用いられて来た逆散乱法が、既に連続な
テンソルネットワーク形式の実例である。その拡張として
連続行列積 (Continuous MPS) も提唱されている。[38, 39]

とりわけ、MERA ネットワークを連続化したものは、重力
場に関連する理論的モデルが持つエンタングルメントの観
点からも注目されている。[40, 41] 離散と連続を接続する
概念の一つである、ウェーブレット と MERA の関係につ
いても、最近になって理解が進んで来たところだ。[42] よ
り高い次元へ向けての拡張として、格子ゲージ理論 への適
用も視野に入りつつあり、その準備としてゲージ場の扱い
や、対称性の組み込みが試みられている。[43] 近年の発展
は多岐に渡るので、言及・引用できなかった研究も数多い。
松枝による近年の本誌解説記事も参照されたい。[44] 物理
学から足を踏み出して、情報工学で注目を集める 機械学習
との交流も始まっている。
ところで、巨視的な物理状態と微視的な量子力学系の間
には、「シュレディンガーの猫」で知られる、有名な 観測問
題 が横たわっている。量子力学の コペンハーゲン解釈 を
公理として認めようか、あるいは 多世界解釈 を是としよ
うか?! このような議論が起きる素地の一つは、巨視系であ
る測定装置の、量子力学的な物理モデルを構成することが
困難である点にある。明示的な繰り込み群変換を論理の基
礎とするテンソルネットワーク形式が、量子力学の基礎的
な理解を深める日が、近いうちにやって来ることを垣間見
つつ、本稿の結びとしたい。
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Later in 1982, Baxter  
states in his textbook, 
about the density matrix

In 1986, Nightingale and Bloete stated in Phys. Rev. B 33, 659 (1986),

This method (*) was formulated by Baxter for classical models in 
statistical mechanics. The generalization to quantum mechanical 
systems is straightforward.

Density matrix renormalization group (DMRG) was established just 6 years later.

CTM method is related to Density Matrix (and entanglement)



Okunishi and Nishino (1996) 
! when i was living in Sendai !

arXiv:cond-mat/9507087

Corner Transfer Matrix RG  
(Baxter CTM + DMRG)
Corner Transfer Matrix RG  



Ising model on (5, 4) lattice can be studied by CTMRG

W
a

c d
b

e

H = - J Σ σi σj
( i and j are NN sites )

The space is negatively curved.

All the sites are equivalend

The lattice has recursive  
nature, which enables us to 
apply CTMRG.

This is also an example  
of the Tensor Network

It turned out that the phase 
transition is mean-field like.



◎ Recursive Structure of the (5,4) lattice
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◎ Weakly curved 2D lattice

3

FIG. 2: (Color online) The two typical lattice geometries for
n = 1 (left) and n = 2 (right) for the size M = 5. The filled
circles denote the exceptional lattice sites with the coordina-
tion number seven, and number of the exceptional sites is 90
in the left and 18 in the right, c.f. Eq.(9).

sites contain a mixture of the coordination numbers six
and seven. As the number of the lattice sites with the
coordination number seven decreases, such a mixed lat-
tice approaches the flat triangular (3, 6) lattice. We use
the term ‘exceptional’ lattice site for such sites that have
the coordination number seven.

There are many sequential methods to generate mixed
lattices. We have chosen the following extension scheme

LM+1 = W LM ,

RM+1 = W RM , (6)

CM+1 =

{

W LM (CM )2 RM (at every nth step),
W LM CM RM (otherwise)

to analyze the property of the Ising model on this lat-
tice. These processes are almost the same as the exten-
sion scheme in Eqs. (3) and (4) for the (3, 6) lattice, but
when M is a multiple of an integer parameter n, we insert
an additional corner CM in the extension process from
CM to CM+1. This process adds the exceptional lattice
site with the coordination number seven whenever (M
mod n) = 0. Note that we used the extension process
of LM and RM as in Eq. (3). This restriction keeps the
corner CM symmetric to the spatial inversion, the prop-
erty which is convenient for numerical calculations by the
CTMRG method. On the other hand, this simplification
introduces a slight inhomogeneity to the lattice, which
should be considered carefully.

Whenever we obtain the extended corer CM+1 shown
as Eq. (6), we consider the joined lattice area made of the
six corners which can be formally represented as (CM+1)

6.
Figure 2 shows the two examples of such ‘star-shaped’
regions for M = 5 in the cases when n = 1 (left) and
n = 2 (right). The filled dots (in red) emphasize those ex-
ceptional lattice sites, where the additional corners have
been inserted.

A. Coordination number

Looking at the extension process in Eq. (6), one finds
that total number of the lattice sites Nn(M) exponen-
tially increases with M for arbitrary finite n. When n is
a multiple of M , this counting is easily performed by a
recursive formula shown in Appendix, and generalization
to the arbitrary n is straightforward. Having counted the
total number of the lattice sites in the whole lattice area
(CM )6 created by Eq. (6), we obtain

Nn(M) = 1 + 12
M
∑

j=1

j 2kn(nkn(M,1)+n, j) , (7)

where we introduced a double-nested greatest integer
(floor) function in the exponent; the floor function has
the following form

kn(m, j) =

⌊

m− j

n

⌋

≡ max

{

i ∈ Z | i ≤
m− j

n

}

. (8)

In the same manner, we can obtain the number of the
exceptional sites

Sn(M) = 6
[

2kn(M,1) − 1
]

(9)

for any set of n and M . This number is consistent with
the cases shown in Fig. 2, where S1(5) = 90 on the left
and S2(5) = 18 on the right.
Considering the asymptotic limit M → ∞, the ratio

between Sn(M) and Nn(M) leads to the average density
of the exceptional sites

lim
M→∞

Sn(M)

Nn(M)
=

1

2n(3n+ 1)
. (10)

For sufficiently large n, the density becomes proportional
to n−2. For the brevity, we introduce the averaged coor-
dination number

qn = 6 +
1

2n(3n+ 1)
. (11)

Note that q∞ = 6 is the coordination number of the
(3, 6) lattice [23]. Using the notation qn thus defined, we
denote the lattice constructed by Eq. (6) as the (3, qn)
lattice.
Length of the system lattice border, Pn(M), is another

essential quantity that characterizes the geometry of the
(3, qn) lattice. The analytic formula of Pn(M) can be
obtained as

Pn(M) = 12

⎡

⎣M − nkn(M, 1) + n

kn(M,1)
∑

j=1

2j

⎤

⎦ , (12)

where a simple derivation is presented in the Appendix.
It should be noted that the ratio of the boundary sites

6
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FIG. 6: (Color online) The specific heat on the (3, qn) lattice.

which obeys the scaling

Mn(h, Tn) ∝ h1/δn (26)

on the planar lattice. Figure 5 shows the effective critical
exponent

δn(h) =

[

∂ lnMn(h, Tn)

∂ lnh

]−1

(27)

in the limit h → 0. The observed behavior qualitatively
agrees with that of the magnetic exponent β depicted in
Fig. 4; the Ising universality δ = 15 is recovered for the
(3, 6) lattice only. It is obvious that the effective expo-
nent δn(h) deviates from the Ising one when the external
field becomes small, and it again approaches the mean-
field value δn(h → 0) = 3 for any finite n.

The internal energy at the center of the system is rep-
resented as

Un(T ) = −J
Tr (σcσc′ ρn)

Tr ρn
, (28)

where σc and σc′ are, respectively, the spin at the cen-
ter of the system and a neighboring one. Figure 6 shows
the specific heat cn(T ), which is obtained by taking the
numerical derivative of Un(T ) with respect to the tem-
perature T . The maxima of the specific heat for large n
are not obtained precisely, because Un(T ) around T = Tn
is very sensitive to a tiny numerical error. The discon-
tinuity in cn(T ) for finite n supports the fact that the
transition is of the mean-field nature. Note that small
differences of the specific heat, cn(T ), in the disordered
region T ≥ Tn for various n is close to c∞(T ) on the flat
(3, 6) lattice. This suggests a transient behavior from the
Ising universality to the mean-field one which happens
within the disordered phase.
As an independent measure of the phase transition,

we look at the entanglement entropy Sn, which can be
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FIG. 7: (Color online) Temperature dependence of the entan-
glement entropy with respect to n.

directly computed from the reduced density matrix spec-
trum

Sn(T ) = −Tr (ρn ln ρn) , (29)

where the reduced density matrices are normalized sat-
isfying the condition Tr ρn = 1. Figure 7 shows Sn(T ),
where the peak values, Sn(Tn), are shown in the inset. If
the curvature radius rn controls the typical length scale
at the transition temperature, it is expected that Sn(Tn)
behaves as

Sn(Tn) ∼
c

6
ln rn , (30)

where c is the central charge of the system. As shown
in Fig. 7, the increase in Sn(Tn) is close to the value
(ln 2)/12 = 0.05776 when n doubles, and the fitted value
of the slope in the inset gives c ∼ 0.48. This value is
consistent with c = 1/2 in the Ising universality class.
For this reason, our conjecture about the presence of the
typical length scale at Tn, which is proportional to n
(rn ∝ 1/n), is numerically supported.

IV. CONCLUSIONS

We have investigated the thermodynamic property of
the Ising model on the slightly curved (3, qn) lattices,
where qn represents the averaged coordination number.
We used the CTMRG method to calculate the thermo-
dynamic functions deep inside the system around the
phase transition temperature. Spontaneous magnetiza-
tion suggests a transient behavior from the Ising univer-
sality class to the mean-field one. The specific heat shows
a similar transient behavior from the high temperature
side. The entanglement entropy calculated by the density
matrix spectra takes its maximum at the phase transition

Entanglement



http://quattro.phys.sci.kobe-u.ac.jp/nishi/NiDMRG2000.html

Baxter considered higher dimensional generalization.

(Two-dimensional extension of MPS)

(cond-mat/0011103, 0101360, 0303376)

This is nothing but the Tensor Product State, or PEPS



Applied to 3D Ising: 
       Precision in Tc 
          m = 2: 0.6% 
          m = 3: 0.3%

Application to 3D Ising Model

= Uniform Tensor  
   Network State 
(or uniform PEPS)

(cond-mat/0011103 
                 0101360 
                 0303376)

Stabilization: Impose the condition 

( A| D| δ A ) =  0
so that ( A| D| A ), the norm of the variational state 
does not goto zero. This constraint prevents D to have 
negative eigenvalues. (We don't know the reason yet.)

IRF type with m= 1
Kc =  0.2188 (in 1999)
cond-mat/0001083

Vertex type with m= 2
Kc =  0.2207 (in 2000)
cond-mat/0011103

Vertex type m =  3
Kc =  0.2210 (in 2003)
cond-mat/0303376

Monte Carlo
Kc =  0.2216544

1 / T

M

2.0          2.5         3.0          3.5        4.0
See also cond-mat/9909097

s

i j
kl

m =  2

not shown:



I. Affleck, T. Kennedy, E.H. Lieb, and H. Tasaki: Commun.Math. Phys. 115 (1988) 477

in Quantum Physics

Y. Hieida, K. Okunishi and Y. Akutsu: New. J. Phys. 1 (1999) 7.1. 



tangle 
entangle 
disentangle 

(distangle?!)

MPS and Entanglement

★Why MPS and TPS/PEPS are so accurate?
Singular Value Decomposition (SVD) is a key technique. 



!解説　テンソルネットワーク形式の進展と応用

!"#$%&日本物理学会

する典型例である．Xiangらによる'()*(+()の解析では，
基底状態がギャップを持たないスピン液体状態であること
が示唆されている．",-&".）

図 %は，著者の大久保が χ＝%の'()*&(+()を用いて求め
た，!＝$*"カゴメ格子ハイゼンベルグ模型の磁化曲線であ
る．"/）良く知られた，飽和磁化の $*&0のプラトーに加え
て，"%） $*1，.*1，%*1にもプラトーが存在する．この計算結
果は，ゼロ磁場近傍にギャップがない点を除けば，西本ら
の密度行列繰り込み群による解析結果と良く一致してい
る．"2）この例の他にも，'()*&(+()はキタエフ相互作用を
含む異方的なスピン模型や，"1-&0#）電子系である "#‒$模型や
ハバード模型などにも適用され始めている．0$-&0"）量子多体
系の数値解析手法として，テンソルネットワーク法が今後
さらに重用されて行くことだろう．

!"　特異値分解とエンタングルメント
3()や'()*&(+()が，様々な量子状態を精密に表現し得

る理由は何だろうか？　この問いかけには，量子的な「絡
み」を表すとも言われるエンタングルメントが，重要なヒ
ントを与えてくれる．たねあかし

4 4 4 4 4

の準備として，特異値分
解（Singular Value Decomposition, #$%）と呼ばれる行列の
線形変換を頭に入れておこう．

《特異値分解》
%行 &列の行列'を考える．要素'()は，縮約

!
! ! ! "!" ξ !ξ "ξ

ξ
# λ $ %å= !& （$#）

の形で一意に表現できる．ξは「%と &の小さい方」まで
の範囲を動く脚だ．行列*と+は，列ベクトル同士の直
交関係を満たし，一般化ユニタリー行列と呼ばれる．

! ! ! !

" "

# #$
! "

#ξ #η ξη $ξ $η ξη
# $
% % δ & & δå å

= =
= = !& （$$）

λ&ξは特異値と呼ばれる非負の実数で，大きい順 λ$≥λ"≥ &
λ0≥…に並べる慣習がある．このような行列'の分解を，
特異値分解と呼ぶ．

量子状態の例として，式（,）で考えた 4Ψ〉に着目し，波
動関数ψ,##g-().!%を「脚 ,#g-(を含む左半分」と，「脚 ).!%を含
む右半分」に分けて考えてみよう．,#g-(を行の脚と，).!%
を列の脚とみなせば，ψ,##g-().!%は行列の形ψ（&,##g-(）（&).!%）に表せ
るので，特異値分解できる．

!
! "ξ! "# $% & ! "# ξ $% & ξ

ξ
ψ λ ' (å（ （） ） （ ） （ ）=! !g g !& （$"）

これを式（,）に代入すると，4Ψ〉は次のようにも表せる．

! ! !
! "# #ξ ! "# ξ $% & ξ

ξ ! "# $% &
λ ' ! "# ( $% &

  ¯  ¯
¡ °¡ °
¡ °¡ °
¡ °¡ °¢ ± ¢ ±

å å å（ ） （ ）〉 〉!

!

!g
g

g !& （$0）

右辺に現れる和の一部を先に取り，系の左側と右側それぞ
れに対する「新しい基底」を導入しよう．

!
!
"#$%

!
!
&'()%

* *

+ **

! "# ξ
! "#

$% & ξ
$% &

ξ ' ! "#

ξ ( $% &

å

å

（ ）

（ ）

〉 = 〉

〉 = 〉

g
g

g

!

!

!

!
& （$,）

*と+の直交性（式（$$））を思い出すと，4ξ&〉leftは系の左側
についての，4ξ&〉rightは右側についての，規格化された直交
基底であることが示せる．以上より，4Ψ〉は次の形

!
! ! !

"#$% &'()%* * *Ψ ξ
ξ
λ ξ ξå〉= 〉 〉 !& （$.）

にまとめられ，右辺を 4Ψ〉のシュミット分解と呼ぶ．ここ
で式（$"）を，ダイアグラムで示しておこう．図 2を見ると，
系の左右を結ぶ「λ&ξが乗った線」が，あたかも*と+の間
で「情報を伝える伝送路」のように見える．
ゼロでない特異値が $個しかない場合，状態は直積

4Ψ〉＝λ$ 4 $〉left 4 $〉rightであり，系の左右の間には何の相関も
存在しない．"つ以上の特異値が有限であれば状態 4Ψ〉は
直積にはならず，このとき系の左右は「エンタングルして
いる」，あるいは「エンタングルメントが存在する」と言い
表す約束になっている．特異値 λ&ξが物理的な意味を持つこ
とも大切だ．系の左側に注目する場合，/ξ＝（&λ&ξ）"は状態
4ξ&〉leftを観測する確率を与えるのだ．同様に，系の右側で
4ξ&〉rightを観測する確率も /ξになる．なお，4Ψ〉が規格化さ
れていれば /ξの総和も $になる．

《エンタングルメント・エントロピー》
情報科学では，確率があれば，それに対応する情報エ
ントロピー，つまりフォン・ノイマンエントロピーを考
えるのが常道だ．規格化された確率分布 /ξ＝（&λ&ξ）"に対
応するエントロピーを求めてみよう．

! !
! ! " "#$% #$%ξ ξ ξ ξ

ξ ξ
! " " λ λå å=－ =－ （ ） （ ）!& （$/）

図 %　!＝$*&"カゴメ格子ハイゼンベルグ模型の磁化過程．

図 2　波動関数ψ,##g-().!%の特異値分解．

* ‘lambdas’ are the singular values, which are non-negative.

Singular Value Decomposition
* a linear decomposition for arbitrary matrix.

* U and V are orthogonal (or unitary) matrix, which satisfy the 
orthogonal relations.

* Normally, singular values decays rapidly, and tiny ones can be 
omitted. This is one of the key point in the tensor network 
formulation.
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●  4 dominant singular values are sufficient to recover rough image.

compression of an image



Schmidt decomposition 
of a quantum state
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at the center

corresponding state

Linear Combination

Schmidt decomposition



!解説　テンソルネットワーク形式の進展と応用

!"#$%&日本物理学会

する典型例である．Xiangらによる'()*(+()の解析では，
基底状態がギャップを持たないスピン液体状態であること
が示唆されている．",-&".）

図 %は，著者の大久保が χ＝%の'()*&(+()を用いて求め
た，!＝$*"カゴメ格子ハイゼンベルグ模型の磁化曲線であ
る．"/）良く知られた，飽和磁化の $*&0のプラトーに加え
て，"%） $*1，.*1，%*1にもプラトーが存在する．この計算結
果は，ゼロ磁場近傍にギャップがない点を除けば，西本ら
の密度行列繰り込み群による解析結果と良く一致してい
る．"2）この例の他にも，'()*&(+()はキタエフ相互作用を
含む異方的なスピン模型や，"1-&0#）電子系である "#‒$模型や
ハバード模型などにも適用され始めている．0$-&0"）量子多体
系の数値解析手法として，テンソルネットワーク法が今後
さらに重用されて行くことだろう．

!"　特異値分解とエンタングルメント
3()や'()*&(+()が，様々な量子状態を精密に表現し得

る理由は何だろうか？　この問いかけには，量子的な「絡
み」を表すとも言われるエンタングルメントが，重要なヒ
ントを与えてくれる．たねあかし

4 4 4 4 4

の準備として，特異値分
解（Singular Value Decomposition, #$%）と呼ばれる行列の
線形変換を頭に入れておこう．

《特異値分解》
%行 &列の行列'を考える．要素'()は，縮約

!
! ! ! "!" ξ !ξ "ξ

ξ
# λ $ %å= !& （$#）

の形で一意に表現できる．ξは「%と &の小さい方」まで
の範囲を動く脚だ．行列*と+は，列ベクトル同士の直
交関係を満たし，一般化ユニタリー行列と呼ばれる．

! ! ! !

" "

# #$
! "

#ξ #η ξη $ξ $η ξη
# $
% % δ & & δå å

= =
= = !& （$$）

λ&ξは特異値と呼ばれる非負の実数で，大きい順 λ$≥λ"≥ &
λ0≥…に並べる慣習がある．このような行列'の分解を，
特異値分解と呼ぶ．

量子状態の例として，式（,）で考えた 4Ψ〉に着目し，波
動関数ψ,##g-().!%を「脚 ,#g-(を含む左半分」と，「脚 ).!%を含
む右半分」に分けて考えてみよう．,#g-(を行の脚と，).!%
を列の脚とみなせば，ψ,##g-().!%は行列の形ψ（&,##g-(）（&).!%）に表せ
るので，特異値分解できる．

!
! "ξ! "# $% & ! "# ξ $% & ξ

ξ
ψ λ ' (å（ （） ） （ ） （ ）=! !g g !& （$"）

これを式（,）に代入すると，4Ψ〉は次のようにも表せる．
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右辺に現れる和の一部を先に取り，系の左側と右側それぞ
れに対する「新しい基底」を導入しよう．

!
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*と+の直交性（式（$$））を思い出すと，4ξ&〉leftは系の左側
についての，4ξ&〉rightは右側についての，規格化された直交
基底であることが示せる．以上より，4Ψ〉は次の形

!
! ! !

"#$% &'()%* * *Ψ ξ
ξ
λ ξ ξå〉= 〉 〉 !& （$.）

にまとめられ，右辺を 4Ψ〉のシュミット分解と呼ぶ．ここ
で式（$"）を，ダイアグラムで示しておこう．図 2を見ると，
系の左右を結ぶ「λ&ξが乗った線」が，あたかも*と+の間
で「情報を伝える伝送路」のように見える．
ゼロでない特異値が $個しかない場合，状態は直積

4Ψ〉＝λ$ 4 $〉left 4 $〉rightであり，系の左右の間には何の相関も
存在しない．"つ以上の特異値が有限であれば状態 4Ψ〉は
直積にはならず，このとき系の左右は「エンタングルして
いる」，あるいは「エンタングルメントが存在する」と言い
表す約束になっている．特異値 λ&ξが物理的な意味を持つこ
とも大切だ．系の左側に注目する場合，/ξ＝（&λ&ξ）"は状態
4ξ&〉leftを観測する確率を与えるのだ．同様に，系の右側で
4ξ&〉rightを観測する確率も /ξになる．なお，4Ψ〉が規格化さ
れていれば /ξの総和も $になる．

《エンタングルメント・エントロピー》
情報科学では，確率があれば，それに対応する情報エ
ントロピー，つまりフォン・ノイマンエントロピーを考
えるのが常道だ．規格化された確率分布 /ξ＝（&λ&ξ）"に対
応するエントロピーを求めてみよう．

! !
! ! " "#$% #$%ξ ξ ξ ξ

ξ ξ
! " " λ λå å=－ =－ （ ） （ ）!& （$/）

図 %　!＝$*&"カゴメ格子ハイゼンベルグ模型の磁化過程．

図 2　波動関数ψ,##g-().!%の特異値分解．
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Entanglement

* When SVD is applied to the distribution P(fghijklm), dividing 
the indices into fghi and jklm, the singular values represent 
some sort of FREQUENCY of linear combinations of states.

* The von Neumann entropy

is often called as the Entanglement Entropy, since it quantifies 
the quantum entanglement, when a quantum state is considered. 
The terminology is also used in the field of statistical 
mechanics.



Compression of information i j

ξ ξU Vλ mlkhgf

Wave function and SVD

Approximation

This process do not spoil the entanglement drastically.

original 
Entanglement Entropy

after the compression



How MPS is obtained?

perform SVD from the left

do SVD again.

In this manner, one can transform an arbitrary state to MPS.
※ We state only the possibility of expression by use of MPS.

※ Greek indices are restricted to χ

※ If the system is critical, one has to use larger χ

i jf g h lk m

ε ζα β γ δ η

Entanglement structure is a key point in TN formulation.



Diagram for a Tree 
Tensor Network

Renormalization Group picture



Scale Invariant?



Low T T = Tc

Snapshot of the 2D 
Ising model

RG and Critical Phenomena

Scale invariance



Real Space Renormalization

(a) Treat several spins as an effective spin. (Block Spin Transformation) 
(b) Keep only relevant freedom. 　　　　　　(Renormalization) 
(c) Scale change, which is 1/2 in the above case. (Rescaling) 
(d) Consider interaction among blocks. (RG flow)

X X

X X

RG Transformation
Block 
Spins

Kadanoff,  
Wilson, etc.

Circles are local degrees of freedom



★ when interaction parameter K is slightly smaller 

than its critical value 

　K = Kc - δ → Kc - λδ → Kc - λ  δ → Kc - λ  δ → .... 

Suppose that when  λ   δ = C, the correlation becomes 
local. Then correlation length ξ can be obtained from 

2   = ξ　and　λ　δ = C 

T > Tc  Interaction decreases with RG steps.(disordered) 
T = Tc  Interaction remains constant.             (critical) 
T < Tc  Interaction increases with RG steps. (ordered)

2 3

M

M M

★ Result 

　　ξ = const. ( Kc - K )  、　　ν = log 2 / log λ
- ν

Conventional RSRG: Conceptually good, but not Quantitative

Reference: Kadanoff  et al: Rev. Mod. Phys. 86 (2014) 647.

Block-spin transformations are chosen (partially) intuitively.



How to improve the situation?
※ Choice of block spin transformation is not automatic.
※ New site degrees of freedoms are identified as the block.

i

j

k

l
(d=2)

k

l

Q
i

j

i

j

k

l

Let us reconsider from tensor view point.

k

l

Q
i

j
※Block touches only through their side

k

l

k

l

k

l

k

l

k

l

k

l

k

l

Q j→ those tensor legs that are on the 
sides should be considered as the new 
degrees of freedom.

Extend the block size

ii’

jj’

kk’

ll’

(d=4)



なので、結果として Z は、いま求めたテンソル Q(2)
ξηνζ を

敷き詰めたテンソルネットワークで表されることになる。

ν

k l

F
G

η

i j

F
G

ζF’ G’ξF’ G’

　図 11. i, j, k, ℓ の縮約による Q
(2)
ξηνζ の生成

Q(2)
ξηνζ に対応する格子上の領域は、図 11 の「荒い点線

で囲った正方形」であり、細かい点線で示した Qkℓij に対
応する領域 Q に比べると、一辺の長さが

√
2 倍になってい

ることがわかる。つまり、
√
2 倍の スケール変換 を伴う粗

視化が行われたわけだ。ここまでの式変形では、分配関数
Z の計算に何の近似も入っていないことに注意しよう。こ
の厳̇密̇な̇粗̇視̇化̇は繰り返し行なえる。
引き続き４つの Q(2)

ξηνζ を、式 (23) と式 (24) のように特
異値分解して、式 (25) と同様に新たなテンソル Q(3)

αβδγ を
作ってみよう。ξ や η は、４自由度の変数だったので、新
しいテンソルが持つ脚 α ∼ γ は、4× 4 = 16 自由度の変数
になる。また、Q(3)

αβδγ に対応する格子上の領域は、一辺の
長さが

√
2×

√
2 = 2 と、最初の領域 Q の 2 倍となる。粗

視化のプロセスをもう一度行えば、次に得られるテンソル
Q(4)

µτρσ の脚の自由度は 16× 16 = 256 となり、そろそろテ
ンソルの要素を計算機に格納しておくことが、現実的では
なくなる。そこで、分配関数 Z を厳密に求めることを放棄
し、充分に良い近似値を求める方向へと、計算の方針を変
更するのだ。この段階で、特異値分解を ブロックスピン自
由度の抽出 の目的で使うのだ。

χ

　図 12. 特異値分解の後に χ 個だけ自由度を残す

テンソル Q(3)
αβδγ を、式 (23), (24) のように特異値分解を

通じて 2 つのテンソルに分解する際に、主要な特異値を χ

個だけ考慮し、微小な特異値を無視してしまおう。

Q(3)
αβδγ =

256
∑

µ=1

F (3)
(αβ)µG

(3)
(δγ)µ ∼

χ
∑

µ=1

F (3)
(αβ)µG

(3)
(δγ)µ (26)

これは、前節の式 (17) で波動関数の近似を行った作業と、
全く同じ考え方だ。この制限の下で次の Q(4)

µτρσ を求める
と、脚 µτρσ はそれぞれ χ 個の自由度を持つようになる。
分配関数 Z に主要な寄与を与えるような χ 個の自由度が、

特異値分解によって「自動的に抽出された」と述べても良
い。こうして、全系の分配関数は「χ 自由度のテンソルネッ
トワーク」で近似される。これ以降に繰り返される粗視化
では、図 12 のようにテンソルを特異値分解する度に χ2 個
の特異値の中から χ 個だけを選び出す。そして、テンソル
の脚の自由度は常に χ に保たれる。最終的には 2 個、ある
いは数個のテンソルの縮約で Z の精密な近似値 Z̃ が表現
される所までたどり着く。
以上の手続き (TERG) を通じて得られた分配関数の近似
値 Z̃ の精度は、近似の過程で無視した特異値の大きさから
推定でき、自由度 χ が大きいほど精度が高まる。Z̃ から
導出される近似的な自由エネルギー f̃ = −kBT log Z̃ を求
め、相対誤差 δf の χ 依存性から精度評価を行うこともで
きる。(図 13) 詳細は文献に譲るとして、おおよそ χ = 20

も取っておけば、相転移温度 Tc は 3 桁以上の精度で求ま
り、自発磁化などから導出される臨界指数も 2 桁ほどの精
度であれば、容易に推定できる。[36]
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TERG
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　図 13. TERG 法と TNR 法による自由エネルギーの評価精度

この節で紹介したテンソル繰り込み群には、様々なバリ
エーションが提案されている。テンソルの特異値分解を行っ
てからブロックの拡大を行うという順番を逆にして、まず
ブロックの拡大から入る計算手法もあり、高次テンソル繰
り込み群 (Higher-Order TRG) として知られている。[38]

3 次元イジング模型に対して 6 脚テンソル Q(n)
ξµνρστ を用い

た計算が χ = 24程度まで行われており、近年のモンテカル
ロ・シミュレーションで推定ている転移温度 Tc = 4.5115...

と同様の精度を叩き出している。実空間繰り込み群が、精
密な定量的計算として実用の域に達したわけだ。
まだ満足してはいけない! 冷静に考え直すと、自由度 χ

を何十個も残すことに、相当の疑問を感じた方も多いので
はないだろうか。伝統的な実空間繰り込み群手法では、せ
いぜい数̇え̇る̇程̇度̇の自由度を考慮すれば充分と「教えられ
た」ではないか。ブロックスピン変換を、大局的な観点か
ら見直す余地がありそうだ。図 14 の中央部のような、一
辺の長さが 4 の正方形領域を考えてみよう。これは、それ
ぞれの脚が 24 = 16 自由度を持つ 4 脚テンソル Q(3)

αβδγ に
対応している。TERG の計算手順を注意深く追うと、図の
左半分のように「辺上に並んでいる 4 つの脚」に対して、
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F
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F’ G’RG steps: first, perform SVD for 
the local tensor.

ν

k l

F
G

η

i j

F
G

ζF’ G’ξF’ G’

It can be decomposed vertically
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There are several computational methods. 
(TERG, HOTRG, TNR, Loop-TNR, etc.)

※Entanglement structure of the system is almost kept 
※Focusing on bonds (links) other than sites. 
※What is renormalized is not Hamiltonian but tensors.

※From the RG view point, it is curious to consider how the 
renormalized Hamiltonian looks like when it is written by 
equations, in particular when the system is critical.
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exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central
charge c and lowest scaling dimensions of the critical Ising
model. TRG results are obtained using the original Levin and
Nave’s algorithm [4]. TRG+env results are obtained using an
improved TRG method proposed in Ref. [5] under the name
of “poor-man’s SRG”. TEFR results are taken from Ref.
[7]. The first three numerical columns use bond dimension
χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses
χ = 24 and 262,144 spins.

point tensor (and thus recovers scale invariance) at crit-
icality. As demonstrated in Ref. [7], TEFR produces
accurate estimates of the central charge c and scaling di-
mensions ∆α for the Ising model, and one might indeed
misinterpret those as being evidence for having generated
a critical fixed-point tensor. However, the estimates re-
ported in Ref. [7] for c and ∆α are of comparable ac-
curacy to those obtained with TRG and “poor-man’s
SRG” using the same bond dimension (see Table I in
Sect. C.5). Since the above methods demonstrably fail
to produce a fixed-point tensor, the accurate TEFR es-
timates provided in Ref. [7] are no evidence that TEFR
has produced a critical fixed-point tensor. In conclusion,
Ref. [7] refers to the TEFR critical tensors as fixed-point
tensors, but Ref. [7] provides no evidence that TEFR
realizes a fixed-point tensor at criticality.

Extraction of scaling dimensions from a transfer
matrix

In proposing TRG in Ref. [4], Levin and Nave refer
to the significant loss of efficiency experienced by the
method at criticality as TRG’s critical break-down. It is
important to emphasize that, in spite of this significant
loss of efficiency at criticality, TRG can still be used to
extract universal information about a phase transition,
by studying the partition function of a finite system.
The key theoretical reason is that in a finite system

one can observe a realization of the so-called operator-
state correspondence in conformal field theories (CFT),
which asserts that there is a one-to-one map between
the states of the theory and its scaling operators [36].
Specifically, the finite size corrections are universal and
controlled by the spectrum of scaling dimensions of the

theory [37]. This is best known in the context of critical
quantum spin chains, where Cardy’s formula relates the
smallest scaling dimensions ∆α of the conformal theory
to the lowest eigenvalues Eα of the critical Hamiltonian
on a periodic chain according to

Eα(L)− Eα(∞) = η
2π

L
∆α + · · · , (18)

where L is the number of spins on the chain, Eα(∞)
is the energy in an infinite system, η (independent of
α) depends on the normalization of the Hamiltonian,
and where the sub-leading non-universal corrections are
O(1/L2) in the absence of marginal operators. Thus, we
can estimate scaling dimensions ∆α by diagonalizing a
critical Hamiltonian on a finite periodic chain, as it is
often done using exact diagonalization techniques. In a
two dimensional statistical system, the analogous result
is the observation that even in a finite system, a critical
partition function Z is organized according to the scaling
dimensions of the theory as

Z = eaLxLy

∑

α

e−Ly
2π
Lx

(∆α− c
12

)+··· ), (19)

where a is some non-universal constant, c is the central
charge of the CFT, and we assumed isotropic couplings
and a square torus made of Lx × Ly sites.

FIG. 16. Calculation of the smallest non-zero scaling dimen-
sion of 2D classical Ising at criticality, computed using either
TRG or TNR through diagonalization of the transfer operator
on an effective linear system size of L spins, comparing to the
exact result ∆σ = 1/8. For small system sizes, L < 26 spins,
finite size effects limit the precision with which ∆σ can be
computed, while for large system sizes truncation errors re-
duce the accuracy of the computed value of ∆σ. However, it
is seen that the TNR approach maintains accuracy for much
larger system sizes than does TRG: while TRG with bond
dimension χ = 80 gives ∆σ within 1% accuracy up to lin-
ear system size L = 211 spins, a TNR with bond dimension
χ = 24, which required a similar computation time as the
χ = 80 TRG result, gives 1% accuracy up to L = 224 spins.

As proposed by Gu and Wen [7], if the coarse-grained
tensor A(s) effectively represents the whole partition

(Evenbly and Vidal: arXiv:1412.0732)

A Big Step in 
Real-Space RG

Recent? numerical results by means of Tensor Network

estimation of conformal 
weights for 2D Ising Model

exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.000091 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.124921.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central
charge c and lowest scaling dimensions of the critical Ising
model. TRG results are obtained using the original Levin and
Nave’s algorithm [4]. TRG+env results are obtained using an
improved TRG method proposed in Ref. [5] under the name
of “poor-man’s SRG”. TEFR results are taken from Ref.
[7]. The first three numerical columns use bond dimension
χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses
χ = 24 and 262,144 spins.

(Evenbly and Vidal: arXiv:1412.0732)
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Real-Space RG

estimation of conformal 
weights for 2D Ising Model

(~ 24 states are kept)
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which has been applied to 1D quantum systems. This tensor 
network efficiently describes system at criticality.

3

FIG. 2: (Colour online) Top: Example of a binary 1D MERA
for a lattice L with N = 16 sites. It contains two types
of isometric tensors, organized in T = 4 layers. The input
(output) wires of a tensor are those that enter it from the top
(leave it from the bottom). The top tensor is of type (1, 2)
and the rank �T of its upper index determines the dimension
of the subspace VU ✓ VL represented by the MERA. The
isometries w are of type (1, 2) and are used to replace each
block of two sites with a single e↵ective site. Finally, the
disentanglers u are of type (2,2) and are used to disentangle
the blocks of sites before coarse-graining. Bottom: Under the
renormalization group transformation induced by the binary
1D MERA, three-site operators are mapped into three-site
operators.

with an isometric gate w

w : Vin ! Vout, w†w = IVin , (2)

where Vin
⇠= V⌦pin is the space of the pin input wires

that are not in a fixed state |0i and Vout
⇠= V⌦pout is the

space of the pout = p output wires. We refer to w as a
(pin, pout) gate or tensor.

Fig. 2 shows an example of a MERA for a 1D lat-
tice L made of N = 16 sites. Its tensors are of types
(1, 2) and (2, 2). We call the (1, 2) tensors isometries w
and the (2, 2) tensors disentanglers u for reasons that
will be explained shortly, and refer to Fig. 2 as a binary
1D MERA, since it becomes a binary tree when we re-
move the disentanglers. Most of the previous work for
1D lattices [1, 5, 6, 7, 16, 17, 18] has been done using the
binary 1D MERA. However, there are many other pos-
sible choices. In this paper, for instance, we will mostly
use the ternary 1D MERA of Fig. 3, where the isome-
tries w are of type (1, 3) and the disentanglers u remain

FIG. 3: (Colour online) Top: Example of ternary 1D MERA
(rank �T , T = 3) for a lattice of 18 sites. It di↵ers from
the binary 1D MERA of Fig. 2 in that the isometries are
of type (1, 3), so that blocks of three sites are replaced with
one e↵ective site. Bottom: As a result, two-site operators are
mapped into two-site operators during the coarse-graining.

of type (2, 2). Fig. 4 makes more explicit the meaning
of Eq. 2 for these tensors. Notice that describing tensors
and their manipulations by means of diagrams is fully
equivalent to using equations and often much more clear.

Eq. 2 encapsulates a distinctive property of the MERA
as a tensor network: each of its tensors is isometric (no-
tice that Eq. 1 is a particular case of Eq. 2). A second
key feature of the MERA refers to its causal structure.
We define the past causal cone of an outgoing wire of
circuit C as the set of wires and gates that can a↵ect the
state on that wire. A quantum circuit C leads to a MERA
only when the causal cone of an outgoing wire involves
just a constant (that is, independent of N) number of
wires at any fixed past time (Fig. 5). We refer to this
property by saying that the causal cone has a bounded
’width’.

The usefulness of the quantum circuit interpretation of
the MERA will become clear in the next section, in the
context of computing expected values for local observ-
ables. There, the two defining properties, namely Eq. 2
and the peculiar structure of the causal cones of C, will
be the key to making such calculations e�cient.

B. Renormalization group transformation

Let us now review how the MERA defines a coarse-
graining transformation for lattice systems that leads to

a milstone

i jf g h lk m

ε ζα β γ δ η

conventional MPS
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FIG. 5. Plots of the elements of tensors [B(s)]ijkl, when re-
shaped as 16 × 16 matrices, after s iterations of the TNR
coarse-graining transformation, for several values of s. Dark
pixels indicate elements of small magnitude and lighter pix-
els indicate elements with larger magnitude. (a) Starting
at a sub-critical temperature, T = 0.9 TC , the coarse-
grained tensors quickly converge to the Z2 fixed-point ten-
sor BZ2 ≡ Btriv ⊕ Btriv. (b) Starting at the critical tem-
perature, T = TC , the coarse-grained tensors converge to a
non-trivial fixed-point tensor Bcrit. Notice that the difference
between coarse-grained tensors, |B(s) −B(s+1)|, which is dis-
played with the same color intensity as the plots of |B(s)|, is
already very small (as compared to the magnitude of the ele-
ments in the individual tensors) for s = 1. (c) Starting at the
super-critical temperature, T = 1.1 TC , the coarse-grained
tensors quickly converge to the disordered fixed point Btriv,
that has only one non-zero element.

T = 1.1 TC , we obtain a trivial fixed-point tensor Btriv.

that has only a single significant element [Btriv]1111 = 1
with all other elements zero or arbitrarily small, which
is representative of the infinite temperature, disordered
phase.

Appendix B.– Non-critical RG fixed points: TRG
versus TNR.

In this appendix we discuss certain aspects of the flow
that TRG and TNR generate in the space of tensors,
which emphasizes one of the main differences between

FIG. 6. The precision with which TNR approximates a scale-
invariant fixed point tensor for the 2D classical Ising model at
critical temperature Tc is examined by comparing the differ-
ence between tensors produced by successive TNR iterations
δ(s) ≡ ∥A(s) − A(s−1)∥, where tensors have been normalized
such that ∥A(s)∥ = 1. For small s (initial RG steps), the main
limitation to realizing scale-invariance exactly is physical: the
lattice Hamiltonian includes RG irrelevant terms that break
scale-invariance at short-distance scales, but are suppressed
at larger distances. On the other hand, for large s (large
number of RG steps) the main obstruction to scale invariance
is the numerical truncation errors, which can be thought of as
introducing RG relevant terms, effectively throwing us away
from criticality and thus scale invariance. Indeed, use of a
larger bond dimension χ, which reduces truncation errors, al-
lows TNR to not only achieve a more precise approximation
to scale-invariance, but to hold it for more RG steps.

FIG. 7. (a) CDL tensor ACDL of Eq. 6. (b) Tensor network
made of CDL tensors, which contains correlations only within
each plaquette.

Evenbly and Vidal

Entanglement Structure in the Lattice models, 
in particular at criticality.
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the two approaches. Specifically, we describe a class of
non-critical fixed-points of the flow generated by TRG,
namely those represented by corner double line (CDL)
tensors ACDL, and show that TNR coarse-grains such
tensors into a trivial tensor Atriv. We emphasize that
TEFR can also transform a CDL tensor ACDL into a
trivial tensor Atriv [7].
Fig. 7(a) contains a graphical representation of a CDL

tensor ACDL, which has components
(

ACDL
)

ijkl
given by

(

ACDL
)

(i1i2)(j1j2)(k1k2)(l1l2)
= δi1j2δj1k2

δk1l2δl1i2 (6)

where a double index notation i = (i1i2) has the meaning
i = i1 + η(i2 − 1). Here the double index runs over val-
ues i ∈

{

1, 2, . . . , η2
}

for integer η, whereas each single
index runs over values i1, i2 ∈ {1, 2, . . . , η}. Notice that
a square network formed from such CDL tensors ACDL

contains only short-ranged correlations; specifically only
degrees of freedom within the same plaquette can be cor-
related. We now proceed to demonstrate that this net-
work is an exact fixed point of coarse-graining with TRG,
which was already described in [7]. Note that it is pos-
sible to generalize this construction (and the derivation
presented below) by replacing each delta in Eq. 6 (e.g.
δi1j2) with a generic η × η matrix (e.g. Mi1j2) that con-
tains microscopic details. For instance, the fixed point
CDL tensors ACDL(T ) obtained with TRG for the off-
critical 2D classical Ising model partition function would
contain matricesMi1j2(T ) that depend on the initial tem-
perature T . However, for simplicity, here we will only
consider the case Mi1j2 = δi1j2 .

In the first step of TRG the tensor ACDL is factorized
into a pair of three index tensors S,

(

ACDL
)

ijkl
=

η2

∑

m=1

SmijSmkl (7)

where, through use of the double index notation intro-
duced in Eq. 7, tensors S may be written,

S(m1m2)(l1l2)(i1i2) = δm1l2δl1i2δi1m2
, (8)

see also Fig. 8(a-b). The next step of TRG involves
contracting four S tensors to form an effective tensor A′

for the coarse grained partition function,

A′
ijkl =

η2

∑

m,n,o,p=1

SimpSjnmSkonSlpo (9)

where, through use of the explicit form of S given in Eq.
8, the tensor A′ is computed as,

A′
(i1i2)(j1j2)(k1k2)(l1l2) = ηδi1j2δj1k2

δk1l2δl1i2 , (10)

see also Fig. 8(c-d). Notice that the effective tensor
is proportionate to the original CDL tensor, A′

ijkl =

FIG. 8. A depiction of the two key steps of the TRG coarse-
graining transformation. (a) The first step factorizes the ten-
sor ACDL into a product of two tensors S. (b) Local detail
of the factorization for CDL tensors, see also Eq. 7. (c) The
second step contracts four tensors S into an effective tensor
A′. (d) Local detail of the contraction step, see also Eq. 10.
Notice that the effective tensor A′ is also a CDL tensor (with
a 45 degree tilt), indicating that CDL tensors are a fixed point
of the TRG coarse-graining transformation.

η
(

ACDL
)

ijkl
, where the multiplicative factor of η arises

from the contraction of a ‘loop’ of correlations down to a
point,

η
∑

m1,n1,o1,p1=1

δm1n1
δn1o1δo1p1

δp1m1
= η, (11)

as depicted in Fig. 8(d). That the network of CDL ten-
sors is a fixed point of TRG indicates that some of the
short-range correlations in the tensor network are pre-
served during coarse-graining, i.e. that TRG is artificially
promoting short-ranged degrees to a larger length scale.
As a result TRG defines a flow in the space of tensors
which is not consistent with what is expected of a proper
RG flow. Indeed, two tensor networks that only differ
in short-range correlations, as encoded in two different
ACDL and ÃCDL tensors (differing e.g. in the dimension

arXiv:1412.0732

In TRG formulation, so called the Corner 
Double Line (CDL) remains even after 
the RG transformation. Since the original 
degrees of freedom partially (?) remains, 
the presence of CDL (drastically!) spoils 
the numerical precision in RSRG.
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η of each index i1, i2, j1, · · · , or, more generally, on the
matrices Mi1j2 discussed above) should flow to the same
fixed point, but under TRG they will not.

FIG. 9. Depiction of the explicit form of the required (a)
disentangler u, see also Eq. 12, (b-c) isometries w and v, see
also Eq. 13, for coarse-graining the network of CDL tensors
ACDL, see Eq. 6, using TNR.

We next apply the TNR approach to a network of CDL
tensors, as defined in Eq. 6, demonstrating that this net-
work is mapped to a network of trivial tensors Atriv, with
effective bond dimension χ′ = 1, thus further substanti-
ating our claim that the TNR approach can properly ad-
dress all short-ranged correlations at each RG step. Fig.
9 depicts the form of disentangler u and isometries v and
w that insert into the network of CDL tensors at the
first step of TNR, as per Fig.2(a), which are defined as
follows. Let us first regard each index of the initial net-
work as hosting a η2-dimensional complex vector space
V ≡ Cη2

, and similarly define a η-dimensional complex
vector space Ṽ ≡ Cη. Then the disentangler uijkl we use
is an isometric mapping u : Ṽ ⊗ Ṽ → V ⊗ V, with in-
dices i, j ∈ {1, 2, . . . , η} and k, l ∈ {1, 2, . . . , η2}, that is
defined,

uij(k1k2)(l1l2) =
1√
η δik1

δk2l2δjl1 , (12)

where we employ the double index notation, k = (k1, k2)
and l = (l1, l2). It is easily verified that u is isometric,
u†u = Ĩ⊗2, with Ĩ as the identity on Ṽ. The isometries
vijk and wijk are mappings v : Ṽ → V ⊗ Ṽ that are
defined,

wij(k1k2) = vij(k1k2) =
1√
η δik1

δk2l2δjl1 , (13)

where again use double index notation, k = (k1, k2).
When inserted into the a 2 × 2 block of tensors from
the network of CDL tensors, as depicted in Fig. 1(b),

FIG. 10. A depiction of the key steps of the TNR coarse-
graining transformation in the presence of CDL tensors ACDL.
(a) Insertion of disentanglers u and isometries v and w be-
tween two pairs of CDL tensors ACDL results in the elimina-
tion of the short-range correlations inside the plaquette that
those four tensors form. (b)-(c) As a result, the auxiliary
tensors B and C only propagate part of the short-range cor-
relations, as represented by the existence of two lines. These
tensors are to be compared with the analogous tensor in TRG,
namely A′ in Fig. 8(d) or ACDL in Fig. 7(a), which still con-
tain four lines. (d) As a result, the new tensor A′, formed
by factoring B according to a left-right partition of indices
and C according to an up-down partition of indices, is the
trivial tensor Atriv, which contains no lines and therefore no
correlations

this choice of unitary u and isometries w and v act as ex-
act resolutions of the identity, see Fig. 10(a). Thus the
first step of the coarse graining with TNR, as depicted
in Fig. 2(a), is also exact. Following the second step of
TNR, Fig. 2(b), one obtains four-index tensors B and C
as depicted in Fig. 10(b-c), which are computed as,

Bijkl = η4(δilδjk),

Cijkl = η−1(δijδkl), (14)

with indices i, j, k, l ∈ {1, 2 . . .η}. The third step of TNR,
see Fig. 2(c), involves factoring the tensors B and C into
a products of three index tensors according to a particu-
lar partition of indices: B(il)(jk) and C(ij)(kl) respectively.

Solution: apply the 
disentangler before 
performing RG 
transformation by isometry.

Evenbly and Vidal
arXiv:1412.0732

arXiv:0707.1454

Evenbly and Vidal

This scheme was first 
introduced in MERA, the 
multi-scale entanglement 
renormalization Ansatz, 
applied to 1D quantum 
systems.

a solution for CDL
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To gain some insight into how TNR operates, let us
consider first an oversimplified scenario where the par-
tition function Z only contains short-range correlations
(technically, this corresponds to a so-called CDL tensor
[21]). If we set the disentanglers to be trivial, u = I⊗2,
then the coarse-graining transformation reduces to TRG
and fails to remove the short-range correlations. How-
ever, with a judicious choice of disentanglers u these cor-
relations are removed and an uncorrelated, trivial tensor
Atriv is produced [21, 22]. Therefore the role of disentan-
glers is to remove short-range correlations. Their action
will be particularly important at criticality, where corre-
lations are present at all length scales.
Example: Partition function of the 2D classical Ising

model.— We consider the partition function

Z =
∑

{σ}

e−H({σ})/T , H ({σ}) = −
∑

⟨i,j⟩

σiσj (4)

on the square lattice, where σk ∈ {+1,−1} is an Ising
spin on site k and T denotes the temperature. Recall

FIG. 2. Steps (a)-(d) of a TNR transformation to produce
tensor A(s+1) from tensor A(s). In step (a), the insertion of
disentanglers u and isometries v and w is made according to
Fig. 1(b). Insets (e)-(g) contain the definition of the auxiliary
tensors B(s) and C(s) and the coarse-grained tensor A(s+1).

FIG. 3. Benchmark results for the square lattice Ising model
on a lattice with 239 spins. (a) Relative error in the free energy
per site δf at the critical temperature Tc, comparing TRG and
TNR over a range of bond dimensions χ. The TRG errors fit
δf ∝ χ−3.02 (the inset displays them using log-log axes), while
TNR errors fit δf ∝ exp(−0.305χ). Extrapolation suggests
that TRG would require bond dimension χ ≈ 750 to match
the accuracy of the χ = 42 TNR result. (b) Spontaneous
magnetization M(T ) obtained with TNR with χ = 6 [23].
Even very close to the critical temperature, T = 0.9994 Tc, the
magnetization M ≈ 0.48 is reproduced to within 1% accuracy.

that this model has a global Z2 symmetry: it is invariant
under the simultaneous flip σk → −σk of all the spins.
We obtained an exact representation for the tensor A in
Eq. 1 in terms of four Boltzmann weights eσiσj/T ,

Aijkl = e(σiσj+σjσk+σkσl+σlσi)/T , (5)

which corresponds to having one tensor A for every two
spins, and a tensor network with a 45 degree tilt with
respect to the spin lattice, see Fig. 1(a,b). We actu-
ally built our starting tensor A(0), with bond dimension
χ = 4, by joining a square block of four tensors A to-
gether. We then applied up to 18 TNR transformations
to a system made of N = 218×218 tensors A(0), or equiv-
alently 2× 4×N Ising spins.

Fig. 3(a) shows the relative error δf in the free en-
ergy per site f ≡ log(Z)/(8N), at the critical temper-
ature Tc ≡ 2/ ln(1 +

√
2) ≈ 2.269, for both TRG and

TNR as a function of the bond dimensions χ [24]. The
TRG error decays polynomially, while the TNR error is
reduced exponentially, showing a qualitatively different
behaviour and implying that significantly more accurate
results can be obtained with TNR. Figure 3(b) shows the
spontaneous magnetization M(T ) as a function of tem-
perature T obtained with TNR for χ = 6. Even close
to T = Tc, we see remarkable agreement with the exact
solution.
However, the most significant feature of TNR is re-

vealed in Fig. 4, which shows, as a function of the scale

TRG v.s. TNR
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exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central
charge c and lowest scaling dimensions of the critical Ising
model. TRG results are obtained using the original Levin and
Nave’s algorithm [4]. TRG+env results are obtained using an
improved TRG method proposed in Ref. [5] under the name
of “poor-man’s SRG”. TEFR results are taken from Ref.
[7]. The first three numerical columns use bond dimension
χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses
χ = 24 and 262,144 spins.

point tensor (and thus recovers scale invariance) at crit-
icality. As demonstrated in Ref. [7], TEFR produces
accurate estimates of the central charge c and scaling di-
mensions ∆α for the Ising model, and one might indeed
misinterpret those as being evidence for having generated
a critical fixed-point tensor. However, the estimates re-
ported in Ref. [7] for c and ∆α are of comparable ac-
curacy to those obtained with TRG and “poor-man’s
SRG” using the same bond dimension (see Table I in
Sect. C.5). Since the above methods demonstrably fail
to produce a fixed-point tensor, the accurate TEFR es-
timates provided in Ref. [7] are no evidence that TEFR
has produced a critical fixed-point tensor. In conclusion,
Ref. [7] refers to the TEFR critical tensors as fixed-point
tensors, but Ref. [7] provides no evidence that TEFR
realizes a fixed-point tensor at criticality.

Extraction of scaling dimensions from a transfer
matrix

In proposing TRG in Ref. [4], Levin and Nave refer
to the significant loss of efficiency experienced by the
method at criticality as TRG’s critical break-down. It is
important to emphasize that, in spite of this significant
loss of efficiency at criticality, TRG can still be used to
extract universal information about a phase transition,
by studying the partition function of a finite system.
The key theoretical reason is that in a finite system

one can observe a realization of the so-called operator-
state correspondence in conformal field theories (CFT),
which asserts that there is a one-to-one map between
the states of the theory and its scaling operators [36].
Specifically, the finite size corrections are universal and
controlled by the spectrum of scaling dimensions of the

theory [37]. This is best known in the context of critical
quantum spin chains, where Cardy’s formula relates the
smallest scaling dimensions ∆α of the conformal theory
to the lowest eigenvalues Eα of the critical Hamiltonian
on a periodic chain according to

Eα(L)− Eα(∞) = η
2π

L
∆α + · · · , (18)

where L is the number of spins on the chain, Eα(∞)
is the energy in an infinite system, η (independent of
α) depends on the normalization of the Hamiltonian,
and where the sub-leading non-universal corrections are
O(1/L2) in the absence of marginal operators. Thus, we
can estimate scaling dimensions ∆α by diagonalizing a
critical Hamiltonian on a finite periodic chain, as it is
often done using exact diagonalization techniques. In a
two dimensional statistical system, the analogous result
is the observation that even in a finite system, a critical
partition function Z is organized according to the scaling
dimensions of the theory as

Z = eaLxLy

∑

α

e−Ly
2π
Lx

(∆α− c
12

)+··· ), (19)

where a is some non-universal constant, c is the central
charge of the CFT, and we assumed isotropic couplings
and a square torus made of Lx × Ly sites.

FIG. 16. Calculation of the smallest non-zero scaling dimen-
sion of 2D classical Ising at criticality, computed using either
TRG or TNR through diagonalization of the transfer operator
on an effective linear system size of L spins, comparing to the
exact result ∆σ = 1/8. For small system sizes, L < 26 spins,
finite size effects limit the precision with which ∆σ can be
computed, while for large system sizes truncation errors re-
duce the accuracy of the computed value of ∆σ. However, it
is seen that the TNR approach maintains accuracy for much
larger system sizes than does TRG: while TRG with bond
dimension χ = 80 gives ∆σ within 1% accuracy up to lin-
ear system size L = 211 spins, a TNR with bond dimension
χ = 24, which required a similar computation time as the
χ = 80 TRG result, gives 1% accuracy up to L = 224 spins.

As proposed by Gu and Wen [7], if the coarse-grained
tensor A(s) effectively represents the whole partition

     (Evenbly and Vidal: arXiv:1412.0732)
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exact TRG(64) TRG+env(64) TEFR(64) TNR(24)

c 0.5 0.49982 0.49988 0.49942 0.50001

σ 0.125 0.12498 0.12498 0.12504 0.1250004

ϵ 1 1.00055 1.00040 0.99996 1.00009

1.125 1.12615 1.12659 1.12256 1.12492

1.125 1.12635 1.12659 1.12403 1.12510

2 2.00243 2.00549 - 1.99922

2 2.00579 2.00557 - 1.99986

2 2.00750 2.00566 - 2.00006

2 2.01061 2.00567 - 2.00168

TABLE I. Exact values and numerical estimates of the central
charge c and lowest scaling dimensions of the critical Ising
model. TRG results are obtained using the original Levin and
Nave’s algorithm [4]. TRG+env results are obtained using an
improved TRG method proposed in Ref. [5] under the name
of “poor-man’s SRG”. TEFR results are taken from Ref.
[7]. The first three numerical columns use bond dimension
χ ≡ Dcut = 64 and 1024 spins, while the TNR data uses
χ = 24 and 262,144 spins.
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mensions ∆α for the Ising model, and one might indeed
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curacy to those obtained with TRG and “poor-man’s
SRG” using the same bond dimension (see Table I in
Sect. C.5). Since the above methods demonstrably fail
to produce a fixed-point tensor, the accurate TEFR es-
timates provided in Ref. [7] are no evidence that TEFR
has produced a critical fixed-point tensor. In conclusion,
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tensors, but Ref. [7] provides no evidence that TEFR
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method at criticality as TRG’s critical break-down. It is
important to emphasize that, in spite of this significant
loss of efficiency at criticality, TRG can still be used to
extract universal information about a phase transition,
by studying the partition function of a finite system.
The key theoretical reason is that in a finite system

one can observe a realization of the so-called operator-
state correspondence in conformal field theories (CFT),
which asserts that there is a one-to-one map between
the states of the theory and its scaling operators [36].
Specifically, the finite size corrections are universal and
controlled by the spectrum of scaling dimensions of the

theory [37]. This is best known in the context of critical
quantum spin chains, where Cardy’s formula relates the
smallest scaling dimensions ∆α of the conformal theory
to the lowest eigenvalues Eα of the critical Hamiltonian
on a periodic chain according to

Eα(L)− Eα(∞) = η
2π

L
∆α + · · · , (18)

where L is the number of spins on the chain, Eα(∞)
is the energy in an infinite system, η (independent of
α) depends on the normalization of the Hamiltonian,
and where the sub-leading non-universal corrections are
O(1/L2) in the absence of marginal operators. Thus, we
can estimate scaling dimensions ∆α by diagonalizing a
critical Hamiltonian on a finite periodic chain, as it is
often done using exact diagonalization techniques. In a
two dimensional statistical system, the analogous result
is the observation that even in a finite system, a critical
partition function Z is organized according to the scaling
dimensions of the theory as
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where a is some non-universal constant, c is the central
charge of the CFT, and we assumed isotropic couplings
and a square torus made of Lx × Ly sites.

FIG. 16. Calculation of the smallest non-zero scaling dimen-
sion of 2D classical Ising at criticality, computed using either
TRG or TNR through diagonalization of the transfer operator
on an effective linear system size of L spins, comparing to the
exact result ∆σ = 1/8. For small system sizes, L < 26 spins,
finite size effects limit the precision with which ∆σ can be
computed, while for large system sizes truncation errors re-
duce the accuracy of the computed value of ∆σ. However, it
is seen that the TNR approach maintains accuracy for much
larger system sizes than does TRG: while TRG with bond
dimension χ = 80 gives ∆σ within 1% accuracy up to lin-
ear system size L = 211 spins, a TNR with bond dimension
χ = 24, which required a similar computation time as the
χ = 80 TRG result, gives 1% accuracy up to L = 224 spins.

As proposed by Gu and Wen [7], if the coarse-grained
tensor A(s) effectively represents the whole partition

     (Evenbly and Vidal: arXiv:1412.0732)

From the theoretical view point, it is curious to consider how 
the renormalized Hamiltonian looks like when it is written by 
equations, in particular when the system is critical.
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