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Motivation: I) E-Model . . .

S = SWZW − 1
2

∫
〈l−1∂σ l , E l−1∂σ l〉

SWZW =
1
2

∫
dσ dτ〈l−1∂σ l , l−1∂τ l〉+ 1

12

∫
〈[l−1dl , l−1dl], l−1dl〉

� target space Lie group D � l with maximal isotropic subgroup G̃

� Poisson-Lie symmetry and T-duality are manifest symmetries

� integrate out 1/2 of the degrees of freedom → σ-model on D/G̃

� D captures the phase space of this σ-model

J = TAJA = l−1∂σ l

H =
1
2

∫
dσ〈J, EJ〉

{JA(σ), JB(σ′)} = F AB
CJC(σ)δ(σ − σ′) + ηAB∂σδ(σ − σ′)



Motivation: . . . and integrable deformations of the PCM

� field equations from ∂τJA = {H, JA}
� example principle chiral model (PCM) J = j0 + j1

∂τ j0 − ∂σ j1 = 0
∂τ j1 − ∂σ j0 − [j0, j1] = 0

� Zakharov-Mikhailov field equations → Lax pair
� Lax pair → infinite number of conserved charges → integrable

� new integrable model
1. deform { , } and keep H

2. such that field equations do not change

Because both { , } and H are manifest in the E-model it is perfectly
suited to explore these deformations.



¿Low energy effective target space theory?

� E-model = σ-model on D/G̃ → (g)SUGRA

� but then we loose all the nice structure on D
� E-model = doubled σ-model → Double Field Theory?

CHALLENGES

1. doubled space = winding + normal coordinates �= D
2. abelian T-duality is manifest ⊂ Poisson-Lie T-duality

→ standard DFT does not work

Today, I will show you how to change the standard DFT framework
to overcome these challenges. The result is called DFT on group
manifolds (abbreviated DFTWZW) and will meet all our expectations.



Motivation: II) Incorporate Poisson-Lie T-duality into DFT
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What do we gain?

� a target space description with manifest Poisson-Lie symmetry

� captures the dilaton

� captures the R/R sector

� first derivation of R/R sector transformation for full Poisson-Lie T-duality

� before only for abelian and non-abelian T-duality known

� modified SUGRA automatically build in

� simplified handling of integrable deformations

� consistent truncations in SUGRA
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Drinfeld double

Definition: A Drinfeld double is a 2D-dimensional Lie group D,
whose Lie-algebra d

1. has an ad-invariant bilinear for 〈 · , ·〉 with signature (D,D)

2. admits the decomposition into two maximal isotropic
subalgebras g and g̃

� (
ta ta

)
= TA ∈ d , ta ∈ g and ta ∈ g̃

� 〈TA,TB〉 = ηAB =

(
0 δa

b
δb

a 0

)
� [TA,TB] = FAB

CTC with non-vanishing commutators

[ta, tb] = fab
ctc [ta, tb] = f̃ bc

atc − fac
btc

[ta, tb] = f̃ ab
ctc

� ad-invariance of 〈 · , ·〉 implies FABC = F[ABC]

Motivation Poisson-Lie T-duality Double Field Theory Summary



Drinfeld double

Definition: A Drinfeld double is a 2D-dimensional Lie group D,
whose Lie-algebra d

1. has an ad-invariant bilinear for 〈 · , ·〉 with signature (D,D)

2. admits the decomposition into two one maximal isotropic
subalgebras g and g̃

� (
ta ta

)
= TA ∈ d , ta ∈ g and ta ∈ g̃

� 〈TA,TB〉 = ηAB =

(
0 δa

b
δb

a 0

)
� [TA,TB] = FAB

CTC with non-vanishing commutators

[ta, tb] = fab
ctc + f ′abctc [ta, tb] = f̃ bc

atc − fac
btc

[ta, tb] = f̃ ab
ctc

� ad-invariance of 〈 · , ·〉 implies FABC = F[ABC]

Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 1. Definition

� 2D σ-model on target space M with action

S(E ,M) =
∫

dzdz̄ Eij∂xi ∂̄xj

� Eij = gij + Bij captures metric and two-from field on M
� inverse of Eij is denoted as Eij
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Poisson-Lie T-duality: 1. Definition

� 2D σ-model on target space M with action

S(E ,M) =
∫

dzdz̄ Eij∂xi ∂̄xj

� Eij = gij + Bij captures metric and two-from field on M
� inverse of Eij is denoted as Eij

� left invariant vector field va
i on G is the inverse transposed

of right invariant Maurer-Cartan form tava
idx i = dg g−1

� adjoint action of g ∈ G on tA ∈ d: Adg tA = gtAg−1 = MA
BtB

� analog for G̃
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Poisson-Lie T-duality: 1. Definition

� 2D σ-model on target space M with action

S(E ,M) =
∫

dzdz̄ Eij∂xi ∂̄xj

� Eij = gij + Bij captures metric and two-from field on M
� inverse of Eij is denoted as Eij

� left invariant vector field va
i on G is the inverse transposed

of right invariant Maurer-Cartan form tava
idx i = dg g−1

� adjoint action of g ∈ G on tA ∈ d: Adg tA = gtAg−1 = MA
BtB

� analog for G̃

Definition: S(E ,D/G̃) and S(Ẽ ,D/G) are Poisson-Lie T-dual if

Eij = vc
iMa

c(MaeMb
e + Eab

0 )Mb
dvd

j

Ẽ ij = ṽ ci M̃a
c(M̃aeM̃b

e + E0 ab)M̃b
d ṽdj

holds, where Eab
0 is constant and invertible with the inverse E0 ab.

Motivation Poisson-Lie T-duality Double Field Theory Summary



Remark: The E-model looks much nicer

S = SWZW − 1
2

∫
〈l−1∂σ l , E l−1∂σ l〉

SWZW =
1
2

∫
dσ dτ〈l−1∂σ l , l−1∂τ l〉+ 1

12

∫
〈[l−1dl , l−1dl], l−1dl〉

{JA(σ), JB(σ′)} = F AB
CJC(σ)δ(σ − σ′) + ηAB∂σδ(σ − σ′)

� we now know what ηAB and F AB
C is
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Remark: The E-model looks much nicer

S = SWZW − 1
2

∫
〈l−1∂σ l , E l−1∂σ l〉

SWZW =
1
2

∫
dσ dτ〈l−1∂σ l , l−1∂τ l〉+ 1

12

∫
〈[l−1dl , l−1dl], l−1dl〉

{JA(σ), JB(σ′)} = F AB
CJC(σ)δ(σ − σ′) + ηAB∂σδ(σ − σ′)

� we now know what ηAB and F AB
C is

� E : d → d is captured by the generalized metric

HAB = 〈TA, ETB〉 =
(

Gab GacBcb
−BacGcb Gab + BacGcdGdb

)
� with Gab + Bab = E0 ab

Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 2. Properties

� captures

{
abelian T-d. G abelian and G̃ abelian
non-abelian T-d. G non-abelian and G̃ abelian
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Poisson-Lie T-duality: 2. Properties

� captures

{
abelian T-d. G abelian and G̃ abelian
non-abelian T-d. G non-abelian and G̃ abelian

� dual σ-models related by canonical transformation
→ equivalent at the classical level
� preserves conformal invariance at one-loop
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Poisson-Lie T-duality: 2. Properties

� captures

{
abelian T-d. G abelian and G̃ abelian
non-abelian T-d. G non-abelian and G̃ abelian

� dual σ-models related by canonical transformation
→ equivalent at the classical level
� preserves conformal invariance at one-loop
� dilaton transformation

φ = −1
2 log

∣∣∣det(1 + g̃−1
0 (B̃0 + Π)

)∣∣∣
φ̃ = −1

2 log
∣∣∣det(1 + g−1

0 (B0 + Π̃)
)∣∣∣ details tomorrow
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Poisson-Lie T-duality: 2. Properties

� captures

{
abelian T-d. G abelian and G̃ abelian
non-abelian T-d. G non-abelian and G̃ abelian

� dual σ-models related by canonical transformation
→ equivalent at the classical level
� preserves conformal invariance at one-loop
� dilaton transformation

φ = −1
2 log

∣∣∣det(1 + g̃−1
0 (B̃0 + Π)

)∣∣∣
φ̃ = −1

2 log
∣∣∣det(1 + g−1

0 (B0 + Π̃)
)∣∣∣ details tomorrow

2D σ-model perspective

(modified) SUGRA perspective

Motivation Poisson-Lie T-duality Double Field Theory Summary



Additional structure on the Drinfeld double

� right invariant vector EA
I field on D is the inverse transposed of

left invariant Maurer-Cartan form tAEA
IdX I = g−1dg

Motivation Poisson-Lie T-duality Double Field Theory Summary



Additional structure on the Drinfeld double

� right invariant vector EA
I field on D is the inverse transposed of

left invariant Maurer-Cartan form tAEA
IdX I = g−1dg

� two η-compatible, covariant derivatives1

1. flat derivative

DAV B = EA
I∂IV B

2. convenient derivative

∇AV B = DAV B + 1
3 FAC

BV C − wFAV B, FA = DA log
∣∣det(EB

I)
∣∣

1definitions here just for quantities with flat indices
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Additional structure on the Drinfeld double

� right invariant vector EA
I field on D is the inverse transposed of

left invariant Maurer-Cartan form tAEA
IdX I = g−1dg

� two η-compatible, covariant derivatives1

1. flat derivative

DAV B = EA
I∂IV B

2. convenient derivative

∇AV B = DAV B + 1
3 FAC

BV C − wFAV B, FA = DA log
∣∣det(EB

I)
∣∣

� generalized metric HAB (w = 0)

HAB = H(AB), HACη
CDHDB = ηAB

� generalized dilaton d with e−2d scalar density of weight w = 1

1definitions here just for quantities with flat indices
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Additional structure on the Drinfeld double

� right invariant vector EA
I field on D is the inverse transposed of

left invariant Maurer-Cartan form tAEA
IdX I = g−1dg

� two η-compatible, covariant derivatives1

1. flat derivative

DAV B = EA
I∂IV B

2. convenient derivative

∇AV B = DAV B + 1
3 FAC

BV C − wFAV B, FA = DA log
∣∣det(EB

I)
∣∣

� generalized metric HAB (w = 0)

HAB = H(AB), HACη
CDHDB = ηAB

� generalized dilaton d with e−2d scalar density of weight w = 1

� triple (D,HAB, d) captures the doubled space of DFT

1definitions here just for quantities with flat indices

Motivation Poisson-Lie T-duality Double Field Theory Summary



Double Field Theory for (D,HAB, d)

� action (∇Ad = −1
2e2d∇Ae−2d )

SNS =

∫
D

d2DXe−2d
(1

8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC

− 2∇Ad∇BHAB + 4HAB∇Ad∇Bd +
1
6

FACDFB
CDHAB

)
� 2D-diffeomorphisms

LξV A = ξBDBV A + wDBξ
BV A

� global O(D,D) transformations

V A → T A
BV B with T A

CT B
Dη

CD = ηAB

� generalized diffeomorphisms

LξV A = ξB∇BV A +
(∇AξB −∇Bξ

A)V B + w∇Bξ
BV A

� section condition (SC)

ηABDA · DB · = 0
Motivation Poisson-Lie T-duality Double Field Theory Summary



How we got this action?

pi

� closed strings in D-dim. flat space

� truncate all massive excitations

� match scattering amplitudes of strings with EFT

SNS =

∫
dDx

√
ge−2φ

(
R+ 4∂iφ∂

iφ− 1
12

HijkHijk
)

Motivation Poisson-Lie T-duality Double Field Theory Summary
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� closed strings in D-dim. flat space

� truncate all massive excitations

� match scattering amplitudes of strings with EFT

SNS =

∫
dDx

√
ge−2φ

(
R+ 4∂iφ∂

iφ− 1
12

HijkHijk
)
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How we got this action?

gij(pk )

φ(pi)

� closed strings in D-dim. flat space

� truncate all massive excitations

� match scattering amplitudes of strings with EFT

SNS =

∫
dDx

√
ge−2φ

(
R+ 4∂iφ∂

iφ− 1
12

HijkHijk
)
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Double Field Theory

pi wi

� closed strings on a flat torus

� combine conjugated variables xi and x̃ i into X M =
(
x̃i x i

)
� repeat steps from SUGRA derivation

� fields are constrained by strong constraint ∂M∂M · = 0

SDFT =

∫
d2DX e−2dR(HMN , d)

Motivation Poisson-Lie T-duality Double Field Theory Summary



DFT on group manifolds = DFTWZW

Use group manifold (Wess-Zumino-Witten model)
instead of a torus to derive DFT!

+ solvable worldsheet CFT
+ S3 = SU(2) and has no winding
+ flux backgrounds, i.e. S3 with H-flux

Motivation Poisson-Lie T-duality Double Field Theory Summary



DFT on group manifolds = DFTWZW

Use group manifold (Wess-Zumino-Witten model)
instead of a torus to derive DFT!

+ solvable worldsheet CFT
+ S3 = SU(2) and has no winding
+ flux backgrounds, i.e. S3 with H-flux

Double Field Theory =
� treat left and right mover independently
� 2D independent coordinates
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DFT on group manifolds = DFTWZW

Use group manifold (Wess-Zumino-Witten model)
instead of a torus to derive DFT!

+ solvable worldsheet CFT
+ S3 = SU(2) and has no winding
+ flux backgrounds, i.e. S3 with H-flux

Double Field Theory =
� treat left and right mover independently
� 2D independent coordinates

TASKS

� Derive cubic action and gauge transformations (CSFT)
� Rewrite in terms of ηAB, FABC and HAB

� Figure out that D does not have to be GL × GR

⎫⎪⎪⎪⎬⎪⎪⎪⎭ not trivial :-)

Motivation Poisson-Lie T-duality Double Field Theory Summary



Double Field Theory for (D,HAB, d)

� action (∇Ad = −1
2e2d∇Ae−2d )

SNS =

∫
D

d2DXe−2d
(1

8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC

− 2∇Ad∇BHAB + 4HAB∇Ad∇Bd +
1
6

FACDFB
CDHAB

)
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Double Field Theory for (D,HAB, d)

� action (∇Ad = −1
2e2d∇Ae−2d )

SNS =

∫
D

d2DXe−2d
(1

8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC

− 2∇Ad∇BHAB + 4HAB∇Ad∇Bd +
1
6

FACDFB
CDHAB

)
� 2D-diffeomorphisms

LξV A = ξBDBV A + wDBξ
BV A

� global O(D,D) transformations

V A → T A
BV B with T A

CT B
Dη

CD = ηAB
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Double Field Theory for (D,HAB, d)

� action (∇Ad = −1
2e2d∇Ae−2d )

SNS =

∫
D

d2DXe−2d
(1

8
HCD∇CHAB∇DHAB − 1

2
HAB∇BHCD∇DHAC

− 2∇Ad∇BHAB + 4HAB∇Ad∇Bd +
1
6

FACDFB
CDHAB

)
� 2D-diffeomorphisms

LξV A = ξBDBV A + wDBξ
BV A

� global O(D,D) transformations

V A → T A
BV B with T A

CT B
Dη

CD = ηAB

� generalized diffeomorphisms

LξV A = ξB∇BV A +
(∇AξB −∇Bξ

A)V B + w∇Bξ
BV A

� section condition (SC)

ηABDA · DB · = 0
Motivation Poisson-Lie T-duality Double Field Theory Summary



Symmetries of the action

� SNS invariant for X I→ X I + ξAEA
I and

1. HAB → HAB + LξHAB and e−2d → e−2d + Lξe−2d

2. HAB → HAB + LξHAB and e−2d → e−2d + Lξe−2d

Motivation Poisson-Lie T-duality Double Field Theory Summary



Symmetries of the action

� SNS invariant for X I→ X I + ξAEA
I and

1. HAB → HAB + LξHAB and e−2d → e−2d + Lξe−2d

2. HAB → HAB + LξHAB and e−2d → e−2d + Lξe−2d

object gen.-diffeomorphisms 2D-diffeomorphisms global O(D,D)
HAB tensor scalar tensor
∇Ad not covariant scalar 1-form
e−2d scalar density (w=1) scalar density (w=1) invariant
ηAB invariant invariant invariant

FAB
C invariant invariant tensor

EA
I invariant vector 1-form

SNS invariant invariant invariant
SC invariant invariant invariant
DA not covariant covariant covariant
∇A not covariant covariant covariant︸ ︷︷ ︸

manifest
Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 1. Solve SC

� fix D physical coordinates xi from X I =
(

xi x ĩ
)

on D

such that ηIJ = EA
IηABEB

J =

(
0 . . .
. . . . . .

)
→ SC is solved

� fields and gauge parameter depend just on xi

Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 1. Solve SC

� fix D physical coordinates xi from X I =
(

xi x ĩ
)

on D

such that ηIJ = EA
IηABEB

J =

(
0 . . .
. . . . . .

)
→ SC is solved

� fields and gauge parameter depend just on xi

� only two SC solutions, relate them by symmetries of DFT

d(X I) = g(xi)g̃(x ĩ) tA =
(
ta ta

) D/G̃

d(X ′I) = g̃(x ′i)g(x ′̃i) tA =
(
ta ta) D/G
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Poisson-Lie T-duality: 1. Solve SC

� fix D physical coordinates xi from X I =
(

xi x ĩ
)

on D

such that ηIJ = EA
IηABEB

J =

(
0 . . .
. . . . . .

)
→ SC is solved

� fields and gauge parameter depend just on xi

� only two SC solutions, relate them by symmetries of DFT

d(X I) = g(xi)g̃(x ĩ) tA =
(
ta ta

) D/G̃

d(X ′I) = g̃(x ′i)g(x ′̃i) tA =
(
ta ta) D/G

2D-diffeom. global O(D,D)

target space

PL-TD

Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 2. As manifest symmetry of DFT

� same structure as in the original paper [Klimčı́k and Ševera, 1995]
� duality target spaces arise as different solutions of the SC
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

� same structure as in the original paper [Klimčı́k and Ševera, 1995]
� duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
� 2D-diffeomorphisms X I → X ′I(X 1, . . .X 2D) with d(X I) = d(X ′I)
� global O(D,D) transformation tA → ηABtB︸ ︷︷ ︸

manifest symmtries of DFT

Motivation Poisson-Lie T-duality Double Field Theory Summary



Poisson-Lie T-duality: 2. As manifest symmetry of DFT

� same structure as in the original paper [Klimčı́k and Ševera, 1995]
� duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
� 2D-diffeomorphisms X I → X ′I(X 1, . . .X 2D) with d(X I) = d(X ′I)
� global O(D,D) transformation tA → ηABtB︸ ︷︷ ︸

manifest symmtries of DFT

� for abelian T-duality X I → X ′I = X I

→ no 2D-diffeomorphisms needed, only global O(D,D) transformation
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Poisson-Lie T-duality: 2. As manifest symmetry of DFT

� same structure as in the original paper [Klimčı́k and Ševera, 1995]
� duality target spaces arise as different solutions of the SC

Poisson-Lie T-duality:
� 2D-diffeomorphisms X I → X ′I(X 1, . . .X 2D) with d(X I) = d(X ′I)
� global O(D,D) transformation tA → ηABtB︸ ︷︷ ︸

manifest symmtries of DFT

� for abelian T-duality X I → X ′I = X I

→ no 2D-diffeomorphisms needed, only global O(D,D) transformation

Poisson-Lie T-duality is a manifest symmetry of DFT
Motivation Poisson-Lie T-duality Double Field Theory Summary



Equivalence to supergravity: 1. Generalized parallelizable spaces

� generalized tangent space element V̂I =
(
V i Vi

)
� generalized Lie derivative

L̂ξV
̂I = ξ

̂J∂
̂JV̂I +

(
∂
̂Iξ

̂J − ∂
̂Jξ

̂I)V ̂J with ∂̂I =
(
0 ∂i

)

Motivation Poisson-Lie T-duality Double Field Theory Summary



Equivalence to supergravity: 1. Generalized parallelizable spaces

� generalized tangent space element V̂I =
(
V i Vi

)
� generalized Lie derivative

L̂ξV
̂I = ξ

̂J∂
̂JV̂I +

(
∂
̂Iξ

̂J − ∂
̂Jξ

̂I)V ̂J with ∂̂I =
(
0 ∂i

)
Definition: A manifold M which admits a globally defined
generalized frame field ÊA

̂I(xi) satisfying

1. L̂
̂EA

ÊB
̂I = FAB

CÊC
̂I

where FAB
C are the structure constants of a Lie algebra h

2. ÊA
̂IηABÊB

̂J = η Î Ĵ =

(
0 δj

i
δi

j 0

)
is a generalized parallelizable space (M, h, ÊA

̂I).

Motivation Poisson-Lie T-duality Double Field Theory Summary



Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.
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Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY
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S2 is not parallelizable

Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY

� counterexample S2 (hairy ball)

TpS2
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S2 is not parallelizable, but generalized parallelizable

Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY

� counterexample S2 (hairy ball)

TpS2Λ0T ∗
p S2

use generalized tangent space instead of TM
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S2 is not parallelizable, but generalized parallelizable

Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY

� counterexample S2 (hairy ball)

TpS2Λ0T ∗
p S2

use generalized tangent space instead of TM

� all spheres are generalized parallelizable on TM ⊕ Λd−2T ∗M
� generalized frame field ÊA fulfilling L̂ÊA

ÊB = FAB
CÊC

� consistent ansätze from compactification with max. SUSY
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S2 is not parallelizable, but generalized parallelizable

Def.: M is parallelizable if ∃ d=dimM
smooth vector fields providing a basis ea
for TpM at every point p on M.

� examples: S3, S7, Lie groups
� Scherk-Schwarz compactifications on

M do not break any SUSY

� counterexample S2 (hairy ball)

TpS2Λ0T ∗
p S2

use generalized tangent space instead of TM

� all spheres are generalized parallelizable on TM ⊕ Λd−2T ∗M
� generalized frame field ÊA fulfilling L̂ÊA

ÊB = FAB
CÊC

� consistent ansätze from compactification with max. SUSY

¿ Is there a systematic way to construct them ?
Motivation Poisson-Lie T-duality Double Field Theory Summary



Equivalence to supergravity: 2. Generalized metric and dilaton

� Drinfeld double D → two generalized parallelizable spaces:

(D/G̃, d, ÊA
̂I)

and
(D/G, d,

˜̂EA
̂I)

ÊA
̂I = MA

B
(

vb
i 0

0 vb
i

)
B
̂I ˜̂EA

̂I = M̃AB

(
ṽbi 0
0 ṽ bi

)
B̂I
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Equivalence to supergravity: 2. Generalized metric and dilaton

� Drinfeld double D → two generalized parallelizable spaces:

(D/G̃, d, ÊA
̂I)

and
(D/G, d,

˜̂EA
̂I)

ÊA
̂I = MA

B
(

vb
i 0

0 vb
i

)
B
̂I ˜̂EA

̂I = M̃AB

(
ṽbi 0
0 ṽ bi

)
B̂I

� express HAB in terms of the generalized ĤÎ Ĵ on TD/G̃ ⊕ T ∗D/G̃

HAB = ÊA
̂IĤÎ Ĵ ÊB

̂J with ĤÎ Ĵ =

(
gij − BikgklBlk −Bikgkl

gikBkj gij

)
� express d in terms of the standard generalized dilaton d̂

d = d̂ − 1
2
log |det ṽai |

d̂ = φ− 1/4 log
∣∣detgij

∣∣
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Equivalence to supergravity: 2. Generalized metric and dilaton

� Drinfeld double D → two generalized parallelizable spaces:

(D/G̃, d, ÊA
̂I)

and
(D/G, d,

˜̂EA
̂I)

ÊA
̂I = MA

B
(

vb
i 0

0 vb
i

)
B
̂I ˜̂EA

̂I = M̃AB

(
ṽbi 0
0 ṽ bi

)
B̂I

� express HAB in terms of the generalized ĤÎ Ĵ on TD/G̃ ⊕ T ∗D/G̃

HAB = ÊA
̂IĤÎ Ĵ ÊB

̂J with ĤÎ Ĵ =

(
gij − BikgklBlk −Bikgkl

gikBkj gij

)
� express d in terms of the standard generalized dilaton d̂

d = d̂ − 1
2
log |det ṽai |

d̂ = φ− 1/4 log
∣∣detgij

∣∣
� plug into the DFT action SNS

Motivation Poisson-Lie T-duality Double Field Theory Summary



Equivalence to supergravity: 3. IIA/B bosonic sector action

� if G and G̃ are unimodular

SNS = VG̃

∫
dDx e−2̂d

(1
8
ĤK̂ L̂∂K̂ ĤÎ Ĵ∂L̂ĤÎ Ĵ − 2∂Î d̂∂ĴĤÎ Ĵ

− 1
2
ĤÎ Ĵ∂ĴĤK̂ L̂∂L̂ĤÎK̂ + 4ĤÎ Ĵ∂Î d̂∂Ĵ d̂

)
� VG̃ =

∫
G̃ dx̃D det ṽai volume of group G̃
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Equivalence to supergravity: 3. IIA/B bosonic sector action

� if G and G̃ are unimodular

SNS = VG̃

∫
dDx e−2̂d

(1
8
ĤK̂ L̂∂K̂ ĤÎ Ĵ∂L̂ĤÎ Ĵ − 2∂Î d̂∂ĴĤÎ Ĵ

− 1
2
ĤÎ Ĵ∂ĴĤK̂ L̂∂L̂ĤÎK̂ + 4ĤÎ Ĵ∂Î d̂∂Ĵ d̂

)
� VG̃ =

∫
G̃ dx̃D det ṽai volume of group G̃

� equivalent to IIA/B NS/NS sector action

SNS = VG̃

∫
dDx

√
det(gij)e−2φ(R+ 4∂iφ∂

iφ− 1
12

HijkHijk)
� holds for all HAB(xi) / ĤÎ Ĵ(xi)

� only D-diffeomorphisms and B-field gauge trans. as symmetries
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Equivalence to supergravity: 3. IIA/B bosonic sector action

� if G and G̃ are unimodular

SNS = VG̃

∫
dDx e−2̂d

(1
8
ĤK̂ L̂∂K̂ ĤÎ Ĵ∂L̂ĤÎ Ĵ − 2∂Î d̂∂ĴĤÎ Ĵ

− 1
2
ĤÎ Ĵ∂ĴĤK̂ L̂∂L̂ĤÎK̂ + 4ĤÎ Ĵ∂Î d̂∂Ĵ d̂

)
� VG̃ =

∫
G̃ dx̃D det ṽai volume of group G̃

� equivalent to IIA/B NS/NS sector action

SNS = VG̃

∫
dDx

√
det(gij)e−2φ(R+ 4∂iφ∂

iφ− 1
12

HijkHijk)
� holds for all HAB(xi) / ĤÎ Ĵ(xi)

� only D-diffeomorphisms and B-field gauge trans. as symmetries

� similar story for R/R sector (tomorrow)
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Restrictions on HAB and d to admit Poisson-Lie T-duality

� in general HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SUGRA reduction → avoid it
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Restrictions on HAB and d to admit Poisson-Lie T-duality

� in general HAB(xi) HAB(x ′i , x ′̃i)
Poisson-Lie T-duality (2D-diff.)

� x ′̃i part not compatible with ansatz for SUGRA reduction → avoid it

A doubled space (D,HAB, d) admits Poisson-Lie T-dual
supergravity descriptions iff

1. LξHAB = 0 ∀ ξ → DAHBC = 0
2. Lξd = 0 ∀ ξ → (DA − FA)e−2d = 0 (explore tomorrow)

Motivation Poisson-Lie T-duality Double Field Theory Summary



Summary

� DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

� interpretation of doubled space does not require winding modes
anymore (phase space perspective instead)



Summary

� DFT, Poisson-Lie T-duality and Drinfeld doubles fit together naturally

� interpretation of doubled space does not require winding modes
anymore (phase space perspective instead)

� plan for tomorrow
� dilaton transformation

� R/R sector transformation

� modified SUGRA

� integrable deformations

� dressing coset construction



Big picture

Poisson-Lie
T-duality

Double Field Theory

Generalized
parallelizable
space

Drinfeld double
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