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Ising model on 2d dynamical triangulations (DT)  [Kazakov, 1986]
(1) Continuous phase transition at non-zero temperature T..

(2) Physics around the critical pointis described by

2d gravity coupled to Majorana fermion

Reconsider criticality of Ising model on 2d DT [YS, Tanaka, 2017]
(1) Introduce a “loop-counting” parameter 6.
(2) Tuning 6,0one canreduce T (8) to absolute zero.

(3) Continuum theories around absolute zero are NOT

2d gravity coupled to Majorana fermions.
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Ising model on honeycomb lattice (G):

Za(B) = Z H oBIi0; Ising spin:

o <i,7> O; — +1

Exactly solved in the thermodynamic limit:
[Weiner, 1950, Houtappel, 1950]

(1) 2nd order phase transition at

ﬁ:ﬁc#OO

(2) Physics around B _described by

2d Majorana fermion



Ising model on a planar graph (w/ coordination number = 3) (G’):

Za (B) = Z H e/’7i%

o <i,]>

Summing all planar graphs (w/ coordination number = 3),

{G)G’)G”)...}

one can construct a solvable model (Ising model on 2d DT).
[Kazakov, 1986]
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Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]

_ (e
Z2(8.95) = Zgj e

g.:weight of avertex
n(G) :=#(vertices in G)



Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]
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Ising model on 2d dynamical triangulations (DT): [Kazakov, 1986]
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Average of #(vertices) goes to infinityas u— u
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Thermodynamic limit of dynamical triangulations (DT):

[M%ﬂc or 93%(93)026_“6}

Free energy (per vertex) of Ising model dressed by DT:

[f(ﬁ) = —luc(ﬁ) — —2 lim llog Zn(ﬁ)]

15 n—o00 N

f(B) becomes singularat f=5_

—> Critical point of Ising model on 2d DT



Continuum limit of dynamical triangulations (DT):

I[L — ,U‘C and £ — O w/ A p— <n>62 keptﬁxed

E E
where ¢ is the lattice spacing and A is a physical area. /\

Continuum theories S

(1) 2d pure gravity at B # 3,
(2) 2d gravity coupled to fermions at 3=8 . (# )



Definition via Hermitian NxN two-matrix model: [Kazakov, 1986]

ZN(B,93) = /D¢+D¢_€—NtrU<cp+,go_)

where weight of vertex
Ulpy,p-) = i (% + 0> —2ePp 0 ) — L + o)

T T sinh(26) T T T IR R
Vertices:




Definition via Hermitian NxN two-matrix model: [Kazakov, 1986]

ZN(B,93) = /D¢+D¢_€—NtrU<cp+,go_)

where nearest-neighbor interactions
Ulp+,p-) = Smgfw) (3 + 92 =270 )|- g—;(ﬁ +¢2)
Propagators:
(prp+4) = %65‘”“* ~ 7
(o1} = 2%t ~
1

(prp—) = NGBJM_ ~ F—

1 O_0O
(o) = €777 ~F—+




Definition via Hermitian NxN two-matrix model: [Kazakov, 1986]

ZN(B,93) = /D¢+D¢_€—NtrU(s@+,s@_)

where

2—2h h=0 for planar
~ N h>0 for non-planar

In the large-N limit, planar graphs survive.



Definition via Hermitian NxN two-matrix model: [Kazakov, 1986]

ZN(B,93) = /D¢+D¢_€—NtrU<cp+,go_)

where

Define Ising model on DT via the matrix model:

1 (ZN(5,93))

— lim ——1
Noyoo NZ -0 Zn(8,0)

2(5793)




Zero-temperature
V.S
Finite temperature



Kazakov’s potential: [Kazakov, 1986]

1
U@ ( L) =203+ = 2cq! +!!)—%(!i+!;3)

2

—2
where cgi = € Pat

Skeleton graph

Our potential: [YS,Tanaka,2017]

1/1

U (¢, , ) = . (E (05 + ©® —2cpr 0_) — glp— + o) — % (@3 + 903—))

—9
where c=¢e g

Trees are attached!



Kazakov’s potential: [Kazakov, 1986]

1
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where cgy = € Bat

Skeleton graph

Our potential: [YS,Tanaka,2017]
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wWhen 8 <<1 ~ 9#(l00p8)_2

trees become dominant
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Kazakov’s potential:

AU (N

[Kazakov, 1986]

(5dt)

7Ao

Our potential:

[YS, Tanaka, 2017]
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Remove the linear terms,
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Normalize quadratic terms,
1/1
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Critical line

Aﬁ_l

e

Skeleton graphs are dominant

Qv

1/2

Tree graphs are dominant



Critical line

Aﬁ_l
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Continuum limit
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Critical line
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Continuum limit
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Critical line Continuum limit
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Using the relation between Kazakov’s and our
parametrisations, in the continuum limit

g= go(')(L! A"%) 0 =0ue” (0<a<3)

one can show

g4t :£<1 52/3 A 52_%O‘—|—--->
(9at)e  Ge 14+ /7 @2%/?

3/2

If o =3,
one cannot reach Kazakov’s critical point






Discussion part was intentionally deleted!!




