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Liquid to Crystal Phase Transition
(Landaw) Theory of Svmme&rj Breaking:

o What is the order parameter?

o What is the broken symmetry?

o What is the nature of the order-parameter
space?

o What are the etemem&arj excitations?
o What are the Eogctogwat defecks?

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
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Liqu&d to Crvs%at Phase Trawnsition

(Landaw) Theory of Symmetry Breaking:

o What is the order parameter?

o What is the broken symmetry?

o What is the nature of the order-parameter
space?

o What are the etemam&arj excitations?
o What are the Eopctogwat defecks?

But first, what is a a‘:rjs%ai,?

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
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What s a CrstaL%’

o Before Shechtman (19%2):
An ordered solid, and therefore periodic.

o Diffraction (Fourier transform) contains Bragg peaks, whose
positions are closed under vector addition, forming a discrete
periodic lattice (only 14 Bravais classes in 3d).

o Restricted rotation symmetries (W=2,3,4,6).
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What s a a‘:rvsﬁal?

o Before Shechbman (19%2):
An ordered solid, and therefore periodic.

o Diffraction (Fourier transform) contains Bragq peaks, whose
positions are closed under vector addition, forming a discrete
periodic lattice (only 14 Bravais classes in 3d).

o Restricted rotation symmetries (W=2,3,4,6).

o After Shechtman (19%2):
A ordered solid, not necessarily p@.rmd&&

o Diffraction (Fourier transform) contains Bragq peaks, whose
positions are closed under vector addition, but arbitrary,

o Unrestricted robakion svmme&rj.

R. Lifshitz, “What is a Crvjshi.?”, Z. Kristallogr, 222 (R007) 313,
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What is a L,r s%o&?

A crystal is a solid with
long-range order; one |
whose diffraction diagram |
contains Bragqg peaks. :‘

= Noplk

keL

r = rank, d = dimension

r=d |Periodic

AL reco Quasiperiodat

A< r€co Almwost periodi,a

Source unlknowin,

R. Lifshitz, “What is a crystal?”, Z. Kristallogr. 222 (2007) 313.
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What is the order paranmeter?

o Order Parameker:
o(r) = c&ems&v - average clemsi;&v
o Above T. zero everjwker@.

o Below T. nonzero with Bragqg Peaks in p(k)

o Free Ehergy: A functional of p(r) thak preserves
the symmetries of the Liquid state

@ & is zero E;f p(r)=0 ever:jwkere
o In i.iqu,id stakte & (s pasi&iv& for nonzero p(r)
o In crystal state F is negative for nonzero p(r)

N.D. Mermin, Phys. Rev. 176 (196%) 280-254.
% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University



Liqu&d ko Crvs%at Phase Trawnsition

(Landaw) Theory of Symmetry Breaking:

o Whal is the order Farame&r? V4

o What is the broken symmetry?

o What is the nature of the order-parameter
space?

o What are the etemem&arv excitations?
o What are the Eopatogwat defecks?

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
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What is the broken symmebry?

o Consider a spontaneous breaking of the
symmelry to a quasépar&oc&w crystal,

p(r) = ) p(k)e™”
keL
Periodic crystal f r = &, quasicrystal i r > &,

@ 1n Fourier space the free enerqgy expansion is

F=Y Y "Bk k) o Bk,

n kl...kn el
where the coefficients A (ki ...k,)must vanish
unless ki +... + k, = 0 (Exercise: why is that?).

What is the relation between different minima of +?

% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University 2



mme@r

minima of P?

What is Ehe broleen s?

What is the relation between civf{ere
J = Z Z A kl ) (kn)
n ki..k,€L

o Two densitiesp(r) and p'(r) are both minimum

ﬂfreememergv states only i their Fourier
amgt&u,cies so&;,,s«fv S&ru@&ur@; | IMV&T’L&M%S

vk ... ki €'l - plilkiiigesn’ (k) ; -
for any n, whenever k; + ... +k, g

o In real space: Identity o{: the nth order

autocorrelation functions

1
C"™ (rq,...,rpy) = lim —/ drp(ry —r)--- p(r, — 1)
V Jy

V —o0
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mme@r ¢

minima of P?

What is Ehe broleen s?

What is the relation between differe

Two different minimum free-energy states, sharing
the same n-point autocorrelation functions for
&rbiﬁrarv n, are imdis%ay\guishabi@

o proim% correlation (Patterson Function): The
two densities have identical diffraction
diagrams, Their Fourier amplitudes differ at
most by a phase: vke L: p (k) = 2™y (k).

o 3-point correlation: x(k), called a gauge
function, is a linear function of the wave
vectors in L

vk, ko € L: x (ki + ko) = x (k1) + x (kz)

N.D. Mermin, Rev. Mod. Phys. &4 (1992) 3-49,
% Rown Lifshitz, School of ?hjsix:s & AsEromom‘j, Tel Aviv Umi,ve.rsi,&j 15¢



mme%r

minima of P?

What is Ehe broleen s?

What is the relation between differe

ALL the different minima of F are related by gauge

functions - the set of all gauqge functions can be

used to label all the minima and characterize the

order parameter space:!

o Because gauqe functions are lLinear, once we
choose a basis b/(with i =1...r) for L, each qauqge
function is uniquely expressed by r real numbers

xi = x (b?) with i=1.r

The seb of all qauqge functions is an r-dimensional
vector space V* over the real numbers.

% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University 12



Rigid translations and phasons

What is the relation between different minima of F7?

o The effect of any gauge function can be
decomposed into a pure d-dimensional rigid
Eranslation, givewn bv the & components of a
translation vector u and a remaining contribution
p(k), called a phason.

o This is achieved by a change of basis in V*
- .
x(k) = an‘Xi 3 u27T k), where k = Znib(i)«
o For periodic crystalsp(k) =0, and u=>» y;a’,

where al/) . b)) = 27055

o For quasicrystals p(k)has r-d degrees of freedom.

% Rown Lifshitz, School of ?hjsics & AsErc}momv, Tel Aviv Um,versf,&j 13



What remains of the broken symmebry?

What are the gauqe functions that leave the broken-
symmetbry state invariant rather than taking it into
other minimum free-energy states?

Vke L: p (k) =e2™x&) (k)
Lx = the set of integer-valued gauqge functions!!

% Rown Lifshitz, School of ?hjsics & AsErc}momv, Tel Aviv Um,versf,&j 14
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What remains of the broken symmebry?

What are the gauqe functions that leave the broken-
symmetbry state invariant rather than taking it into
other minimum free-energy states?

Vke L: p (k) =e2™x&) (k)
Lx = the set of integer-valued gauge functions

What are the qauqe functions that take a given
minimum free—energy state into all other minima?

Vx/Lx = the qauqge functions in Vx modulo Lx

Every degenerate ordered state is parameterized by a
sebt of r numbers 0 < y; < 1,i =1...n.

The order*p&r&meﬁer space s an r-dim. torus!’

% Rown Lifshitz, School of ?hjsics & AsErc}momv, Tel Aviv Um,versf,&j 16



Liqu&d to Crvs%at Phase Trawnsition

(Landaw) Theory of Symmetry Breaking:

o Whal is the order parame%er? V4

o What is Ehe brolken symmelry? ¢

o What is the nature of the order-parameter
space?

4

o What are the elemem%arj excitations?
o What are the Eopctogwat defecks?

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University 1574



Goldstone modes - phonons &. phasons

Long wavelength deformations of an ordered state
that cost very little energy.

e Any gauge function x(k) transforms one
ordered state into another ot no enerqgy cost.

o Slightly change the gauge function as you
move along the crystal ab a small energy cost,
2 T V0 P i (r) ~ et
This is an r-component deformation field!
o Often described in the phonon-phasoin basis.

1 1 ~

x(rik) =) nixi (r) = —u(r) k+ —w(r) k

% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University 1%



Liqu&d to Crvs%at Phase Trawnsition

(Landaw) Theory of Symmetry Breaking:

o Whal is the order parame%er? V4

o What is Ehe brolken symmelry? ¢

o What is the nature of the order-parameter
space?

4

o What are the etemam&arj excitations? v
o What are the topological defecks?

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
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Dislocakions

Away from the core of the dislocation the crystal is
in one of its ordered states (only-stightly strained).

o Again, use the r-component field xi(r), but
how go it a looyp around the core Fos&mm,
until you return to the starting point.

o In polar coordinates (i 2d): xi(r,0) — xi(0).

Winding numbers

\ e

Burgers “vector”:(ni,...,n;)

% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University RO



Seeing Dislocations

SNONGO 240 SMONJ020TSTP

rFourier SF’O&:E’.

2] MOV 242Y ™ 220ds 1024 ©] H20g

Filtering of Bragg peals
% Row Lifshitz, School of Physics & Astronomy, Tel Aviv University
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Li;qui;ci. to ersﬁat Phase Trawnsition

(Landaw) Theory of Symmetry Breaking:

o Whal is the order Fmrame&r? V4

o What is Ehe brolken symmelry? ¢

o What is the nature of the order-parameter
space?

v

o What are the elementary excitations? v/
o What are the Eogctogwat c:l@f@.&%s? 4

The gauge function: ,0 (k) 62mX(k) (k)

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. 3 Chem. §1 (2011) 1156.
% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University R2



Further reading

o Main reference for this lecture:
o R.Lifshitz, “Symmetry breaking in the age of quasicrystals”, Isr. 3,
Chem. 81 (2011) 1186,

o Basic terminology and definitions:
o R. Lifshitz, “What is a «crjsﬁai?", Z. Kristallogr, 222 (2007) 313,
o R.Lishitz, "Quasicrystals: A matter of definition”, Found. Phys. 33
(Ro03) 1703,

o Symmetry of crystals:

o N.D. Mermin, “The space groups of icosahedral quasicrystals and
cubic, orthorhombic, monoclinic, and triclinic erystals”, Rev. Mod.
Phys. 64 (1992) 3.

o R.Lifshitz, “The Symmetry of Quasiperiodic Crystals”, Physica A 232
(1996) 633,

o R.Lfshitz, “Theory of color symmetry for periodic and
quasiperiodic crystals”, Rev. Mod. Phys. 69 (1997) 11%1.

% Rown Lifshitz, School of Physics & Astronomy, Tel Aviv University



Further reading

o Symmetry of crystals (cont.):
o R. Lifshitz, “Magnetic point groups and space groups”, Encyclopedia
of Condensed Matter Physics, Vol. 3, £d4. F. Bassani, &.L. Liedl, and 7.
Wyder, (Elsevier Science, Oxford, 2008) 219,

o Phonons & Phasowns:

o B. Freedman, R. Lifshitz, JW. Fleischer, and M. Seqev, “Phason
djmamics in nonlinear photonic quasicrystals”, Nature Materials
& (Roo7) 776,

o Dislocakions:
o €, Barak and R. Lifshitz, “Dislocation dyhamics in a dodecagonal
quasiperiodic structure”; Phil. Mag. ¥6 (Ro06) 1089,
o L. Korkidi, K. Barkan, and R. Lifshitz, “Analysis of dislocations in
quasicrystals composed of self-assembled nanoparticles”,
In Aperiodic Crystals, (Springer, Dordrecht, R013) ch. 16,

Most articles are available at: http://www.tau.ac.il/~ronlif/pubhbml
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