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Basic Idea

built on Yang-Baxter 𝞼-model (Klimcik) & application to 
strings on AdS5 x S5 (Delduc, Magro, Vicedo; Kawaguchi, 
Matsumoto, Yoshida) 

�…a possible classification of integrable deformations and the 
corresponding gravity solution in terms of solutions of CYBE…� 

�…a correspondence between the classical r-matrices satisfying the 
CYBE and the deformed type IIB supergravity backgrounds…�

Matsumoto & Yoshida (2014+)



Viewpoint

(Super)gravity appears to know about r-matrix solutions to 
the Classical Yang-Baxter Equation. 

This it does through its equations of motion.   

Concretely, through a simple matrix inversion one can 
define a deformation and the equations of motion fix the 
deformation to be an r-matrix solution to the CYBE. 

At first sight, this is surprising: Einstein gravity is 
dynamical, but the CYBE is algebraic!  



Classical Yang-Baxter
“Classical limit” of the QYB: simpler equation

[R(X), R(Y )]−R([R(X), Y ] + [X,R(Y )]) = −c2[X,Y ]

X,Y ∈ g, c ∈ C
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1
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Generalized Supergravity

RMN − 1

4
HMKLHN

KL − TMN +∇MXN +∇NXM = 0

1

2
∇KHKMN +

1

2
FKFKMN +

1

12
FMNKLPFKLP = XKHKMN +∇MXN −∇NXM

R− 1

12
H2 + 4∇MXM − 4XMXM = 0

Arutyunov, Hoare, Frolov, Roiban, Tseytlin; Tseytlin, Wulff

TMN ≡ 1

2
FMFN +

1

4
FMKLFN

KL +
1

96
FMPQRSFN

PQRS

− 1

4
GMN (FKFK +

1

6
FPQRFPQR)

X = dΦ + I + iIB, F = eΦF

Elitzur, Giveon, Rabinovici, Schwimmer, Veneziano (1994)
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RR sector equations simpler when expressed in Page forms.

Generalized Supergravity



Consider a supergravity solution with isometry group 
specified by metric g & two-form B.  

Deform it by a bivector.

Recipe I

[(g +B)−1 +Θ] = g′ +B′, e−2Φ√−g = e−2Φ′√−g′

Killing vector is determined: Iμ = ∇(g)
ν Θνμ

Seiberg, Witten (1999)

Sakamoto, Sakatani;  Borsato, Wulff



This “open-closed string” map came out of efforts to 
understand AdS/CFT picture of Yang-Baxter deformations.  

Earlier work by S. van Tongeren (Abelian twists) showing NC 
parameter is the r-matrix.  

But this is more general.  

In 1702.02861 we showed this extended to all YB 
deformations based on r-matrix solutions to hCYBE and the 
open string metric is undeformed. 

In 1708.03163 we extended this to YB deformations based on 
r-matrix solutions to mCYBE.   

YB = open-closed string



Philosophy: “All information in the bivector” 

How do we implement this in the RR sector? 

Recipe II

Q2(n−p)+1 =
(−1)p

p!
Θp�Q̃2n+1Employ AdS/CFT logic 

Ex: AdS5 x S5 Q5 = 4[vol(AdS5) + vol(S5)]

Q3 ∝ ∗5Θ ⇒ dQ3 ∝ d ∗5 Θ ∝ iIQ5



Example I
Consider AdS2 x S2

ds2 =
(−dt2 + dz2)

z2
+ dθ2 + sin2 θdφ2 + ds2(T 6),

F5 = (1 + ∗10) 1√
2z2

dt ∧ dz ∧ (ωr − ωi)

with the (yet unspecified) deformation 

Θtz = Θ1(t, z), Θθφ = Θ2(θ, φ)



Example I
Follow recipe to get deformed NS sector

ds2 =
z2(−dt2 + dz2)

z4 −Θ2
1

+
dθ2 + sin2 θdφ2

1 + Θ2
2 sin

2 θ
,
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1

dt ∧ dz − Θ2 sin
2 θ

1 + Θ2
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2 θ
dθ ∧ dφ,

e2Φ =
e2Φ0z4

(z4 −Θ2
1)(1 + Θ2

2 sin
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,

I = − 1

z2
∂z(z

2Θ1)∂t + ∂tΘ1∂z − ∂φΘ2∂θ +
1

sin θ
∂θ(sin θΘ2)∂φ



Example I
Complete RR sector

Moving parts have yet to be determined.  

We will solve for these terms. 

F3 = −Θ1√
2
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z2
(ωr − ωi)− Θ2√

2
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1√
2
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z4 −Θ2
1
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− Θ1Θ2 sin
2 θ

z2(1 + Θ2
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dθ ∧ dφ ∧ (ωr − ωi)
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Example I

Θ1 = c1tz + c2z(t
2 − z2) + c3z,

Θ2 = c4 cosφ+ c5 sinφ+ c6 cot θ

κ2 = −c21 + 4c2c3 = c24 + c25 + c26, e2Φ0 = 1 + κ2

b1 = −t∂t − z∂z, b2 = −∂t, b3 = −(t2 + z2)∂t − 2tz∂z, . . .

Conditions are precisely (modified) CYBE

Works for 𝛈-deformations!



What did we learn? 
Example is simple, but deformation is fixed by equations of 
motion to be an r-matrix solution to the CYBE.  

Can repeat with other geometries, but solving for NC 
parameter is tricky in higher dimensions.  

Can assume it is a product of Killing vectors: 

Θαβ = rijKα
i K

β
j , ∇μKi ν +∇νKi μ = 0

Same structure as an r-matrix with arbitrary coefficients. 



Bi-Killing bivector

Assuming bivector is bi-Killing, nice things happen. 

Θ[αρ∇ρΘ
βγ] = Kα

i K
β
j K

γ
k f
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rjl1rk]l2 = 0

Iμ =
1
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rijf k

ij Kμ
k

Jacobi identity from NC is simply the CYBE



Perturbative Proof
Expand in the bivector, plug into equations of motion

gμν = Gμν +Θ α
μ Θαν +O(Θ4),

Bμν = −Θμν −ΘμαΘ
αβΘβν +O(Θ5),

φ = Φ+
1

4
ΘρσΘ

ρσ +O(Θ4)

Kα
i K

β
k∇αKβm

(
f m
l1l2 ril1rkl2 + f k

l1l2 rml1ril2 + f i
l1l2 r

kl1rml2
)
+(

ΘβγΘαλ +ΘαβΘγλ +ΘγαΘβλ
)
Rβγαλ = 0.

Scalar equation at second order

Bakhmatov, MusaevCan prove using 𝞫 supergravity  



Example II
TsT transformation simple in this language. 

Θ = κ∂ϕ1
∧ ∂ϕ2

Easy to embed this into O(d,d) transformation, so it is 
clearly a type of T-duality transformation. 

h =

(
1 0
Θ 1

)

Aybike Ozer; Sakamoto, Sakatani, Yoshida,…

Lunin-Maldacena deformations can be rewritten.  

H′ = hHhT



Example III
Can choose non-integrable, non-coset example. 

ds2 = −
(
1− 2m

r

)
dt2 +

(
1− 2m

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2)

Θ = αT1 ∧ T2 + βT2 ∧ T3 + γT3 ∧ T1 + δT4 ∧ T1 + εT4 ∧ T2 + λT4 ∧ T3

[T1, T2] = T3 + cyclic
0 = βε− δγ = αε− γλ = αδ − λβ,

0 = α2 + β2 + γ2

Information from equations of motion same as CYBE.



modified CYBE

We have shown perturbatively that the inversion plus bi-Killing 
ansatz reduces the supergravity equations to the homogeneous 
CYBE.  

However, the modified CYBE is special and more enigmatic.  

Through a dilaton shift, our recipe appears to work more 
generally, but necessitates an RR sector.   

This shift takes one outside of T-duality. 



 𝛈-deformation

As stressed, method works for modified CYBE with 
“displacement” of NS and RR sectors 

gμνdx
μdxν = − (1 + ρ2)dt2

1− κ2ρ2
+

dρ2

(1 + ρ2)(1− κ2ρ2)
+

ρ2dζ2

1 + κ2ρ4 sin2 ζ

+
ρ2 cos2 ζdψ2

1

1 + κ2ρ4 sin2 ζ
+ ρ2 sin2 ζdψ2

2

B = − κρ4 sin 2ζ

2(1 + κ2ρ4 sin2 ζ)
dζ ∧ dψ1 +

κρ

1− κ2ρ2
dt ∧ dρ

Θζψ1 = κ tan ζ, Θtρ = κρ



[Eij , Ekl] = δkjEil − δilEkj , i, j = 1, . . . 4

D =
1

2
(Eλλ − Eλ̇λ̇), Pαβ̇ = Eαβ̇ , Kα̇β = Eα̇β ,

Lαβ = Eαβ − 1

2
δαβEλλ, L̄α̇β̇ = Eα̇β̇ − 1

2
δα̇β̇Eλ̇λ̇

α, β, λ = 1, 2, α̇, β̇, λ̇ = 3, 4

 𝛈-deformation

Can embed the conformal algebra in superalgebra gl(4,4). 

r = c(E12 ∧ E21 + E13 ∧ E31 + E14 ∧ E41 + E23 ∧ E32 + E24 ∧ E42 + E34 ∧ E43)



 𝛈-deformation
Can understand our bivector through Killing vectors of 
undeformed geometry. 

D = −i∂t, L11 = − i

2
(∂ψ1

+ ∂ψ2
), L̄33 = − i

2
(∂ψ1

− ∂ψ2
),

L12 = ei(ψ1+ψ2) (tan ζ∂ψ1 + i∂ζ − cot ζ∂ψ2) ,

P14 = ei(t+ψ1)

√
1 + ρ2

ρ

(
ρ cos ζ∂ρ +

iρ2

1 + ρ2
cos ζ∂t − sin ζ∂ζ + i sec ζ∂ψ1

)
,

K41 = e−i(t+ψ1)

√
1 + ρ2

ρ

(
ρ cos ζ∂ρ − iρ2

1 + ρ2
cos ζ∂t − sin ζ∂ζ − i sec ζ∂ψ1

)

r = 4ic(ρ∂t ∧ ∂ρ + tan ζ∂ζ ∧ ∂ψ1
)



bi-Yang-Baxter
Consider now AdS3 x S3 - can be described by PCM 

ds2 = −(1 + ρ2)dt2 +
dρ2

(1 + ρ2)
+ ρ2dψ2

1 + (1− r2)dϕ2 +
dr2

(1− r2)
+ r2dφ2

1

Can get a two parameter integrable deformation: 

Additional TsTs & extension to AdS3 x S3 x S3 are possible

Θtρ = κ1ρ, Θϕr = κ1r, Θρψ1 = −κ2(ρ
−1 + ρ), Θrφ1 = κ2(r

−1 − r)

Θtψ1 = κ3, Θϕφ1 = κ4, . . .



Generality? 

How far can this gravity/CYBE correspondence be pushed?  

Can we generate integrable deformation of AdS4 x CP3? 

Let us consider a warm-up: AdS5 x T1,1

ds2 = ds2(AdS5) + ds2(T 1,1), F5 = 4
(
vol(AdS5) + vol(T 1,1)

)



AdS5 x T1,1

In contrast to YB deformations based on homogeneous CYBE, 
deformations based on modified CYBE deform both AdS5 and S5. 

The scalar equation couples these deformations. 

So, a necessary condition for a supergravity solution is we get 
equal and opposite constant contributions to the equation. 

In other words, coordinate dependence must drop out. 

Does such a deformation of T1,1 exist?   



T1,1

ds2(T 1,1) =
1

9
(dψ + cos θ1dφ1 + cos θ2dφ2)

2
+

1

6

2∑
i=1

(dθ2i + sin2 θidφ
2
i )

Can identity seven Killing vectors:

K1 = ∂ψ, K2 = −∂φ1
, K3 = −∂φ2

,

K4 = cosφ1∂θ1 − cot θ1 sinφ1∂φ1
+

sinφ1

sin θ1
∂ψ,

K5 = cosφ2∂θ2 − cot θ2 sinφ2∂φ2
+

sinφ2

sin θ2
∂ψ,

K6 = sinφ1∂θ1 + cot θ1 cosφ1∂φ1 −
cosφ1

sin θ1
∂ψ,

K7 = sinφ2∂θ2 + cot θ2 cosφ2∂φ2
− cosφ2

sin θ2
∂ψ



T1,1

SU(2)× SU(2)× U(1)Candidate r-matrix 

Θtρ = κρ, Θζψ1 = κ tan ζ,

Θθ1φ1 = η cot θ1, Θψθ1 =
η

sin θ1
, Θθ2φ2 = η cot θ2, Θψθ2 =

η

sin θ2

dilaton equation 20κ2 =
η2(288 + η2)

324

BUT: can argue perturbatively against RR sector



Summary

The open-closed string map captures YB deformations based 
on homogeneous CYBE.  

But with a small shift in dilaton (displacing sectors) it also 
works for the modified CYBE.  

Clearly not a T-duality transformation.  

Appear to be able to separate the CYBE from integrability.  

Not clear if an 𝛈-deformation of AdS4 x CP3 exits. 


