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Procedure for P,y

Setups

* guv(x) : ametric tensor on a Cauthy surface X with
dimension d

* f,(x) : abasis function on X

Normalization condition:

[ 4% \gfufy = 8an

From the definition of Py f4fp = Pap e,
Pane = | dx VGfafif. (naive def)



Procedure for P,y

Note about f,

* Result from spectral theory
If ¥ 1s a compact manifold, the eigenfunctions of the

Laplace-Beltrami operator V4 on ¥ form an orthonormal
basis for L*(X).

* So f, can be obtained by the Helmholtz equation:
(Vz + Tz)fa — O;

\72 = \/—gau(\/gg“"av).

* If ¥ has boundary: 0¥ # @, we need to impose a boundary
condition (Dirichlet/Neumann) for f,,.

o {f,|m?* < J?} with some “sharp cutoff " J



Procedure for P,y

Good definition of Pabc

* 0

2/712 2/12
m<“ /L V</L f

= fa€
abc

C
= [ dxvaRfif:
L < ] would be the best choice.

Basis function has oscillational bahaviour
L
viv)~ f da e'** ; oscillation
0

but if there 1s the damgoing factor
vivi~ | dae
0

; —n2/72
lax=-a”/L* .convergence




Persistent Homology

Setup [Carlsson, 2009]
* Vertex set: V
* Distance: d(i, )

Def. Vietris-Rips stream VR (u)

VR (u) is the mapping from a real parameter u to a simplicial
complex that satisfy
(1)[v] € VR(V,u) for all verticesv € V
(i)n-simplex [vyv; ... v,] € VR(V,u)
o d(vi,vj) < u for all edges [v;v;] € [vov; ... U]



Persistent Homology

Simple example

u Vietris-Rips complex Betti number
0O<u<? By =3
2<u<3 / By =2
3<u<4 / By =1

4<u A By, =1




Persistent Homology

Bett1 intervals (barcode)

* combinient to see the transition of the homology group of the
fuzzy space

* long-life intervals characterize the global structure

Betti number

0<u<? B, = 3
2<u<3 B, =2
3<u<4 B, =1
4<u By =1

Betti 0



Persistent Homology

Application for the fuzzy space
Some definitions

 Neighborhood WV, (i) ,
jE N.(i) & vévé > C
* Path p(i,))

p(i,)) = (Do, P1, -, Pn)
Po = 1,pn = J, VK(Pr € Ne(Pr+1))

* Distance d(i,j)
(1)If there exist paths {p(i,j)}
d(i,j) = min{n}

(i1) i, j are not connected
d(i,j) = o



n-Sphere S™

Setup [Higuchi,1987]
* Coordinates: (64,65, ..., 0,)
« Metric: dQ2 = d@Z + sin?0,,dQ%_,,d0% = do?

* Helmholtz equation
(V2+ L, (l,+n—1)f =0

Basis function will be (extended) spherical harmonics
fa = )/ll,lz ..... ln(Hl' 92' ""Hn)'

Damping factor
exp(—1, (L, + n—1)/L?)



2-Sphere S*
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2-Sphere S*
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Betti intervals (for Z,, R

*There are no intervals for Betti 1.

Betti_2

Betti_0
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3-Sphere S3

Betti intervals (for Z-)
*There are no intervals for Betti 1 and Bett1 2.

&0

== (BO'Bl'BZJBB) — (1'0'0'1)
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Line segment

Laplacian: 0

Boundary: x = 7

Dirichlet boundary condition

fa = sin(nx), cos((n — 1/2)x)
m? =n? (n—1/2)?

Neumann boundary condition
fa = 1,cos(nx),sin((n —1/2)x)
m? = 0,n?% (n — 1/2)*

Damping factor
exp(—m?/L?%)



Line segment
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Unorientable case

e Klein bottle

fle,y) = f(x+ 2m,y)
fle,y) = f(—x,y + 2m)

* Mobius strip

fx,y) = f(—x,y + 2m)
+ Dirichlet/Neumann
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Mobius strip (upper: Dirichlet, lower: Neumann)
(Bo, Bl' Bz) — (1,1,0) for Zz and ZB

Betti_0 Betti_1
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Product space

Let X be product space X; X X,.

%, 5, > =3, X3,
index aq a, a=(aq,ay)

coordinates xit x5 xt = (ki x5?)

Laplacian 4 74 V2=V + V2
basis fa, (%1) fa, (%2) fa(x) = fa,(x1)fa,(x2)
tensor Pa.bic, Pa,b,c, Pabe = Pa,b,c,Pa,b,e,

By using a damping factor like exp(—m?/L?),
the induced dumping factor exp(—(m%+m5)/L?) is also
a natural one 1n the product space.
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Product spaces

Torus (BO) Bl) BZ) — (1,2,1)
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Product spaces

Square (BO) Bl) BZ) = (11010)
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de Sitter space

* spacetime metric

ds? = —

2

(1 —r?)dt? + Tzt r2dQ3_,
N -
= Juv

Dirichlet

Neumann



Summary

* A procedure to calculate P ;. associated with the fuzzy
space was proposed.

* By using persistent homology method, the global structure of
the fuzzy space was explored.

Future prospects
* non-compact manifold? (like black hole)
* thermodynamics?

* ctc. ...



