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Bagsic Idea.

Matsumoto & Yoshida (2014+)

“..a }90551’6&3 c(assﬁcau’on @C inwgmﬁfe cfeformau’ons and the
correspondling gmw’ty solution in terms of solutions @C CYBE..”

“..a correspom{ence between the classical r-matrices sau’ﬁing the

CYBE and the c[eformecf type 71B supergm\/ﬁy 6ac§g1’ounc{5...”

built on Yang-Baxter o-model (Klimcik) & application to

strings on AdSs x S% (Delduc, Magro, Vicedo; Kawaguchi,
Matsumoto, Yoshida)



Viewpoint
(Super)gravity appears to know about r-matrix solutions to
the Classical Yang-Baxter Equation.
This it does through its equations of motion.

Concretely, through a simple matrix inversion one can
define a deformation and the equations of motion fix the
deformation to be an r-matrix solution to the CYBE.

At first sight, this is surprising: Einstein gravity is
dynamical, but the CYBE is algebraic!



Classical Yang-Baxter

“Classical limit” of the QYB: simpler equation
[R(X), R(Y)] = R([R(X),Y] + [X,R(Y)]) = —°[X, Y]
X, Yeg, ceC

y 1.
R(X)=r"b;Tr[b; X| r— 57&7[% Ab;

Tr[b?fX]Tr[b]Y]bk (Tllirbjfhllz + Tlljrbkflllg + frllkrlﬂfllljz) — _62[X7 Y]



Generalized Supergravity

Arutyunov, Hoare, Frolov, Roiban, Tseytlin; Tseytlin, Wulff

1
Ryn — ZHMKLHNKL —Tyuyn +VyuXy +VyXy =0

1 1 1
§VKHKMN + §FKFKMN + 1—2]:MNKLP]:KLP = X Higmun +VurXy —VaXu

1
R — EH2 + AV XM — 4 X, XM =0

1 1 1
TN = 5}—M~FN + Z}—MKL}—NKL + %}—MPQRS-FNPQRS

1 1
— ZGMN(FK]:K + ngQRf’PQR)

X=d®d+1+i;B, F=¢e%F

Elitzur, Giveon, Rabinovici, Schwimmer, Veneziano (1994)



Generalized Supergravity

RR sector equations simpler when expressed in Page forms.

dQQn—l — i[QZn—I—la n = ]-7 27 37 4

1
Q1 =rF1, Q3=Fs+ BAI, Q5:F5+B/\F3+§BZ/\F17
1 1
Q7:—*F3+B/\F5‘|_§BQ/\F3+§B3/\F1,

1 1 1
Qg:*Fl—B/\*F3+§B2/\F5+§BS/\F3+IB4/\F1



Recipe I

Consider a supergravity solution with isometry group
specified by metric g & two-form B.

Deform it by a bivector. Seiberg, Witten (1999)
(g+B) ' +06]=¢ +B, e**/—g=e\/-¢

Sakamoto, Sakatani; Borsato, Wulff

Killing vector is determined: " = Vf,g ) E"H



YB = open-closed string

This “open-closed string” map came out of efforts to
understand AdS/CFT picture of Yang-Baxter deformations.

Earlier work by S. van Tongeren (Abelian twists) showing NC
parameter is the r-matrix.

But this is more general.

In 1702.02861 we showed this extended to all YB
deformations based on r-matrix solutions to hCYBE and the
open string metric is undeformed.

In 1708.03163 we extended this to YB deformations based on
r-matrix solutions to mCYBE.



Recipe 11

Philosophy: “All information in the bivector”

How do we implement this in the RR sector?

(—=1)”

Employ AdS/CFT logic Q2(n—p)r1 = o OP 1Qan41

Ex: AdSsx S5 Qs = 4[vol(AdS5) + vol(S°)]

QgO(*5@ — ngO(d*5@OC7;[Q5



Example I

Consider AdSs x S?
—dt? + dz?
ds? = ( ‘; Z) + d6? + sin” 0d¢? + ds*(T°),
Z
1
Fr = (1 + % dt ANdz A (w, — w;
5 ( 10) \/522 ( )

with the (yet unspecified) deformation

O = 0,(t,z), ©% =0,(0,¢)



Example I

Follow recipe to get deformed NS sector

22(—dt? +dz?)  d6? 4 sin® 6d¢?

ds® = -+ ,
” — O 1+ ©2sin” 0
.2
0
B= - @ _dt Adz — O2870 19 1 4o,
— O] 1+ ©2sin”
2<I>04
2P <

(& p—

(z4 — ©2)(1 4 ©2%sin?6)’
1

I — ——28 ( 2@1)815 —|— 8t@1f92 — 8¢@289 ‘l—
Z

sin 6

89(sm 002)0,



Example I

Complete RR sector
Fy = _%%(wr —wj) — % sin O(w, + w;),
1 52 sin 6 ©,05sin 6

Iy =

dt Adz A (wy — w;) +

dO A do A (wr +w;) +

dt Adz A (wy + w;)
V22t - 61

@1@2 sin2(9
— do A do A (w, — w;
22(1 + O3 sin” 0) @A (wr = wi)

1+ ©3sin*0 24— 02

Moving parts have yet to be determined.

We will solve for these terms.



Example I

O =citz + (327;(152 — z2) + c32,
O

C4 COS @ + c5sin @ + cg cot 6

2 2 2 | 2 2 2% 2
K= —c] +4cocs3 =c +cc +cg, e =1+k

Conditions are precisely (modified) CYBE

bl — —té’t — zé’z, b2 — —6’t, bg — —(t2 -+ 22)675 — th(?Z, ce

Works for n-deformations!



What did we learn?

Example is simple, but deformation is fixed by equations of
motion to be an r-matrix solution to the CYBE.

Can repeat with other geometries, but solving for NC
parameter is tricky in higher dimensions.

Can assume it is a product of Killing vectors:

ol 19 84 B —
@5_TJK7;KJ'7 vuKiy—l_vl/Ki,u_O

Same structure as an r-matrix with arbitrary coefficients.



Bi-Killing bivector

Assuming bivector is bi-Killing, nice things happen.

1z" k -1

Jacobi identity from NC is simply the CYBE

019,60 = KT KKy ke =0



Perturbative Proof

Expand in the bivector, plug into equations of motion

G = G + 0,04, + 0(0%),
B, = —0,, —0,,0%03, +0(6°),

1
=&+ Z@pa@f"’ + 00"
Scalar equation at second order

KZOzK]vaéKBm (flll;n,r,’ill,r,klz _I_ fl1l2]€7,,mll,’,,’il2 —I_ fl1l2i,’,,kl1rml2>_|_
(0770 + PO + ©7*0°*) Rgyar = 0.

Can prove using g supergravity Bakhmatov, Musaev



Example II

TsT transformation simple in this language.

© = KOy, N Oy,

Basy to embed this into 0(d,d) transformation, so it is
clearly a type of T-duality transformation.

- 1 0 ! T
h_<@ 1) H = hHh

Lunin-Maldacena deformations can be rewritten.

Aybike Ozer; Sakamoto, Sakatani, Yoshida,...



Example III

Can choose non-integrable, non-coset example.

2 2m\
ds? = — (1 - m) dt® + (1 - m) dr? + r2(d6? + sin? 6d¢?)

r Tr
@:OéTl/\TQ—l—ﬂTQ/\T;g—l—’YTg/\Tl—|—5T4/\T1—|—6T4/\T2—|—)\T4/\T3

0= pPe—0y=ae—y\=a0— A\G,

[Tl, TQ] — T3 —+ CYCHC 0 — &2 n 52 n 72

Information from equations of motion same as CYBE.



modified CYBE

We have shown perturbatively that the inversion plus bi-Killing

ansatz reduces the supergravity equations to the homogeneous
CYBE.

However, the modified CYBE is special and more enigmatic.

Through a dilaton shift, our recipe appears to work more
generally, but necessitates an RR sector.

This shift takes one outside of T-duality.



n-deformation

As stressed, method works for modified CYBE with
“displacement” of NS and RR sectors

g datda” — (L+p%)dt? dp’ N p>d(?
e 1 — k2p? (14 p2)(1 —K%p%) 1+ k2p*sin®(
2 2 2
p~ cos” Cdihi 2 12 2
+ p“sin“ (d
1 + k2ptsin® ¢ P cdv3
4 .
kP~ sin 2¢ 0
B =— d¢ A dy + dt A d
2(1 + Kk2ptsin® ¢) o Ay 1 — Kk?p? P

O%t = ktan(, O =kp



n-deformation

Can embed the conformal algebra in superalgebra g1(4,4).

Eii, Ex| =0k Eq — 0uEy;, 1,j=1,...4

1
D=§(E,\A—EA,’\)7 Pp=15 Kap = Lag,

ozB’
1 - 1
Laﬁ — Eaﬁ — 5(5@5E>\)\, LdB — EdB — 55045E>\)\

a,B,A=1,2, &, B,\ =34

r=c(Fi2 N Fo1 + Ei13 A Esy + E1y N Egq + Fos A Esg + Eoy A Eqo + Fsq N\ Ey3)



n-deformation

Can understand our bivector through Killing vectors of
undeformed geometry.

D=—idy, Lu=-50 +0,), Lss=—5(0 ~0u)

L12 = Gi(wl—i—q’h) (tan C8¢1 —+ Z&C — cot Cawg) )

. 1+ p? 02
Py = ez(t+w1)¢ (pcosC(?p + 1:0 5 €08 (0¢ — sin (O + isecC8¢1> :
o

2

0
. /1 4+ p2 02

Ky = e—z(t+w1)¢ (pcos CO, — 1:? cos (0y — sin (O¢ — i sec C0¢1>
p p

r = 4ic(pdy A D, + tan (O¢ A Oy, )



bi-Yang-Baxter

Consider now AdSz x S3-can be described by PCM

dp? dr?

ds? = —(1+ pz)dtQ T (1+ p?) + ,02d¢% + (1 - T2)d902 + (1—72) + TQdQﬁ

Can get a two parameter integrable deformation:
OF = kip, OF =rir, OV = —ko(p t +p), O™ =ko(r ! —7)
Additional TsTs & extension to AdSz x S3x S3 are possible

@Mbl — R3, @Smbl — KR4, ...



Generality?

How far can this gravity/CYBE correspondence be pushed?
Can we generate integrable deformation of AdSs x CP3?

Let us consider a warm-up: AdSsx T11

ds® = ds?(AdSs) +ds*(T""), Fs = 4 (vol(AdSs) + vol(T1))



AdSsx Thl

In contrast to YB deformations based on homogeneous CYBE,
deformations based on modified CYBE deform both AdSsand SS.

The scalar equation couples these deformations.

S0, a necessary condition for a supergravity solution is we get
equal and opposite constant contributions to the equation.

In other words, coordinate dependence must drop out.

Does such a deformation of T'l.l exist?



T1,1

2
1 1
AS2(T™) = £ (4t + cosrdy + cosfadda)® + ¢ D (d67 + sin® 6:do?)
1=1

Can identity seven Killing vectors:

K1 =0y, Ko= -0y, Ks=—04,,

sin qbl

K4 = cos ¢10p, — cot 0 sin 9104, + o, Oy

K5 = cos 9209, — cot 02 sin 9204, + Sl,n b2 Oy
sin 65

K¢ = sin ¢10p, + cot 01 cos 9104, — C(,)S 1 Oy
sin 61

K7 = sin ¢20p, + cot 02 cos ¢204, — COS P2 Oy

sin 62



T1,1

Candidate r-matrix SU(2) x SU(2) x U(1)

O = kp, OVt = ktan(,
%% = peoty, O =L @%% —peoth,, OV ="

sin 04 ’ sin 0o

n2(288 + n?)
324

dilaton equation 20K° =

BUT: can argue perturbatively against RR sector



summary

The open-closed string map captures YB deformations based
on homogeneous CYBE.

But with a small shift in dilaton (displacing sectors) it also
works for the modified CYBE.

Clearly not a T-duality transformation.

Appear to be able to separate the CYBE from integrability.

Not clear if an n-deformation of AdSs x CP3 exits.



