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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?
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Liquid to Crystal Phase Transition

(Landau) Theory of Symmetry Breaking:

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.
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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?
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Liquid to Crystal Phase Transition

But first, what is a crystal?

(Landau) Theory of Symmetry Breaking:

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.
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What is a crystal?

R. Lifshitz, “What is a crystal?”, Z. Kristallogr. 222 (2007) 313.

Before Shechtman (1982):  
 An ordered solid, and therefore periodic. 

Diffraction (Fourier transform) contains Bragg peaks, whose 
positions are closed under vector addition, forming a discrete 
periodic lattice (only 14 Bravais classes in 3d). 

Restricted rotation symmetries (n=2,3,4,6).
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What is a crystal?

R. Lifshitz, “What is a crystal?”, Z. Kristallogr. 222 (2007) 313.

Before Shechtman (1982):  
 An ordered solid, and therefore periodic. 

Diffraction (Fourier transform) contains Bragg peaks, whose 
positions are closed under vector addition, forming a discrete 
periodic lattice (only 14 Bravais classes in 3d). 

Restricted rotation symmetries (n=2,3,4,6).

After Shechtman (1982):  
An ordered solid, not necessarily periodic.  

Diffraction (Fourier transform) contains Bragg peaks, whose 
positions are closed under vector addition, but arbitrary. 

Unrestricted rotation symmetry.
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r = rank,   d = dimension

r=d Periodic

d≤r<∞ Quasiperiodic 

d≤r≤∞ Almost periodic

What is a Crystal?
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Source unknown.

A crystal is a solid with 
long-range order; one 
whose diffraction diagram 
contains Bragg peaks.

⇢(r) =
X

k2L

⇢(k)eik·r

R. Lifshitz, “What is a crystal?”, Z. Kristallogr. 222 (2007) 313.
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Order Parameter:     
          = density - average density 

Above Tc zero everywhere 
Below Tc nonzero with Bragg Peaks in 

Free Energy: A functional of      that preserves 
the symmetries of the liquid state 

F is zero if          everywhere  
In liquid state F is positive for nonzero  
In crystal state F is negative for nonzero

What is the order parameter?

⇢(r)
<latexit sha1_base64="jtm3fT0lymmfZ/lymXQ+BrgM56c=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwip8VEnX/BL3gzob1I4f3HPksmbW+3kX9tdSdKYCkM41rrle4kJMqwMI5yO3XaqaYLJAPdoy1KBY6qDbBZ6jA6t0kWRVHaEQTP160WGY61HcWg3Y2z6+qc3FX/zWqmJToOMiSQ1VJD5oyjlyEg0bQB1maLE8JElmChmsyLSxwoTY3ty/1dCvVzyj0vla69QuYA5crAPB1AEH06gAldQhRoQuIU7eIBHZ+jcOxPnab664Hze7ME3OM8fdxOU5A==</latexit>

⇢(k)
<latexit sha1_base64="dd9lyFAY6OQ2h+kx+AklmYAO2Uk=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwgNxkedfMEveTOgv0nh/MU9SyZvbrWTf213JUljKgzhWOuW7yUmyLAyjHA6dtuppgkmA9yjLUsFjqkOslnoMTq0ShdFUtkRBs3UrxcZjrUexaHdjLHp65/eVPzNa6UmOg0yJpLUUEHmj6KUIyPRtAHUZYoSw0eWYKKYzYpIHytMjO3J/V8J9XLJPy6Vr71C5QLmyME+HEARfDiBClxBFWpA4Bbu4AEenaFz70ycp/nqgvN5swff4Dx/AGxplN0=</latexit>

⇢(r)
<latexit sha1_base64="jtm3fT0lymmfZ/lymXQ+BrgM56c=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwip8VEnX/BL3gzob1I4f3HPksmbW+3kX9tdSdKYCkM41rrle4kJMqwMI5yO3XaqaYLJAPdoy1KBY6qDbBZ6jA6t0kWRVHaEQTP160WGY61HcWg3Y2z6+qc3FX/zWqmJToOMiSQ1VJD5oyjlyEg0bQB1maLE8JElmChmsyLSxwoTY3ty/1dCvVzyj0vla69QuYA5crAPB1AEH06gAldQhRoQuIU7eIBHZ+jcOxPnab664Hze7ME3OM8fdxOU5A==</latexit>

⇢(r)
<latexit sha1_base64="jtm3fT0lymmfZ/lymXQ+BrgM56c=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwip8VEnX/BL3gzob1I4f3HPksmbW+3kX9tdSdKYCkM41rrle4kJMqwMI5yO3XaqaYLJAPdoy1KBY6qDbBZ6jA6t0kWRVHaEQTP160WGY61HcWg3Y2z6+qc3FX/zWqmJToOMiSQ1VJD5oyjlyEg0bQB1maLE8JElmChmsyLSxwoTY3ty/1dCvVzyj0vla69QuYA5crAPB1AEH06gAldQhRoQuIU7eIBHZ+jcOxPnab664Hze7ME3OM8fdxOU5A==</latexit>

N.D. Mermin, Phys. Rev. 176 (1968) 250-254.

⇢ (r) = 0
<latexit sha1_base64="HL2dvghd7cR3rWxOmB71WJjgRYg="></latexit>

⇢(r)
<latexit sha1_base64="jtm3fT0lymmfZ/lymXQ+BrgM56c=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwip8VEnX/BL3gzob1I4f3HPksmbW+3kX9tdSdKYCkM41rrle4kJMqwMI5yO3XaqaYLJAPdoy1KBY6qDbBZ6jA6t0kWRVHaEQTP160WGY61HcWg3Y2z6+qc3FX/zWqmJToOMiSQ1VJD5oyjlyEg0bQB1maLE8JElmChmsyLSxwoTY3ty/1dCvVzyj0vla69QuYA5crAPB1AEH06gAldQhRoQuIU7eIBHZ+jcOxPnab664Hze7ME3OM8fdxOU5A==</latexit>
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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?
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Liquid to Crystal Phase Transition

(Landau) Theory of Symmetry Breaking:

✔

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.
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Consider a spontaneous breaking of the 
symmetry to a quasiperiodic crystal, 

   Periodic crystal if r = d, quasicrystal if r > d. 
In Fourier space the free energy expansion is 

where the coefficients             must vanish 
unless                   (Exercise: why is that?).                         
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What is the broken symmetry?

⇢(r) =
X

k2L

⇢(k)eik·r

F =
X

n

X

k1...kn2L

A (k1 . . .kn) ⇢ (k1) . . . ⇢ (kn)

<latexit sha1_base64="jUBImLpSI8KPF7hiAIa06yfzXmo="></latexit>

A (k1 . . .kn)
<latexit sha1_base64="gVR/8TBv8BZ2iu4eIyN7okRLAYA="></latexit>

k1 + . . .+ kn = 0
<latexit sha1_base64="Kpb57/a7NGb9d/a0irjgJBYpVF4="></latexit>

What is the relation between different minima of F? 
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Two densities     and      are both minimum 
free-energy states only if their Fourier 
amplitudes satisfy 

   for any n, whenever                  .  

In real space: Identity of the nth order 
autocorrelation functions
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What is the broken symmetry?

F =
X

n

X

k1...kn2L

A (k1 . . .kn) ⇢ (k1) . . . ⇢ (kn)

<latexit sha1_base64="jUBImLpSI8KPF7hiAIa06yfzXmo="></latexit>

What is the relation between different minima of F? 

⇢(r)
<latexit sha1_base64="jtm3fT0lymmfZ/lymXQ+BrgM56c=">AAAB9HicjVC7SgNBFL3rM66vqKXNYBBiE3ZjoY0YtLGMYB6QLGF2MpsMmZ1ZZ2YDYcl32FgowdbfsLcR/8ZJYqGi4IELh3Pu5R5OmHCmjee9OwuLS8srq7k1d31jc2s7v7Nb1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggHl1O/MaRKMyluzCihQYx7gkWMYGOloK36spi1wwip8VEnX/BL3gzob1I4f3HPksmbW+3kX9tdSdKYCkM41rrle4kJMqwMI5yO3XaqaYLJAPdoy1KBY6qDbBZ6jA6t0kWRVHaEQTP160WGY61HcWg3Y2z6+qc3FX/zWqmJToOMiSQ1VJD5oyjlyEg0bQB1maLE8JElmChmsyLSxwoTY3ty/1dCvVzyj0vla69QuYA5crAPB1AEH06gAldQhRoQuIU7eIBHZ+jcOxPnab664Hze7ME3OM8fdxOU5A==</latexit>

⇢0(r)
<latexit sha1_base64="BK3lOdiDd++LlrbZE3YD0W/9uOU=">AAAB9XicjVC7SgNBFL0bX3F9RS1tBoMYm7AbC23EoI1lBPOA7BpmJ7PJkNmdZWZWCUv+w8bCB7Z+hr2N+DdOEgsVBQ9cOJxzL/dwgoQzpR3n3crNzM7NL+QX7aXlldW1wvpGQ4lUElonggvZCrCinMW0rpnmtJVIiqOA02YwOB37zSsqFRPxhR4m1I9wL2YhI1gb6dKTfbFbyrwgRHK01ykU3bIzAfqbFI9f7KPk4c2udQqvXleQNKKxJhwr1XadRPsZlpoRTke2lyqaYDLAPdo2NMYRVX42ST1CO0bpolBIM7FGE/XrRYYjpYZRYDYjrPvqpzcWf/PaqQ4P/YzFSappTKaPwpQjLdC4AtRlkhLNh4ZgIpnJikgfS0y0Kcr+XwmNStndL1fOnWL1BKbIwxZsQwlcOIAqnEEN6kBAwg3cwb11bd1aj9bTdDVnfd5swjdYzx/aL5UV</latexit>

8k1 . . .kn 2 L : ⇢0 (k1) . . . ⇢
0 (kn) = ⇢ (k1) . . . ⇢ (kn)

<latexit sha1_base64="hV4n2rPVzxTp3l1lzbKlG0X72XM="></latexit>

k1 + . . .+ kn = 0
<latexit sha1_base64="Kpb57/a7NGb9d/a0irjgJBYpVF4="></latexit>

C(n) (r1, . . . , rn) = lim
V!1

1

V

Z

V
dr⇢(r1 � r) · · · ⇢(rn � r)

<latexit sha1_base64="dlmrtsf1ygOZDlkpQR8pAynWIKQ="></latexit>

Structure Invariants
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Two different minimum free-energy states, sharing 
the same n-point autocorrelation functions for 
arbitrary n, are indistinguishable.  

2-point correlation (Patterson Function): The 
two densities have identical diffraction 
diagrams. Their Fourier amplitudes differ at 
most by a phase:                             . 
3-point correlation:     , called a gauge 
function, is a linear function of the wave 
vectors in L
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What is the broken symmetry?
What is the relation between different minima of F? 

8k 2 L : ⇢0 (k) = e2⇡i�(k)⇢ (k)
<latexit sha1_base64="MZ3eE0mVkwz4eG/8BVfXangx6hU="></latexit>

�(k)
<latexit sha1_base64="qwTi3DQWf5jyUqAgdGlPJT0wkYM="></latexit>

8k1,k2 2 L : � (k1 + k2) = � (k1) + � (k2)
<latexit sha1_base64="HRFe8I1HrnkDBu3fSTnHalKyYmU="></latexit>

N.D. Mermin, Rev. Mod. Phys. 64 (1992) 3-49.
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All the different minima of F are related by gauge 
functions – the set of all gauge functions can be 
used to label all the minima and characterize the 
order parameter space!!  

Because gauge functions are linear, once we 
choose a basis    (with    1…r) for L, each gauge 
function is uniquely expressed by r real numbers 

                        with     1…r. 

The set of all gauge functions is an r-dimensional 
vector space V* over the real numbers.
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What is the broken symmetry?
What is the relation between different minima of F? 

b(i)
<latexit sha1_base64="OlK13y2DvTqU4zHAGgO56mCOfPs="></latexit>

i =
<latexit sha1_base64="ZDoZhouqmtH0XkdfKcx5b57sppA="></latexit>

�i = �
⇣
b(i)

⌘

<latexit sha1_base64="dDYY1hIRPtnKrzeSoohYo+Fuydo="></latexit>

i =
<latexit sha1_base64="ZDoZhouqmtH0XkdfKcx5b57sppA="></latexit>
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The effect of any gauge function can be 
decomposed into a pure d-dimensional rigid 
translation, given by the d components of a 
translation vector   and a remaining contribution 

      , called a phason. 
This is achieved by a change of basis in V* 

                                , where             . 

For periodic crystals        , and             , 
where                . 

For quasicrystals     has r-d degrees of freedom. 

 13

Rigid translations and phasons
What is the relation between different minima of F? 

'(k)
<latexit sha1_base64="42ME0EhHQX7YSNc/ruEuHOcSZqU="></latexit>

k =
X

nib
(i)

<latexit sha1_base64="RjyGke7GVqRqm3UasTyba51YEX8="></latexit>

�(k) =
X

ni�i =
u · k
2⇡

+ '(k)
<latexit sha1_base64="x2RJ6IR3vKc39qAGchsjh6N1CoM="></latexit>

u
<latexit sha1_base64="u+6sW+6QtwVV3v+ii6JZ6ZSe2uI=">AAACIHicdZDLSgMxFIYz9dJab60u3QSL4KrMVKF2V3DjsqK9QKeUTJppQ5PMkEulDPMIbnXv07gTl/o0pjewXg4Efv7vHM7JH8SMKu26H05mY3NrO5vbye/u7R8cFopHLRUZiUkTRyySnQApwqggTU01I51YEsQDRtrB+HrG2xMiFY3EvZ7GpMfRUNCQYqStdeebSb9Qcsu1WsVzq/C38MruvEpgWY1+0cn6gwgbToTGDCnV9dxY9xIkNcWMpHnfKBIjPEZD0rVSIE5UL5nfmsIz6wxgGEn7hIZz9/tEgrhSUx7YTo70SP1kM/Mv1jU6vOolVMRGE4EXi0LDoI7g7ONwQCXBmk2tQFhSeyvEIyQR1jaevC/IA444R2KQ+ONJmiR+EMJxmq4TsyLGkryNbpUP/F+0KmXvoly5vSzV68sQc+AEnIJz4IEqqIMb0ABNgMEQPIIn8Oy8OK/Om/O+aM04y5ljsFbO5xd4j6Ne</latexit>

u =
X

�ja
(j)

<latexit sha1_base64="oBVxDdsSYcfYFSUJuLh6Q9LCfIg="></latexit>

a(j) · b(i) = 2⇡�ij
<latexit sha1_base64="T6V8q2AJa91P71X2W+60gZZ+4BE="></latexit>

'(k)
<latexit sha1_base64="42ME0EhHQX7YSNc/ruEuHOcSZqU="></latexit>

'(k) = 0
<latexit sha1_base64="mJUQ3gjpOAwUqnmMDxdKk/hFfc0="></latexit>
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What remains of the broken symmetry?
What are the gauge functions that leave the broken-
symmetry state invariant rather than taking it into 
other minimum free-energy states?

8k 2 L : ⇢0 (k) = e2⇡i�(k)⇢ (k)
<latexit sha1_base64="MZ3eE0mVkwz4eG/8BVfXangx6hU="></latexit>

L* = the set of integer-valued gauge functions!!
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Rigid Translation of the Penrose tiling

 15
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What remains of the broken symmetry?
What are the gauge functions that leave the broken-
symmetry state invariant rather than taking it into 
other minimum free-energy states?

8k 2 L : ⇢0 (k) = e2⇡i�(k)⇢ (k)
<latexit sha1_base64="MZ3eE0mVkwz4eG/8BVfXangx6hU="></latexit>

L* = the set of integer-valued gauge functions

What are the gauge functions that take a given 
minimum free-energy state into all other minima?

V*/L* = the gauge functions in V* modulo L* 
Every degenerate ordered state is parameterized by a 
set of r numbers              1…r.

The order-parameter space is an r-dim. torus!!
0  �i < 1, i =

<latexit sha1_base64="P04bYMdSlr34SdpOv97JlL32a2c="></latexit>
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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?
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Liquid to Crystal Phase Transition

(Landau) Theory of Symmetry Breaking:

✔

✔

✔

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.
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Any gauge function     transforms one 
ordered state into another at no energy cost. 
Slightly change the gauge function as you 
move along the crystal at a small energy cost,  

Often described in the phonon-phason basis.

 18

Goldstone modes – phonons & phasons
Long wavelength deformations of an ordered state 
that cost very little energy.

�(k)
<latexit sha1_base64="qwTi3DQWf5jyUqAgdGlPJT0wkYM="></latexit>

(�1, . . . ,�r)
<latexit sha1_base64="HTy08iTFpSPlmg7o2GYyM6dvAN0="></latexit>

�i(r) ⇠ eiq·r
<latexit sha1_base64="CEvnXPTL23wT6zV3a67H7nyGlhA="></latexit>

This is an r-component deformation field!

�(r;k) =
X

ni�i (r) =
1

2⇡
u (r) · k+

1

2⇡
w (r) · k̃

<latexit sha1_base64="BRT74qcT7/udWKmHqz//5AK9cT4="></latexit>
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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?
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Liquid to Crystal Phase Transition

(Landau) Theory of Symmetry Breaking:

✔

✔

✔

✔

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.
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Again, use the r-component field    , but 
now go in a loop around the core position, 
until you return to the starting point. 
In polar coordinates (in 2d):              .  
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Dislocations
Away from the core of the dislocation the crystal is 
in one of its ordered states (only-slightly strained).

�i(r)
<latexit sha1_base64="Lw0ApkNNOkLu1+yxA3aMen8q9TI="></latexit>

�i(✓)
<latexit sha1_base64="OnDdkizD7I0FcdH0gPPVfZvzBHo="></latexit>

�i(✓) = ni✓
<latexit sha1_base64="MR0qJxwT3yAaois2ePHTudnkhA0="></latexit>

�i(0)
<latexit sha1_base64="pTfnDgsFyT771o/Ri0phyI7B8qY=">AAAB8XicdVDLSsNAFL2pr1pfVZduBotQNyFphdpd0Y3LCvaBbSiT6aQdOpmEmYlQQv/CjQtF3Po37vwbJ20FnwcuHM65l3vv8WPOlHacdyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ5eZ37mjUrFI3OhpTL0QjwQLGMHaSLd9MmYDVnZOC4NiybHr9Yrr1NBv4trOHCVYojkovvWHEUlCKjThWKme68TaS7HUjHA6K/QTRWNMJnhEe4YKHFLlpfOLZ+jEKEMURNKU0Giufp1IcajUNPRNZ4j1WP30MvEvr5fo4NxLmYgTTQVZLAoSjnSEsvfRkElKNJ8agolk5lZExlhiok1IWQifn6L/Sbtiu1W7cn1Walws48jDERxDGVyoQQOuoAktICDgHh7hyVLWg/VsvSxac9Zy5hC+wXr9AGhGkBk=</latexit>

�i(⇡/2)
<latexit sha1_base64="szwn+d6bDJKrj+O0gaNdJD86Ijo=">AAAB9XicdVDLSsNAFL2pr1pfVZduBotQNzGJQu2u6MZlBWsLTSyT6aQdOnkwM1FK6H+4caGIW//FnX/jpK3g88CFwzn3cu89fsKZVJb1bhQWFpeWV4qrpbX1jc2t8vbOtYxTQWiLxDwWHR9LyllEW4opTjuJoDj0OW37o/Pcb99SIVkcXalxQr0QDyIWMIKVlm5cMmQ9VnUTduQclnrlimXW645t1dBvYpvWFBWYo9krv7n9mKQhjRThWMqubSXKy7BQjHA6KbmppAkmIzygXU0jHFLpZdOrJ+hAK30UxEJXpNBU/TqR4VDKcejrzhCrofzp5eJfXjdVwamXsShJFY3IbFGQcqRilEeA+kxQovhYE0wE07ciMsQCE6WDykP4/BT9T64d0z42ncuTSuNsHkcR9mAfqmBDDRpwAU1oAQEB9/AIT8ad8WA8Gy+z1oIxn9mFbzBePwArfJGn</latexit>

�i(⇡)
<latexit sha1_base64="5okmj4a4NlsoQI0XtEIgkhICqVs=">AAAB83icdVDLSsNAFL2pr1pfVZduBotQNyGpQu2u6MZlBfuAJpTJdNIOnUzCzEQoob/hxoUibv0Zd/6Nk7aCzwMXDufcy733BAlnSjvOu1VYWV1b3yhulra2d3b3yvsHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk6vc795RqVgsbvU0oX6ER4KFjGBtJM8jYzZgVS9hp6VBueLYjUbNderoN3FtZ44KLNEalN+8YUzSiApNOFaq7zqJ9jMsNSOczkpeqmiCyQSPaN9QgSOq/Gx+8wydGGWIwliaEhrN1a8TGY6UmkaB6YywHqufXi7+5fVTHV74GRNJqqkgi0VhypGOUR4AGjJJieZTQzCRzNyKyBhLTLSJKQ/h81P0P+nUbPfMrt2cV5qXyziKcATHUAUX6tCEa2hBGwgkcA+P8GSl1oP1bL0sWgvWcuYQvsF6/QBGGJEy</latexit>

�i(3⇡/2)
<latexit sha1_base64="Bsr2rZvQnHBE+c5qngep4H8cwhY=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxC3cQkFWp3RTcuK9gHNCFMptN26GQSZiZCDf0SNy4UceunuPNvnLQVfB64cDjnXu69J0wYlcq2343Cyura+kZxs7S1vbNbNvf2OzJOBSZtHLNY9EIkCaOctBVVjPQSQVAUMtINJ5e5370lQtKY36hpQvwIjTgdUoyUlgKz7OExDWi15iX01D0pBWbFthoN17Hr8DdxLHuOCliiFZhv3iDGaUS4wgxJ2XfsRPkZEopiRmYlL5UkQXiCRqSvKUcRkX42P3wGj7UygMNY6OIKztWvExmKpJxGoe6MkBrLn14u/uX1UzU89zPKk1QRjheLhimDKoZ5CnBABcGKTTVBWFB9K8RjJBBWOqs8hM9P4f+k41pOzXKvzyrNi2UcRXAIjkAVOKAOmuAKtEAbYJCCe/AInow748F4Nl4WrQVjOXMAvsF4/QAZb5IV</latexit>

= �i(2⇡)
<latexit sha1_base64="ZGs479L7wJUb8XGIgpH011hcP4Y=">AAAB9XicdVDLSsNAFL3xWeur6tLNYBHqJiRRqF0IRTcuK9gHNLFMppN26GQSZiZKCf0PNy4Uceu/uPNvTNoKPg9cOJxzL/fe48ecKW1Z78bC4tLyymphrbi+sbm1XdrZbakokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH13kfvuWSsUica3HMfVCPBAsYATrTLo5c8mQ9VjFcWN2VOyVypZZqzm2VUW/iW1aU5Rhjkav9Ob2I5KEVGjCsVJd24q1l2KpGeF0UnQTRWNMRnhAuxkVOKTKS6dXT9BhpvRREMmshEZT9etEikOlxqGfdYZYD9VPLxf/8rqJDk69lIk40VSQ2aIg4UhHKI8A9ZmkRPNxRjCRLLsVkSGWmOgsqDyEz0/R/6TlmPax6VydlOvn8zgKsA8HUAEbqlCHS2hAEwhIuIdHeDLujAfj2XiZtS4Y85k9+Abj9QM+7JG1</latexit>

Winding numbers

Burgers “vector”:(n1, . . . , nr)
<latexit sha1_base64="2+4tKNonVymelA0NlIt+0LF04O8="></latexit>

�i(r, ✓)
<latexit sha1_base64="du4kEIYgAmaDHQfgc0fJLejmxmA="></latexit>
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Seeing Dislocations
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What is the order parameter? 
What is the broken symmetry? 

What is the nature of the order-parameter 
space? 

What are the elementary excitations? 
What are the topological defects?

 22

Liquid to Crystal Phase Transition

(Landau) Theory of Symmetry Breaking:

✔

✔

✔

✔

✔

R. Lifshitz, Symmetry breaking in the age of quasicrystals, Isr. J. Chem. 51 (2011) 1156.

8k 2 L : ⇢0 (k) = e2⇡i�(k)⇢ (k)
<latexit sha1_base64="MZ3eE0mVkwz4eG/8BVfXangx6hU="></latexit>

The gauge function:
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Main reference for this lecture: 
R. Lifshitz, “Symmetry breaking in the age of quasicrystals”, Isr. J. 
Chem. 51 (2011) 1156. 

Basic terminology and definitions: 
R. Lifshitz, “What is a crystal?”, Z. Kristallogr. 222 (2007) 313. 
R. Lifshitz, “Quasicrystals: A matter of definition”, Found. Phys. 33 
(2003) 1703. 

Symmetry of crystals: 
N.D. Mermin, “The space groups of icosahedral quasicrystals and 
cubic, orthorhombic, monoclinic, and triclinic crystals”, Rev. Mod. 
Phys. 64 (1992) 3. 
R. Lifshitz, “The Symmetry of Quasiperiodic Crystals”, Physica A 232 
(1996) 633. 
R. Lifshitz, “Theory of color symmetry for periodic and 
quasiperiodic crystals”, Rev. Mod. Phys. 69 (1997) 1181.
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Further reading
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Symmetry of crystals (cont.): 
R. Lifshitz, “Magnetic point groups and space groups”, Encyclopedia 
of Condensed Matter Physics, Vol. 3, Ed. F. Bassani, G.L. Liedl, and P. 
Wyder, (Elsevier Science, Oxford, 2005) 219. 

Phonons & Phasons: 
B. Freedman, R. Lifshitz, J.W. Fleischer, and M. Segev, “Phason 
dynamics in nonlinear photonic quasicrystals”, Nature Materials 
6 (2007) 776. 

Dislocations: 
G. Barak and R. Lifshitz, “Dislocation dynamics in a dodecagonal 
quasiperiodic structure”, Phil. Mag. 86 (2006) 1059. 
L. Korkidi, K. Barkan, and R. Lifshitz, “Analysis of dislocations in 
quasicrystals composed of self-assembled nanoparticles”, 
In Aperiodic Crystals, (Springer, Dordrecht, 2013) ch. 16. 

Most articles are available at: http://www.tau.ac.il/~ronlif/pub.html
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Further reading

http://www.tau.ac.il/~ronlif/pub.html

