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X i → X i , X̄ i → −X̄ i

6



Z(τ) = ZM(τ) ×
∑

w,m∈Z

ZS1

(w,m)(τ) × ZT d

(w,m)(τ)

ZS1

(w,m)(τ) =
R√

τ2|η(τ)|2 e
−πR2

τ2
|wτ+m|2

τ = τ1 + iτ2

q = e2πiτ
ZT d

(0,m) = tr
(
σmqL0− d

24 q̄L̄0− d
24

)
,

7



ZS1

(w,m)(τ + 1) = ZS1

(w,m+w)(τ) , ZS1

(w,m)(−1/τ) = ZS1

(m,−w)(τ)

ZT d

(w,m)

8





T d

Eij := Gij + Bij

pa = e∗ia [ni − Eijw
j] , p̄a = e∗ia [ni + Et

ijw
j] (ni , w

i ∈ Z)

9

P ◦ P ′ := pp′ − p̄p̄′

P (m, w) := (p, p̄)



ZT d

(0,0)(τ) =
1

|η(τ)|2
∑

(p,p̄)∈Λ

eπiτp2−πiτ̄ p̄2

10

g :=

(
a b

c d

)
∈ O(d, d, Z) i.e. , gt

(
0 I

I 0

)
g =

(
0 I

I 0

)
E → g(E) := (aE + b)(cE + d)−1



E = g(E) = (aE + b)(cE + d)−1

)  

(X i, X̄ i) → (X i,−X̄ i)

11

R = α′/R

∈ O(d, d, Z)

(
BG−1 −BG−1B + G

G−1 −G−1B

)
gSD =



Θab(τ) := θa(τ)θb(τ)/η2(τ)

ZT d

(w,m)

ZT d

(0,1)(τ) = Θ34(τ)
d/2 1

ηd(τ)

∑
Ew∈Zd

qwtGw

12



Eij = Cij (i > j) , Eii =
1

2
Cii , Eij = 0 (i < j)

ZT d

(0,0)(τ) =
∑

α

∣∣χG
α (τ)

∣∣2
13



gSD ∈ O(d, d, Z)

G−1 = 2C−1 gSD

A1 , Dr (r : even) , E7 , E8

14

Z
T d[G]
(0,1) (τ) = Θ34(τ)

d/2
χG

root(τ)



15

∀w, m ∈ Z

(w,m) −→ (w,m + w) , (w,m) −→ (m,−w)
τ → τ + 1 τ → −1/τ

Z
T d[G]
(w,m)



Z(τ) = ZM(τ) ×
∑

w,m∈Z

ZS1

(w,m)(τ) × Z
T d[G]
(w,m)(τ)
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A1 :

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∣∣χA1
0 (τ)

∣∣2 +
∣∣χA1

1 (τ)
∣∣2

e
πi
8

ab3 Θ34(τ)
1
2 ·1

2

[
χA1

+ (τ) + iaχA1− (τ)
]

e−
πi
8

a3b Θ23(τ)
1
2 · 1√

2

[
χA1

0 (τ) + ibχA1
1 (τ)

]
e−

πi
8

a3b Θ24(τ)
1
2 · 1√

2

[
χA1

0 (τ) + ia+b−1χA1
1 (τ)

]

χA1± := χA1
0 ± χA1

1

χA1
0 (τ) =

θ3(2τ)

η(τ)
, χA1

1 (τ) =
θ2(2τ)

η(τ)

Θab(τ) := θa(τ)θb(τ)/η2(τ)

Z
T 1[A1]
(a,b) (τ) =

16-1



Dr :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

2|ηr(τ)|2r

[∣∣θ3(τ)
∣∣2r

+
∣∣θ4(τ)

∣∣2r
+

∣∣θ2(τ)
∣∣2r

]
e

πir
8

ab Θ34(τ)
r
2 · 1

2ηr(τ)

[
θr
3(τ) + e

πir
4

aθr
4(τ)

]
e−

πir
8

ab Θ23(τ)
r
2 · 1

2ηr(τ)

[
θr
3(τ) + e

πir
4

bθr
2(τ)

]
e−

πir
8

ab Θ24(τ)
r
2 · 1

2ηr(τ)

[
θr
4(τ) + e

πir
4

(a+b−1)θr
2(τ)

]

χDr
0 (τ) =

1

2ηr(τ)

[
θr
3(τ) + θr

4(τ)
]
, χDr

1 (τ) =
1

2ηr(τ)

[
θr
3(τ) − θr

4(τ)
]

χDr
2 (τ) = χDr

3 (τ) =
θr
2(τ)

2ηr(τ)

Z
T r[Dr]
(a,b) (τ) =

16-2



E7 :

χE7± := χE7
0 ± χE7

1

χE7
0 (τ) =

1

2η7(τ)

[
θ2(2τ)θ6

2(τ) + θ3(2τ)
(
θ6
3(τ) + θ6

4(τ)
)]

χE7
1 (τ) =

1

2η7(τ)

[
θ3(2τ)θ6

2(τ) + θ2(2τ)
(
θ6
3(τ) − θ6

4(τ)
)]

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∣∣χE7
0 (τ)

∣∣2 +
∣∣χE7

1 (τ)
∣∣2

e
7πi
8

ab3 Θ34(τ)
7
2 ·1

2

[
χE7

+ (τ) + (−i)aχE7− (τ)
]

e−
7πi
8

a3b Θ23(τ)
7
2 · 1√

2

[
χE7

0 (τ) + (−i)bχE7
1 (τ)

]
e−

7πi
8

a3b Θ24(τ)
7
2 · 1√

2

[
χE7

0 (τ) + (−i)a+b−1χE7
1 (τ)

]

Z
T 7[E7]
(a,b) (τ) =

16-3



E8 :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∣∣χE8
0 (τ)

∣∣2
Θ34(τ)

4 · χE8
0 (τ)

Θ23(τ)
4 · χE8

0 (τ)

−Θ24(τ)
4 · χE8

0 (τ)

χE8
0 (τ) = χD8

0 + χD8
2

Z
T 8[E8]
(a,b) (τ) =
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Z
T d[G]
(w,m)

17





18

σ2 = 1

FR :

f(w,m)(τ) f̂(w,m)(τ)

σ : ψi
R �→ −ψi

R

σ2 = (−1)FR



f(a,b)(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)
a
2

{(
θ3
η

)2 (
θ4
η

)2

−
(

θ4
η

)2 (
θ3
η

)2

+ 0
}

(= 0) (a ∈ 2Z, b ∈ 2Z + 1)

(−1)
b
2

{(
θ3
η

)2 (
θ2
η

)2

+ 0 −
(

θ2
η

)2 (
θ3
η

)2
}

(= 0) (a ∈ 2Z + 1, b ∈ 2Z)

−e
iπ
2 ab

{
0 +

(
θ2
η

)2 (
θ4
η

)2

−
(

θ4
η

)2 (
θ2
η

)2
}

(= 0) (a ∈ 2Z + 1, b ∈ 2Z + 1)(
θ3
η

)4

−
(

θ4
η

)4

−
(

θ2
η

)4

(= 0) (a ∈ 2Z, b ∈ 2Z)
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)
a
2

{(
θ3
η

)2 (
θ4
η

)2

−
(

θ4
η

)2 (
θ3
η

)2

+ 0
}

(= 0) (a ∈ 2Z, b ∈ 2Z + 1)

(−1)
b
2

{(
θ3
η

)2 (
θ2
η

)2

+ 0 −
(

θ2
η

)2 (
θ3
η

)2
}

(= 0) (a ∈ 2Z + 1, b ∈ 2Z)

−e
iπ
2 ab

{
0 +

(
θ2
η

)2 (
θ4
η

)2

−
(

θ4
η

)2 (
θ2
η

)2
}

(= 0) (a ∈ 2Z + 1, b ∈ 2Z + 1)

(
θ3
η

)4

−
(

θ4
η

)4

−
(

θ2
η

)4

(= 0) (a ∈ 4Z, b ∈ 4Z)(
θ3
η

)4

−
(

θ4
η

)4

+
(

θ2
η

)4

(a ∈ 4Z, b ∈ 4Z + 2)(
θ3
η

)4

+
(

θ4
η

)4

−
(

θ2
η

)4

(a ∈ 4Z + 2, b ∈ 4Z)

−
{(

θ3
η

)4

+
(

θ4
η

)4

+
(

θ2
η

)4
}

(a ∈ 4Z + 2, b ∈ 4Z + 2)

f̂(a,b)(τ) =

19-2



(w,m) −→ (w,m + w) , (w,m) −→ (m,−w)

τ → τ + 1 τ → −1/τ

J =
1

η4
(θ4

3 − θ4
4 − θ4

2)

Z(τ) = ZR1,3×S1(τ)

20

×
∑

w,m∈Z

ZS1

(w,m)(τ)Z
T 4[D4]
(w,m) (τ) · J (τ) · f(w,m)(τ)
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22





Z(τ) = ZR1,3×S1(τ)

23

(σ′)2 = (−1)FR

σ → σ′ := σ ⊗ (−1)FL

×
∑

w,m∈Z

ZS1

(w,m)(τ)ZT 4[D4]
(w,m) (τ)f̂(2w,2m)(τ)f̂(w,m)(τ)



24

f̂(w,m)(τ) = 0

f̂(2w,2m)(τ) = 0
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( Qα
L + Mα

β Qβ
R ) |B 〉 = 0

24

〈B | q−sH |B 〉 = 0

= 0
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CFT CFT1 CFT2

boundary interface (defect)

T1(z) − T̄1(z̄) ≈ T2(z) − T̄2(z̄)



T1(z) ≈ T2(z) , T̄1(z̄) ≈ T̄2(z̄)
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D · D̄ = 1

D · D̄ =
∑

k Dk

28
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X
X

33
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